ACTA ARITHMETICA
XCVII.1 (2001)

Exponential sums for O~ (2n,q)
and their applications

by

DAE SAN KM (Seoul)

1. Introduction. Let A\ be a nontrivial additive character of the finite
field F,, x a multiplicative character of F,, and let r be a positive integer.
Throughout this paper, we assume that ¢ is a power of an odd prime. Then
we consider the exponential sum

(1.1) > Mtrw)n),

weSO™ (2n,q)

where SO~ (2n, q) is a special orthogonal group over F, (cf. (2.3)) and trw
is the trace of w. Also, we consider

(1.2) > x(detw)A((trw)"),

weO~(2n,q)

where O™ (2n, ¢) is an orthogonal group over F, (cf. (2.2)) and det w is the
determinant of w.

The main purpose of this paper is to find explicit expressions for the
sums (1.1) and (1.2). It turns out that (1.1) is a polynomial in ¢ times

(1.3) > AG)

v€F,

plus another polynomial in ¢ involving certain exponential sums (cf. (2.14),
(2.15)). We mention in passing that, in [14], we gave O-estimates for two
kinds of new exponential sums which include the above ones. On the other
hand, the expression for (1.2) is that for (1.1) plus x(—1) times a similar
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one corresponding to the subsum of (1.2) over O~ (2n,q) — SO~ (2n,q) =
0S0™ (2n,q) (cf. (2.12)).

In [9], the sums in (1.1) and (1.2) were studied for » = 1 and the connec-
tion of the sum in (1.2) for y trivial with Hodges’ generalized Kloosterman
sum over nonsingular symmetric matrices was also investigated ([5], [6]). As
the sum in (1.3) vanishes for » = 1, the polynomials involving (1.3) do not
appear in that case. For r = 1, similar sums for other classical groups over
a finite field had been considered ([7]-[12], [15], [16]).

The sums in (1.1) and (1.2) may be viewed as generalizations to O~ (2n, q)
and SO™ (2n,q) of the sum in (1.3) which was studied by several authors
([1]-[3])-

Another purpose of this paper is to find formulas for the number of
elements w in O~ (2n, ¢) and SO~ (2n, q) with (trw)” = 3, for each 8 € F,.
We derive them from (5.2) based on a well known principle, though they
could also be obtained from the expressions for (1.1) and (1.2) by specializing
themtor =¢g—1and r = 1.

We now state the main results of this paper. The reader is referred to
the next section for some notations here, to (4.34)—(4.39) for X,,, X/, Y,
Y Z,, Z] (cf. (2.14), (2.15)), and to the Remark just before Theorem 5.1
for Y, Y/, Zy, Z!, (cf. (4.28), (4.29)).

THEOREM A. The sum ., cq0-(2n,q) M(trw)") equals

q"zf’“l{(q" +1) ]Hl(qu ~D+@-DXn+(g+ UX;L} %F: AT

—¢" T Mg+ DY+ Za).
THEOREM B. The sum 3_,co-(an,q) X(det w)A((trw)") equals
n2—n—1q(1—x(—1))/2

{1+ x(- q+1ﬁ 2(X, ~ (D)X} 3 A0

v€EF,

— " T g+ DY~ X (1Y) — X(—1)(ZL — x(~1)Z,)},

where we understand that

q

X1/ { 1 if x(—1) =1,
q if x(-1)=-1
THEOREM C. For each 3 € F, and each positive integer r, the number
No-(2n,g)(B;7) of we O™ (2n,q) with (trw)” = 3 is given by
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oGy = B+ 0 [T @ -1 + 00 - X))

¢ (2~ Z) — (0 + DY - Ya)),
where N(y" = 3) denotes the number of y in F, with y" = (.

The above Theorems A, B and C are respectively stated below as The-
orems 4.1, 4.2 and 5.1.

2. Preliminaries. In this section, we will fix some notations and collect
from [9] some facts that will be used in what follows. Also, we refer to [4]
and [17] for some elementary facts of the following.

Let IF, denote the finite field with ¢ elements, ¢ = p? (p an odd prime, d
a positive integer).

In the following, tr A and det A denote respectively the trace of A and
the determinant of A for a square matrix A, and ‘B denotes the transpose
of B for any matrix B.

Let GL(n, q) denote the group of all invertible n x n matrices with entries
in F,. The order of GL(n, q) equals

n—1 n

(2.1) gn =[] (@ - H ¢ —1).

=0 j=1

Throughout this paper, we let € denote a fixed element in F —F ;2.
Then

(2.2) 0~ (2n,q) = {w € GL(2n,q) | 'wJ w = J},
where
0 1n—1 0 O
~ |1ar 0 0 0
7= 0 0 1 0
0 0 0 —¢
Also,
(2.3) SO (2n,q) ={w € O™ (2n,q) | detw = 1}

is a subgroup of index 2 in O~ (2n, ¢). It is well known that

(2.4) 07 (2n,q)| = 2¢" "(¢" + 1) H
]:

(2.5) SO~ (2n,q)| = ¢ " (¢" + 1) 1:[



70 D. S. Kim

A 0 0 l,-1 B  —thé. A € GL(n,q),
= 0 tA=t 0 0 1,1 0 i €S0 (2,q), ,
0 0 i 0 h 1o ‘B+B+thé.h=0

where, for o € F, §, denotes the 2 x 2 matrix over F,

-

(2.7) 5 = [(1) 0 ]

If we let ¢ run over O~ (2, q) in (2.6), we get the maximal parabolic subgroup
P =P(2n,q) of O~ (2n, q). One now observes that

Q(2n,q) = P(2n,q) NSO~ (2n,q)

is a subgroup of index 2 in P(2n,q).
In [9], it was noted that, starting from the Bruhat decomposition

~(2n,q) H Po,P,

one can obtain the following decompositions:

(2.8) soeng=( [ QuB\Q)

0<b<n—1, beven

(- I (Qo®\Q).

0<b<n—1,bodd

(2.9) o= I auB\Q)

QUb(Bb\Q))

(QQ)Ub(Bb\Q>>7

where

(2.10) By = By(q) = {w € Q(2n,q) | abwo*;l € P(2n,q)},
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0 0 1y 0 0
0 1,-1-5 O 0 0
(2.11) =1, 0 0 0 0],
0 0 0 1,1 O
0 0 0 0 15
11 0 0 0
0 1, 0 0
(2.12) 0= 0 0 1 0
0 0 0 -1
From (3.12) and (3.21) of [9] (cf. (2.17)), we have
n—=11 put3)/2
(2.13) Bo(a\Q2n,a)l = |, | ¢ :
q

Let X be a nontrivial additive character of Iy, a,b € F,, and let r be a
positive integer. Then the exponential sum M K,,(\"; a,b) is defined as

(214)  MKn(\5a,0)= > Mam byt 4.+ aym 07,07

for m > 1, and
(2.15) MKy(A";a,b) = 1.
Note that, in the special case of r =1,

MK, (A\";a,b) = K(X\;a,b)™,
where K ()\;a,b) is the usual Kloosterman sum given by
(2.16) K(Xa,b) = Y May+by).

VEF g

For integers n, b with 0 < b < n, the g-binomial coefficients are defined
by

b—1
n _ n—j b—j
(2,17 b =TIa o,
q 7=0
Then, from the g-binomial theorem (cf. [13, (2.18)]), one obtains
n—1 n
n—1 ,
21 b(b+3)/2 — J 1).
.19 S I +1)

Finally, [y] denotes the greatest integer < y, for a real number y.
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3. Some propositions. In this section, we will consider two proposi-
tions which will be of use in the next section. The first one is about the
Gauss sum over SO~ (2, ¢), which is a restatement of Proposition 4.5 of [9]
with one minor modification and shows it is the negative of the usual Kloost-
erman sum. This improvement was observed by Prof. D. Wan to whom I
wish to thank.

The second proposition is a generalization of Proposition 4.2 of [9].

PROPOSITION 3.1. Let A be a nontrivial additive character of F,. Then

(3.1) > Atrw) =-K(X\1,1),
weSO™(2,9)
(3.2) > Atrsw) =q+1,
weSO~(2,q)

where K(X;1,1) is the ordinary Kloosterman sum as in (2.16), and 91 is as
n (2.7).

Proof. In view of [9, Proposition 4.5], we only need to see that, for a
multiplicative character ¢ of IF, of order ¢ — 1,

-1

(3.3) G, N2 = (g —1)K(X\1,1).
1

K

<.
Il

Here G(7,)\) = ZQGF; Y (a)\(a) is the usual Gauss sum. However,

this follows from a simple change of order of summation and (5.13)
of [17]. m

PROPOSITION 3.2. Let X be a nontrivial additive character of Iy, c € Fg,
r, b positive integers, and let 2, be the set of all bx b nonsingular symmetric
matrices over Fy. Then

(3.4)  ap(N7;c) = Z Z A(tr6.hB'h +¢)")

2Xb
Be2y pef2x

(3.5) = st)\ +q1abz>\0ﬂ ZAV - B7)

v€F, BEFR v€EF,

(3.6) = (¢** sy — g ap) Z A(Y") + apA(c),
v€F,

where sy, is the number of all b x b nonsingular symmetric matrices over F,
0c is as in (2.7), and
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(3.7)  ap:=ap(N;1;0) = Z Z A(tr6.hB'h)

b
Be2y per2x

b/2
g (b+6)/4 H(q%*l —1) for b even,
- , (b+1)/2
_ g +4b-1)/4 H (¢* =1 —1) for b odd
j=1

(cf. [9, (4.6)]).

REMARK. The independence of a; from A is clear from its definition or
the expressions of it in the above.

Proof of Proposition 3.2. Put, for each v € Iy,
N, = |{(B,h) € 2y, x F2** | tr 6.hB'h + ¢ = 7}

Then ap(A;7r;¢) = N, A(y"), with

v€EF,
N, = _1{q2bsb+ 3 )\(—fyﬂ)Z)\((tréshBtthc)ﬂ)}.
BEF [ B,h
So
ap(Airie) = ¢ s > A
vy€EF,
a7t S0 AB) SNt 6hBH)B) ST AT — B7)
BEF B,h Y€F,
= ¢ s, A +a a3 AeB) S A0~ B),
v€F, BEF & v€F,

since, as was noted above, the sum over B, h is independent of 8 € F.
This shows (3.5) from which (3.6) follows by interchanging the order of
summation in the second term of (3.5). m

4. Main theorems. In this section, we first consider the sum in (1.1)
> Mtrw)")
weSO™ (2n,q)

for any nontrivial additive character A of F, and any positive integer r, and
find an explicit expression for this by using the decomposition in (2.8).
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The sum in (1.1) can be written, using (2.8), as

(4.1) Yo IBAQIY A(trwoy))

0<b<n—1,beven weQ
+ > BAQI D Al(tr owos)"),
0<b<n—1,bodd weQ

where By, = By(q), Q = Q(2n,q), o, op are respectively as in (2.10), (2.6),
(2.12), (2.11). Here one has to observe that, for each u € Q,

Z A(trwopu)”) = Z A((truwoy)") = Z A((trwop)")

weQ weQ weQ
and o~ tup € Q. Write w € Q (cf. (2.6)) as
A 0 0 1,1 B —thé,
w= |0 A1 0 0 1.1 0 ,
0 0 1 0 h 1o
with
A {An A12:| tA-1_ [En ElZ} B_ [311 —'Boy —thy0:ha
Agr Az |’ Ey Eao |’ Bay Bas ’
h=1hy hso],
(4.2) 'Bi1 + Bi1 + 'hich1 =0, 'Bog + Bao + 'had:he = 0.

Note that, together with Bis + 'Bay + ‘h1d.ha = 0 (i.e., denoting the upper
right block of B by Bjsy), the conditions in (4.2) are equivalent to B +
B + 'hd.h = 0. Here A1y, Aia, Aoy, Aoy are respectively of sizes b x b,
bx (n—1=5),(n—1-=0b)xb, (n—1-b)x (n—1-0>), similarly for ‘A=
B, and h; is of size 2 x b. Then

(43) > AM(trwop)")

weQ
(4.4) = A(tr A1y By + tr A1aBay + tr Agy + tr By + tri)")
and
(45) Y A((trowoy)")
weQ
(4.6) = A((tr A1y By + tr A19Boy + tr Agy + tr Eyy + tr611)"),

where the sums in (4.4) and (4.6) are respectively over A, B11, Bo1, Bao, h,
i subject to the conditions in (4.2).

Consider the sum in (4.4) first for the case 1 < b < n — 2 so that Ao
does appear. We separate the sum into two subsums, with A5 # 0 and
with A5 = 0; the latter will be further divided into two subsums, with Ay
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symmetric or not. That is, we write the sum in (4.4) as

(4.7) >+ > o+ >

A12#0 A12=0, A11 not symmetric A12=0, A11 symmetric

Before we move on, we recall from [9] the following with one correction.
Put

(- — (.. _|h1ir hi2 ... hw
(48) All - (alj)u Bll = (/61])7 hl = |:h21 hQQ o h2b:| .

Then the first condition in (4.2) is equivalent to

Bii = 2(h3;e — hi;) for 1 <i <b,

(4.9) o
Bij + Bji = haihaje — hishy;  for 1 <@ < j <b.

In particular, for each given hq,

(4.10) {Bi1 | *B11 + Bi1 + thid.hy = 0}| = q(g)
Similarly, for each given ho,

(4.11) {Bas | 'Baa + Boo + thadehy = 0} = ¢("27").

Also, using the relations in (4.9), one shows that

(412) tI‘AllBll = — %tl‘(sehlAllthl
+ D (g —ay){Bi + 3(hiihy — chaiha;) }.
1<i<j<b

Here we remark that in [9, p. 359] we neglected to put %(hlihlj —eha;haj) for
the expression of tr A11 By in (4.12). However, the rest of the computations
there goes through without any change.

The first sum in (4.7), by (4.11), is

(4.13) g1t (n+2-b)/2 Z Z((tr A11B11 + tr A12Boy
A with A12#0,4,h1,B11 B21

+tr A22 + tr E22 + tI‘Z)T)
Fix A with A12 75 0, i, hl, B11. Write A12 = (,U,ij), Bgl = (Vij)- Then Kkl 75 0
for some k,l (1 <k<b 1<I<n-—-1-0).
Noting that, for a € F and b € F,

D M@y +0)7) = A0,

vEF, ~v€EF,
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we see that the inner sum of (4.13) equals
(4-14) > D A + -7 = " TOTEY ().
all Viji with (j,l)#(l,k) Vik ’YGFq

Combining (4.13) and (4.14), and using (4.10) and (2.5) with n = 1, we see
that the first sum in (4.7) equals

2
(4.15) (@+1)g"™ T D2(g01 — gogn-1-5a""" ") Z A(Y").
v€EF,

The subsum of (4.4) with A2 =0 is
(4.16) > > M(tr Aqy Byy +tr Agg +tr Ayt +tri)")
A21,B21,B22,ha A11,A22,B11,h1,8

_ q("*;*b)+2(b+1)(n7176)

X > A(tr A1y By + tr Agg + tr Ayt + tri)").
A11,A22,B11,h1,8

The subsum of the sum in (4.16) with A;; not symmetric is
(4.17) > > T A((tr Ay Buy + tr Agy + tr Agy' + trd)”).
Aji1not symmetric, Asa,h1,i B11

Since Aj1 = (ay;) is not symmetric, a;s — ag # 0, for some s,t with
1 < s <t < b. By the same argument as in the case of (4.13) and in
view of (4.10) and (4.12), we see that the inner sum in (4.17) is

(4.18) ¢@1 3" A0,
v€F,
Combining (4.16)—(4.18) shows that the middle sum in (4.7) is
(4.19) (q+ 1)gmHn=0/24m=b=Dg gy — ) Y A(GYT),
v€F,

where s, denotes the number of all b x b nonsingular symmetric matrices
over [F, for each positive integer b.

The subsum of the sum in (4.16) with A;; symmetric, by (4.12), is

(4200 D> N > A((—3troehy Ay hytr Agyftr Ay +trd) ")
hi1 Bii1 Asz2,i, A11 symmetric
= q(g) Z )\((tr 55h1A11th1 + tr Ao + tr A521 + tr Z)T)

Azz,h1,i, A1 symmetric
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Combining (4.16) and (4.20), we see that the last sum in (4.7) is
(421) q(n2+n—2)/2+b(n—b—3)
x > AM(tr0chy Avy'hy + tr Agy + tr Ay +trd)”).

Agz,i A1y symmetric, hq

For each fixed Agg, 7, from (3.4) and (3.5) the inner sum of (4.21) is
(4.22) > A((tr8chy Aqythy + tr Agg + tr Ayt + trd)")

A1 symmetric, h1

= ap(A; 7y tr Agg + tr Aoy + tri)

=¢" s > A

v€F,
+q tay Z MB(tr Agy + tr A5y ))A(Btrid) Z A(Y" = B),
BEF ¥ Y€EF,

where ay is as in (3.7).
By summing (4.22) over Asy, i, and from (3.1), we see that the double
sum in (4.21) is

(4.23)  (¢+1)¢* g v_15 Z A(Y)

v€F,
—q ' Y Kanm-b-1.9 X8, 8) KX B,8) D A" = Bv),
BEF § v€F,
where, for a,b € F,,
(4.24) Kart,g)(Na,b) = Z Matrw +btrw™t).
weGL(t,q)

From the explicit expression of (4.24) in [8, (4.19)], (4.23) can be writ-
ten as

(4.25)  (q+1)¢* 'gn_v_15 Z A(Y)

v€F,
[(n—b+1)/2] -1
_ q(n—B—b)(n—b)/2—1ab Z ql Z H(qju—QV . 1)
=1 v=1
x 3 (30 KB m I EA=pm) ) A0,
vEF, BeF &

where the unspecified sum runs over all integers
(4.26) J1,.-,J1—1 satisfying 2l —1<j; 1<...<j1<n-—>

and it is 1 for [ = 1 by our convention.
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As was noted in [13, (5.3)], for v € F, and m a nonnegative integer, we
have

(4.27) D AM=BK A B,B)™ = gd(m,q;y) — (¢ — D)™
BEF
where, for m > 1,
(4.28)  &(m, q;7)
= (a1, ., am) € (F;)™ | a1 +arl o o +ant =AY
and

N J1 ify=0,
(4.29) 6(0,¢;7) = {O otherwise.

From (4.27), it is easily seen that

(430) 30 (D2 K488 A6))AG)
v€F,  BeF
= qMEK,(\51,1) = (= 1™ > A"
v€F,
where M K,,,(\"; a,b) is as in (2.14) and (2.15).
Substituting the expression in (4.30) into (4.25), we see that the double
sum in (4.21) is

(4.31) {(q +1)¢® g p_1sy + ¢ETID/2g,

[(n—b+1)/2] -1
D ST G R et DY | (At SPIC
=1 v=1 v€F,
[(n—b+1)/2] -1
— gt N G MK e (V31,1 [ (@ -1),
=1 v=1

where both the unspecified sums run over the same set of integers as in
(4.26) and they are 1 for [ = 1.

Adding up (4.15), (4.19), and (4.21) with the expression of the double
sum there in (4.31), and from (2.1), we find that, for each 1 < b < n — 2,
the sum in (4.3) is given by

(4.32) Z A((trwop)”
weQ

] _
— " —n—l{ g+1) H 1) +q b(b+3)/2,

[(n—b+1)/2]

-1
x Y TN gy H(qj”’Z”—l)} > A0

=1 v=1 v€EF,
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_ qn27n71qu(b+3)/2ab
[(n—b+1)/2] -1
X<y dMEnpeea (V510 Y T ),
=1 v=1
where both the unspecified sums are as in (4.31) above.

One can check that, even for b = 0 and b = n — 1, the sum in (4.3) is
given by the same expression as in (4.32) with the convention ay = 1. Here
the details are left to the reader. Also, observe that ag = 1 is natural in view
of the formula in (3.7).

The sum in (4.5) can be treated, first considering the cases 1 < b <n—2
and then the extreme cases b =0 and b = n — 1, just as that in (4.3). Here
we only note that trd;¢ = 0 in (4.6) and hence the sum there is

(q+1) Y A((tr A11Byy + tr A1p By + tr Ay + tr Ea)").
The sum in (4.5) is given by

(4.33) D A(troway)")
weQ

— (g+ g ﬁ o2,

[(n—b+1)/2] -1
<> @M=y Y [T D) YD A
=1 v=1 veF,
+ (g + 1) T g2,
[(n—b+1)/2] -1
x> MKy (V51,0 [ -,
=1 v=1

where both the unspecified sums run over the same set of integers as in
(4.26) and they are 1 for [ = 1.

To express our final results as neatly as possible, we will introduce the
following notations. Here one is referred to (2.13), (2.18), and (3.7). In the
following, we observe that X,,, X are independent of A, while the rest do
depend on it. Put

(4.34) X, = X,(q)

> "]

= b

0<b<n—1,beven b q
[(n—b+1)/2]

-1
> Z ql—l(q _ 1)n—b+1—2l Z H(qj,,—2u _ 1)
v=1

=1
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(4.36)

(4.37)

D. S. Kim

b

= 2 “”*3)[ %1] [T -1

[(n—1)/2]
b=0
[(n—2b+1)/2]

X

=1
X, =X (q)

- ¥

qj=1

-1
qlfl(q _ 1)n72b+1*2l Z H(qu,QZ, _ 1)7
v=1

n—1
ap
b
0<b<n—1,bodd q

[(n—b+1)/2]

-1
% Z qlfl(q _ 1>nfb+1f2l Z H(qjy,Ql, —)
v=1

=1
[(n—2)/2]

1 b+1
- b(b+3) 91
2 [Qb + 1] 11 b

b=0
[((n—2b)/2]

x> g

=1
Yn = Yn(Qa >\)

= 2

0<b<n—1,beven

[(n—b+1)/2]

qj=1

-1
1)n—2b—2l Z H(qjy_gy _ 1)’
v=1

" [n—l}
b
b ],

-1
x Z ¢ MK, _pi1-2(A\"51,1) Z H(quZu — 1)
v=1

=1

= Z qb(b+3)[ ] li[ 2j—1 _

[(n—1)/2]
b=0
[(n—2b41)/2]

x>

=1

Y, =Y, (q,\)

= _ Z a{)[n;lL

0<b<n—1,bodd

[(n—b+1)/2]

-1
qlMKn72b+172l()\r; 1,1) Z H<qju—21/ —1),
v=1
-1

x Z @' MK, _pi1-2(A\"51,1) Z H(qjy—% 1)

=1

v=1
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[((n—2)/2]

1 b+1
_ b(b+3) 2j—1
> o] e -

b=0 qj=1

[(n—2b)/2]

81

-1

x> T MK, g (V51,1 [ (@ 1),

=1
(4.38)  Z, = Zn(q, N
S
= b b
0<b<n—1,beven q

[(n—b+1)/2]

v=1

-1
X Z qlMKn_b+2—2l()\T; 1,1) Z H(q7»*2u —1)

=1

((n—1)/2] b
-y qb<b+3>[ ] G
q

b=0 Jj=1

[((n—2b+1)/2]

v=1

-1

X Z ¢ MK, _gpy2-21(N"51,1) Z H(qj”_z” - 1),

=1
(4.39)  Z, =2 (q,\)
n—1
- > W]
0<b<n—1,bodd q

[((n—b0+1)/2]

v=1

-1

X Z qlMKn_b+2—2l()\T; 1,1) Z H(qju*2y —1)

=1
[(n—2)/2]

n 1 b+1
_ b(b+3) - 25—1
S N e

b=0 qj=1

[(n—2b)/2]

v=1

-1

x Y @V MK, (V51,1 [ ).

=1

v=1

In the above, all the unspecified sums appearing in X,, Y,, and Z, run
over the set of integers ji,...,7;—1 satisfying 2l — 1 < 5,1 < ... < 51 <

n — 2b, while all those appearing in X, Y, and Z,

run over the set of

integers ji,...,71—1 satisfying 2l =1 < 5, 1 < ... <751 <n—-2b—-1.In

addition, all the unspecified sums are 1 for [ = 1.

The next theorem now follows from (4.1), (2.13), (2.18), (4.32)—(4.35),

(4.37), and (4.38).
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THEOREM 4.1. For any nontrivial additive character X\ of Fy and any
positive integer r, the exponential sum over SO~ (2n,q)

S Mtrw)")
weSO™ (2n,q)

s given by
(440) ¢ (g" + 1) H (4= D)X, + (g +1)X,
J:

x> A =" T g+ V)Y + 2,
v€EF,

where X,, = X,,(q), X, = X (q), Y, =Y/!(q,\), and Z,, = Z,(q,\) are
respectively as in (4.34), (4.35), (4.37), and (4.38).

REMARK. As is well known [17, Theorem 5.30],

367 = Y 6w,

v€EF,

where 1 is a multiplicative character of IF,, of order e = (r,g—1) and G(¢7, \)
is the usual Gauss sum given by

G(7,\) Z e
v€EF g
Let x be a multiplicative character of Iy, A a nontrivial additive character

of IFy, and let r be any positive integer. We next want to consider the sum
n (1.2)
> x(detw)A((trw)")
weO0~ (2n,q)

and to find an explicit expression for it.
From the decompositions in (2.8) and (2.9), we see that the above sum
18 D es0- (2n,q) AM(trw)”) plus

(44 x-n{ > BAQLY A(trwe,))

0<b<n—1,bodd weQ
Y BN M(rowan)) ).
0<b<n—1,beven weQ

We now obtain the following expression for (4.41) from (2.13), (2.18), (4.32)—
(4.36), and (4.39):
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(@42) (-1 (@ + 1) f[ 1)~ (g4 DX, - (- DX
A Y+ 22
v€EF,

Adding up (4.40) and (4.42) and considering x(—1) =1 and x(—1) = —1
separately, we get the following result.

THEOREM 4.2. Let x be a multiplicative character of Fy, A a nontrivial
additive character of Fy, and let r be a positive integer. Then the exponential
sum over O~ (2n,q)

> x(detw)A((trw)”)

weO~(2n,q)
s given by
(4.43) qn2—n—1q(1—x(—1))/2
n—1
AT x@ +0 TT@” -1+ 20X = x(=DX) | 37 A7)
7j=1 vy€EF,

— ¢ (g + V(Y — X(—1)Y) — x(—1)(Z] — x(~1)Z,)},

where
X1/ { 1 oaf x(-1) =1,
and Xy X() X, = X5(9), Yn = Yalg, M), nZYé(qvA)aZnZ
Zn(q,N), Z!, = Z! (q, /\) are respectively given by (4.34)—(4.39).

5. Application to certain countings. If G(q) is one of finite classical
groups over [F,, then, for each 8 € F; and each positive integer r, we put

(5.1) Ng(q)(B;7) = {w € G(q) | (trw)” = B}.

As applications of the results in Section 4, we derive formulas for (5.1)
with G(¢) = O~ (2n,q) and SO~ (2n, q). First, we recall the necessary things
from [14].

For a nontrivial additive character A of [F;, a nonnegative integer m, and
with @, r as above, we have

(52)  Ne@Br)=q '1G@+a" Y AM=PBa) Y Ma(trw)’

a€F weG(q)

(5.3) > A=Ba) > May") =g¢{N(y" =) -1},

aclF ¥ v€F,



84 D. S. Kim

(54) Y A(—ﬂoz){ > A(04(%Jr’yfl+~--Jrfynﬂr%;l)r)}

ackF g Y1y Ym EF G

=q > d(m,gy)—(g— 1™,
y =0

where

(5:5) N@y"=p)=Hy eFqly" =B},
d(m, q;y) is as in (4.28) and (4.29), and the sum in (5.4) is over all y € I,
with y” = . Note that (4.27) is the » = 1 case of (5.4).

For each oo € F 1, () = A(ow) is a nontrivial additive character of F,.
So the explicit exprEssion of Zweo,(%’q) AMa(trw)”) is given by (4.43)
with X replaced by A and with x trivial, i.e., with Zyqu A(y") replaced
by > er, Alay") and MKy, (A";1,1) for various values of m in Y|, Yy, Z7,
Z, replaced by the sum in curly brackets in (5.4) for the same corresponding
values of m; that of }°,, cq0-(an.q) AM(trw)”) is given by (4.40) with the
same replacements as for O~ (2n, q).

Now, these observations together with (5.2)-(5.4), (2.4), (2.5), (4.40),
and (4.43) yield the following theorems. In order to state them, we need to
introduce some notations.

REMARK. ByY,, }N/T;, Zn, Z’m we denote Y,,, Y, Z,, Z! respectively with
MK,,(\";1,1) replaced by Zyrzﬁ d(m, q;y). Here m is respectively equal
ton—2b+1—2,n—2b—2,n—2b+2—2l, n—2b+1—2l, and Yy, Y/,
Zn, Z], are as in (4.36)—(4.39).

THEOREM 5.1. For each B € IFy and each positive integer r, the quantity
No-(2n,q)(B;7) defined by (5.1), with G(q) = O~ (2n, q), is given by

5:6) 2N =90 @+ 0 L6 -1+ (6 - X))

) - -~
+ qn _n_l{(Z;z - Zn) - (q + 1)(Y7; - Yn)}a
where N(y" = 3) is as in (5.5), and one is referred to (4.34) and (4.35) for
X, X, and to the above remark for Z|, Z,, Y, Y,.
THEOREM 5.2. For each 3 € IFy and each positive integer r, the quantity
Nso- (2n,q)(8;7) defined by (5.1), with G(q) = SO (2n, q), is given by

n—1

67 N =8¢ @+ ) TT@7 -+ @+ DX+ (- DX}

— ¢ Y (g + DY+ Z, )
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REMARK. 1. For a finite classical group G(gq) over I, we put, for brevity,

(5.8) Na(q)(B) := Na(g)(8;1) = {w € G(g) [ trw = B}

Then formulas for No-(25,¢)(3) and Ngo- (25,,¢)(3) can be obtained from

(5.6) and (5.7) respectively by setting » = 1, which amounts to replacing

N(y" =) by 1 and ZyT:B 0(m, q;y) for various m by d(m, q; 3).
Conversely, we see that the reversed ways are possible by noting that

Nag(8im) = D Ne@g(®)-
yr=p3

2. As was stated in [17, (5.70)], N(y" = () appearing in the above
theorems can be expressed as

NG =5) =3 ¥i(B),
=0

where 1 is any multiplicative character of F, of order e = (r,q — 1).
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