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1. Introduction. Our aim in this paper is to obtain lower bounds for
the conductor of L-functions in a general setting. We therefore start with the
definition of our framework, i.e. the Selberg class S of L-functions: F' € § if

(i) F(s) is an absolutely convergent Dirichlet series for o > 1,

=3 ",
n=1

n

(ii) (s —1)™F(s) is an entire function of finite order for some m € N;
(i) F(s) satisfies a functional equation of the type ®(s) = w®(1 — s),
where |w| =1, f(s) = f(5) and

b(s) = Q° [ [ I\ + wy) F(s) = 7(s)F(s),
j=1
say, with @ >0, r >0, A\; > 0 and Rp; > 0;
(iv) a(n) < nf for every £ > 0;
(v) log F(s) is a Dirichlet series with coefficients b(n) satisfying b(n) = 0
unless n = p¥ with p prime and k > 1, and b(n) < n? for some
¥ <1/2.

The extended Selberg class S* is the larger class of the functions F(s) satis-
fying (i)—(iii) above.

We refer to Selberg [15], Conrey—Ghosh [2] and to our survey papers [7],
[4], [12], [13], [14] for a discussion of the basic properties of S and S*. Here
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we recall that (v) implies an Euler product expansion of general type, i.e.

(1.1) F(s)=[1Fls)  Fols) =D

m=0

Moreover, the degree and the conductor of F € S* are defined respec-
tively by

T T
dr =23 "%, ar=@0)*Q2[[ ATV,
Jj=1 Jj=1
Note that the real numbers dr and g are invariants, i.e. they depend only
on F(s) and not on the shape of the functional equation (which may be
changed by means of suitable formulae for the I' function). We refer to [§]
and [9] for the invariant theory of the Selberg class. Note also that in the case
of classical L-functions, the conductor qr coincides with well known objects
associated with the underlying structure of the L-functions. For example,
gr is the conductor of the primitive Dirichlet character x if F(s) = L(s, x),
the level of the normalized newform f(z) if F'(s) = L¢(s), the absolute value
of the discriminant of the number field K if F(s) = (x(s), and so on.

From now on we assume that dp > 0. Indeed, the structure of the de-
gree 0 functions from both S and S* is quite well understood (see Conrey—
Ghosh [2] and, e.g., Kaczorowski-Molteni—Perelli [5]); in this case sharper
results than those presented below are easily obtained.

It turns out that qp € N when F(s) is a classical L-function, and we
expect that gr € N for every F' € S. This is mainly based on the expectation
that S coincides with the class of automorphic L-functions. However, at
present the classification of S is far from being complete, and the question
if gr € N is an interesting open problem. As usual, the situation is more
complicated for S*. Indeed, in this case g does not need to be an integer,
as one can see from Hecke’s theory of (suitably normalized) Dirichlet series
associated with G(A)-modular forms; see e.g. Berndt—Knopp [I]. In fact,
qr = A% if F(s) comes from G()). Nevertheless, we still expect a universal
lower bound, say qr > ¢ > 0, for all F € S*. Actually, since S? is a
multiplicative semigroup and grg = qrqg, if such a ¢y exists then ¢y = 1.
We wish to thank Brian Conrey for pointing out that in the Hecke theory
case, although a priori conductors can be arbitrary positive numbers, the
spaces of modular forms are trivial when the conductor is < 1. We further
note that the situation changes completely if generalized Dirichlet series are
allowed. Indeed, in this case g can be arbitrarily small; see [10].

In order to state our results we first have to introduce and discuss several
interesting invariants; again, we refer to [8] and [9] for a full account. For
any integer n > 0 let B,(z) denote the nth Bernoulli polynomial. The
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H-invariants of F € S* are defined as

HF(n):2iBn(Mj) n=01,....

The interest of the H-invariants comes from the fact that if F,G € S*
have the same conductor, root number (see e.g. [9] for its definition) and
all H-invariants, then they satisfy the same functional equation. Moreover,
Hp(0) = dr and Hpg(n) = Hrp(n) + Hg(n). Another interesting invariant
is the meromorphic function
eHi /A
KF(Z) =z : m
7j=1

Kr(z) is related both to the H-invariants and to the poles p of the y-factor
v(s) in the functional equation of F'(s), thanks to the following expressions
(valid in suitable regions of C):

oo

1 Hp(n) _
KF(z):QZ;) o zn:—zZe Pz
n= p

where p runs over such poles.
Now we define three new invariants. For F € S? let

H 1/n H 1/n
Hp =sup 7| r(n)] ,  Hp =limsup 7| r(n)]
n>1 n! N—00 n!

and, if dp > 0,

S IT
Dp = max NI
G=Lor Aj

Clearly, Hy, and Hj, are invariants, and Hj > Hj.. Moreover, Dp is an
invariant since

Dp = max [Sp|,
o

where p runs over the trivial zeros of F'(s). We have

THEOREM 1. Let F € 8* with dp > 0. Then

1 ° *
From the proof of Theorem 1 (see (2.1)) below), and the fact that dp > 1
if dp # 0 (see [6]), we have the upper bound
1+ |y

(1.2) Hp < dp max ————.
J=Leer A
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It is expected that every ' € S has an Euler product of polynomial type,
i.e. for every prime p the shape of Fp(s) in (L.1]) is

-1
s
(1.3) Fy(s) = H<1 - p“’)
j=1
with |a;p| < 1 and 9, < dp. Our main result holds for functions satisfying
(1.3)); therefore we denote by S* the subclass of S of the functions satisfying
(1.3), and hence conjecturally S* = S. We have

THEOREM 2. Let F € 8* with dp > 0. Then there exists an absolute
constant cy > 0 such that

(1+ Hi + Dp)gl ™ > «o.

In accordance with a previous remark, the bound in Theorem 2 does not
hold if generalized Dirichlet series are allowed. Theorem 2 provides at once
a lower bound for g in terms of the other invariants dr, H}, and Dp, hence
relations between H7. and Dy would be of interest. For example, is it true
that something like

Dr < Hy.

holds? From we see that if the p; are pure imaginary with modulus,
say, > 1, then Hy < dpDp. On the other hand, Dr = 0 if the p; are all
real, and hence Hj, < Dp certainly does not hold in general.

We can avoid the invariant Dp in lower bounds for gr assuming that the
functional equation of F' € §* has the expected shape, i.e. if we can take all
Aj equal to 1/2. In this case we have, as expected, drp € N and F(s) has a
~-factor of the form

(1.4) v(s) = Qsjljlfc + Mj)-

Note that if F' € &* we expect that 0, = dr for almost all primes p. We
refer to [§] and [11] for a discussion of these matters. We have

THEOREM 3. Let F' € §* with dp > 0 and suppose that F(s) has a
~v-factor of the form . Then there exists an absolute constant ¢; > 0
such that

drHpqil ™ > c1.

Finally, we refer to Section 3 below for sharper results and computation

of the above invariants in several special cases.

2. Proofs

Proof of Theorem 1. Since Hy < Hp, we prove that Hy < oo and
Hj > 1/mdp. We refer to our paper [9] for several results needed in the
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proof. From (3) and (22) of Section 1.13 of the Bateman Project [3] we see
that the Bernoulli polynomials B,,(z) satisfy

" /n n!
|Bn(2)] < 1Byl |2|"7" < o (1 + |2)™
>(7) 6

Therefore from the definition of the H-invariants we obtain

T

n! (L + )" 1+ \"
(2.1)  |Hp(n)| < (%)HZ = < nldp e — )

j=1
hence H. < oo.

To prove the lower bound for Hj,, thanks to Theorem 2 of [9] we first
write the -factor of F(s) in the form

hrp Nj
v(s) = Q [T TI T \ss + mjn)s
j=1k=1
where hp is the y-class number of F(s) (see [§]), N; are suitable positive
integers, Rp; > 0 and different \;’s are not Q-equivalent (i.e. A;/A; ¢ Q if
i # j); note that these @ and \; are not necessarily equal to the @ and A;
introduced in (iii) in Section 1. Then formula (2.3) of [9] becomes

hp oo
1o~ H
(2.2) > S =5 l;(,”)z”
j=1 n=0 ’
with
Nj
$i(2) = oy 2L Y = i i)
J ez/’\j—lki1 ez/Xi — 17

say. Note that S;(z) has poles at the points z = 2mimA; with 0 # m € Z
such that gj(QwimAj) # 0. Denoting by m; the integer m # 0 with smallest
absolute value for which S;(2mim\;) # 0, we have |m;| < N;. Indeed, if
S;(2mimA;) = 0 for m = 1,...,N; (or m = —1,...,—N;) then by (i) of
Lemma 4.1 of [9] we deduce that €™k =0 for k = 1,..., N;, a contradic-
tion. Note also that the poles of distinct S;(z) are all distinct since the A;
are not Q-equivalent. Therefore, the left hand side of is holomorphic

in the disc

<2 min |my|\;
|2l <2m min [mg|As

and in no larger disc, and hence

1/n
Hp = limsup <|HF(n)‘> = 1

n—o00 TL' 2 minlSjShF ]mj|)\j




190 J. Kaczorowski and A. Perelli

But mini<j<p, [mj|A; < mini<j<p, NjA; < ZhF Nj\j = dp/2, and the
result follows. m

Proof of Theorem 2. We start with several preliminary lemmas. For
7, b € C we write

A =&/T _ )74_ 6_5/77
il A
1
ce—€0+u/7) d¢
S §< e f/T)) ¢
1 —§(1+M/7')
- T S 1—e 5/T

1

Clearly, A(7) and B(r,u) are absolutely convergent and holomorphic for

R7 > 0, while C(7, u) is absolutely convergent and holomorphic for ¢+ > 0
and L > —

LEMMA 1. For real 7 > 0 we have
A(r) =logT+O(1)
with an absolute constant in the O-symbol.

Proof. Suppose first that 7 > 1. Since e /7 —e € = 0(£) for 0 < £ < 1

we have
1

S (87 — ™) df < 1.

0
Moreover,
T d§ T dg _ d¢ o dE
§/m 25 = & _ 1) = §/m 25
)e -1% S et ¢

|
logT+O(S§/ >+O(

as required. Let now 0 < 7 < 1. Then

o0 o0
d d
86*5/7£§S€*5£<<1.
1 & $
Moreover, for 0 < £ < 7 we have e~ ¢/7 — ¢=¢ = O(£/7), hence

T

8(6_5/7*6 ); Sd§<<1

0 0
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and
1 1 1 1
S Calra) d; = Sefg/T dg + S (1—e%) dg - S d;—O(l)—i—O(l)—HogT,

as required. m

LEMMA 2. For ®7 >0, |7| > 1/27 and p € C we have
1

(=1 B, (1)e, 1
Blrp =S =Y - (e — with e, =] et de.
n=1 ) 0
Proof. By the substitution £ — 7€ we get
1/7 _
Ee= 8t e d€
2. B S A e
(2.3 = | (e ) g

By (2) and (12) of Sect. 1.13 of Bateman’s Project [3], for [£| < 1/7 (< 27)
we have

gt geflom) B, (1 - (1) By(p)€”
1—et -1 _T; n! _1+; n! ‘

Hence the integral in (2.3) becomes
1/7

o0 n+1B n—1 o n+1B 1T
S 6775 <Z ( ) ( )6 ) d¢ = Z ) S 677551171 de,
0 n=1 0
and the result follows by the substltutlon § —&/T. m
LEMMA 3. For real 7 > 0 and Ru > 0 we have
C " on
) = ——— +
() = S +O)
with an absolute constant in the O-symbol.
Proof. We have
oo —£(1 T o o0 > _—(1 k)/T
185(“;//7 _ Ly | ettt dg_lzf(”’”k)”
Ty l-e T 14 (ut+k)/T
e H/T O o—k/T
= +0
e(r + 1) <z_: T+ k)
e H/T < Z 1 >
- e 3
e(T + M 1<k<T k>max(1,7) K
e_/J'/T
=——7+0(),
e(T + p) (1)

as required. m
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LEMMA 4. Let ¢y > 0 be the unique solution of the equation E+arctan € =
/2. Then there exists an absolute constant cg > 0 such that for real 7 > 0
and p € C satisfying Ry > 0 and |Sp| < cat we have

%C(T, ) —C3.
e—H/T

Proof. By Lemma 3 it suffices to show that R<_ m
subject to the above conditions. But

—u/T 1 —Rp/T & X
§Re € os(’\m‘ + arctan WM) >0

> 0 for 7 and p

THp T |1+ p/7| T 1+ Ru/7
since o o o o
0< M + arctan Skl < [Sul + eurctanM < z,
T + Ru/T T T 2

and the result follows at once. m

As usual we write

Thanks to equation (17) of Section 1.7.2 of the Bateman Project [3], for
A>0, Rp >0, real s >0 and RN > —1 we have

(2.4) Y(As + p) = A(Xs) + B(As, ) — C(As, ).

Indeed, by a change of variable we see that

o0 B Ee™ As+p de¢
A(As) + B(As, ) — C(As, p) = (S) (e = 1—e_§> T

and the last integral equals ¥ (As + u) by the above-mentioned equation
in [3].

LEMMA 5. Let F € 8t with dp > 0 and ¢y be as in Lemma 4. Then for
real s > max(2H},, Dr/c2) we have

- 1
R (Ne(s + pj) — Ajlog Aj) < drlogs +O(dr)
j=1

with an absolute constant in the O-symbol.
Proof. By (2.4) we rewrite the left hand side as

R (NjA(Njs) — Ajlog Aj) +§RZ>\ B()\js, 1) — ZA C(\js, 1)
j= 7j=1 7j=1
= 51+ Sz — S,

say. Thanks to Lemma 1 we have

1
S1 = idF logs + O(dF)
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Moreover, for s > —;ﬂ maxi<;<r —/\1_ from Lemma 2 and the definition of the
- = J
Hp(n)’s we get

n 1
E)\B)\sluj E)\E n')\nl‘jcsn
Z ”HF 1

Since |cp| < 1, the last series is certainly absolutely convergent for s > 2H7,
and we have

T e.) H* n
|S5] < ]ZAjB<Ajs,uj)\ < Z( f) < 1.
j=1 n=1

Finally, from Lemma 4, for s > Dp/co we obtain
1
Sz > —g5dres,

and the result follows. m

Let mp denote the order of the pole of F'(s) at s = 1, with the convention
that —mp is the order of zero if F'(1) = 0, and write

,
&(s) = 5™ (1 — 5)"rQ* [ TOs + 1) F(s).
j=1
Then £(s) is entire and non-vanishing at s = 0, s = 1 and satisfies {(s) =

wE(L — s).
LEMMA 6. For F € S with dp > 0 and o > 1 we have

?Rg(s) > 0.

Proof. By Hadamard’s theory we observe that
en(s) = A B (1 - 5) e
p
p

where p = 8 + i7y runs over the zeros of F(s), and hence

po=ary( )

On the other hand the functional equation gives

o Ero o
&= e

(1-3),
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therefore

() = )

Since p is a zero of F'(s) if and only if 1 — p is also a zero, the sums involving
s —pand 1 — s — p cancel, thus giving

1
RA = — R—.
P
p
Consequently, for o > 1,
R M+Z< sag) - Y e

and the result follows. =

The proof of Theorem 2 is now easy. From Lemma 6, for real s > 1 we
have

(N s+pj)+9% ( ) > 0.

7=1
Moreover, since F' € §* with dp > 0, comparing with the Riemann zeta
function we immediately see that mp < dp and (F'/F)(s) = O(dp) for
s > 2. Hence, recalling the definition of ¢, for real s > 2 we get

1 s
5 logar + R (A\w(Ns + 1) — Ajlog Aj) + O(dp) > 0.
j=1
With the notation of Lemma 5, choosing s = max(2H},, Dp/c2,2) and ap-
plying Lemma 5 we obtain

1 1
5 log gr + §dF logs+ O(dp) >0
Hence for some constant ¢4 > 0 we have
q;?‘/dFs > C4,

and now Theorem 2 follows immediately upon recalling the fact that s =
max(2H},, Dp/c2,2). m

Proof of Theorem 3. Let F € §* with dp > 0 and suppose that F(s)
has a 7-factor of the form (1.4)); in particular, drp € N. We use again formula
(2.3) of [9], which in this case reads

(2.5) — 2622“7 =— Z H};L(!)z".

n=0
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The right hand side of (2.5)) converges absolutely for |z| < 1/2H7,, and for
such z we have

o [Hr@)]| 1

Choosing z = zj° = il /AHLdp with dp <1 < 2dp we have |2°| < 1/2H}%
and hence from (2.5 and ([2.6) we obtain

e e — 1)1
(2.7) ‘ S :(ei%ﬂHFdF)l‘ < i'Q(dF 1)< dp+1
X z

for every dp <1 < 2dp. By Turdn’s Second Main Theorem (see Theorem 8.1
of Turan [16] with b; =1, m = 0 and n = dF), there exists Iy in the above
range such that the left hand side of (2.7) is

(2.8) > max |et/2Hpdr |lodr
T 1<<r >

with a suitable absolute constant ¢; > 0. Note that the max in (2.8)) is due
to a normalization in the above-cited Theorem 8.1. Recalling the definition
of Dp, since \j = 1/2 for every j we can choose the signs & in such a way
that

(2.9) max |eti/2Hpdr| — Dr/4Hpdr
1<j<r

Therefore, from f we deduce that
ePrlo/AHpdr CgF(dF +1) < CgF
with some absolute constant cg > 0, and hence
Dp < Hpdp.

The result now follows from Theorems 1 and 2. m

3. Special cases. In this section we collect further results and problems,
and consider several special cases. Suppose first that the y-factor of F € St
has the form

v(s) =Q°I'As+ )™, meN.
Specializing formula (2.3) of [9] and arguing similarly to (2.5)—(2.7) above,
choosing z = €i/2H}, with ¢ = —sgn Sy we obtain
x H;
ePr/2HE < 97 F (g 4+1) < 2HE(dp + 1),
m
and hence

(3.1) (14+dp)Hp > and Dp < 2Hplog(2HF(dp + 1)).

N
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If, in addition, we have A < 1 then (dr +1)/m < (2m + 1)/m < 3, thus
ePr/2HE < 6H 7}, and therefore

1
Hyp > 6 and Dp < 2Hplog(6HF).

Suppose now that the y-factor of F'(s) has the form

v(s) = Q° H I'(As + pj), pj =ikj with kj € R,
j=1

By an analogous argument, with e = 41, we obtain

1 - —ek; /2 \H;
E e " F

Jj=1

<dp+1.

Choosing € = —sgnmax; x; we obtain
ePr?He < 9(dp 4+ 1)Hp,

and inequalities follow in this case as well.

A subset F of S* is called an H-family if for every F,G € F we have
Hp(n) = Hg(n) for all n > 0. For example, the set of the Dedekind zeta
functions associated with all fields with given signature (ri,r2) is an H-
family. We have

COROLLARY. Given an H-family F there exists a constant c¢(F) > 0
such that for every F € F,
qr > c(F).

Proof. Clearly, H}, and dr are constant for F' € F. Let F,G € F and
v(s), v/ (s) be y-factors of F(s) and G(s), respectively. From p. 99 of [9] we
know that v(s) and +/(s) have the same poles. But the poles p of v(s) (resp.
v'(s)) coincide, apart possibly from p = 0, with the trivial zeros of F(s)
(resp. G(s)), therefore

Dp = max|Sp| = Dg.
p

Hence Dy is also constant, and the result follows from Theorem 2. =
Now we compute Hy and Hj for F(s) = ((s)* (k > 1 integer) and
(i (s). Recalling the definition of Hp(n), for n > 0 we have
(=12 lonHpl(2m) ¢ (n), 2| n,
He(n) =2"B,(0) =2"B, =1 0, 2¢n, n>1,
1, n=1.
Writing the even n as n = 2m > 2 we get

<|H¢<2m>|>”2m _(2¢(2m))V/2m
(2m)! T

)
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hence ,
20(2 1/2m 1
He = hmsupw ——
m—00 ™ ™
By Theorem 1 we have dpH}. > 1/7, therefore the infimum of dpHj, for

FeStis HC. Moreover,

1 =1 log 2
e S g ) <=7

since the argument of the exponential is decreasing in m, and |H¢(1)| =
|2B1| = 1. Hence

Hf =1.
Since for integers n, k > 1 we have

the above results also give

( ] 1 *

Consider now (x(s) with K of signature (r1,r2). We have
He (n) = (112" + 2r2) By,
and writing n = 2m we deduce as before that
1/2m 1/2m
|HCK (2m)\ _ (T122m + 2T2)1/2m (2((2771)) ’
(2m)! 27
hence

. 1
HCK = ;

Moreover,

|Hee 2m))\ 2™ (4r) + 2r9) /2 2ry + 7
<E2m)'> < (@) =

since (a2¢ + b)'/¢ is decreasing. Finally, H, (1) = r1 + 72 and therefore
H Z‘K =7ry+ro.
We conclude with two problems.
PROBLEM 1. Does there exist a function @ such that
dp < O(HF)

(i.e. the degree is controlled by the invariant Hj)? We believe that there
exists an absolute constant ¢ > 0 such that dp < (H})¢, or even dp <
(Hp)
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PROBLEM 2. Is it true that the infimum of dpH}. is Hg? Here the in-

fimum is over S¥, or S, or S*. We know that this is true with H7. in place
of HF,.
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