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1. Introduction. In this paper we study the sums of multiplicative
functions restricted to integers whose prime factors are small. Define the
class M™ of nonnegative multiplicative functions by the following conditions:
h belongs to M* if

e there exist constants §, 0 < d < 1, and k > 1 such that
() Z h(p)logp = kz + O(z(log2) %), =z >2,
p<z

e there exists a fized constant €, 0 < ¢ < 1/2, and a constant b > 0 such
that

(Q3) Yo D oy,

E>2 pr=o)
p7 -

Let P(n) denote the largest prime divisor of a positive integer n, with
P(1) = 1. Our goal is to estimate the sum

Mizy)= 3 hn)
n<x
P(n)<y
for h € M*. We achieve this using a functional equation that is analogous
to that of (1.4) and (3.6) of [S] (see (3.10) below) and using an inductive
method originated in [Hi] and used also in [GM] and [S]. We express the
estimate using a class of solutions to the differential difference equation
(DDE) with delayed argument, namely,

(1.1) (uok(u)) = kox(u) — kow(u — 1),  u>1,

with initial conditions
0, u <0,
(1'2) Qn(u) - HBHunfl 0<u S 17

Y
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where B, = e 7% /I'(k + 1), with v Euler’s constant, and I" Euler’s Gamma
function. The function g, generalizes Dickman’s function p. Also, through-
out the paper, we write
_ logx
~logy’
MAIN THEOREM. Suppose h € M*. Then for all sufficiently large y and
for u satisfying

(1.3) 1 <u< (log y)5/2/log logy,
we have
B log(u + 1)
) M) = e {1+ 0T L
where
_ o h(p¥)
V(y)-}}y(l—i—; o )

The Main Theorem is related to the Main Theorem of [dBvL], II. By
imposing a stronger set of conditions on the class of nonnegative multiplica-
tive functions, an asymptotic estimate of M (x, y) with error term is obtained
here.

It is not hard to show that M?* is contained in a larger class M of
multiplicative functions where for each h € M,

e there exist constants §, 0 < d < 1, and k > 0 such that
h
@ Y Mgy kiog s+ 0((log) ), =22,
p<z
e there exists a constant b > 0 such that

(22) Z hiik) logpk <b.

p,k>2

Previously, we established in [S] the estimate for the sum

m(z,y) = Z %n)

n<x
P(n)<y

THEOREM 1. Suppose h € M. Then for all sufficiently large y,

(1.5) m(z,y) = V(y){jﬁ(“) - O(%) }

uniformly for

1
1 <wu<exp (E(log y)5>
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with ¢ a suitable positive constant, and j. satisfying the DDE
ujy(u) = Kjx(u) = wje(u—1),  u>1,
and
(1) = 0, u <0,
IR = Beur, 0<u<1,
with By, defined as in (1.2).

It was also shown in [S] that

(1.6) Vi(y) = C—:(logy)“{l +O<(1o;y)6>}’

where
1 , 2. h(p") 1\"”
O T il (25 (5

1
We note that
ok(u) = ji(u), u>0.
Theorem 1 was proved using the same inductive argument as in the proof

of the Main Theorem, and was based on the following mean value theorem
by H. Halberstam for h € M.

THEOREM 2. For all sufficiently large x, and h € M,
h(n) 5
1.7 = — = Ck(l "+ 0((1 RO,
(1.7) m(x) ; - (logz)"™ + O((log z)"°)
In Section 3 we deduce the following consequence of Theorems 1 and 2.
ProproSITION 1. Suppose h € M*. Then for all sufficiently large vy,

(1.8) M(z,y) = 10:;yv(y){9n(u) +O<%)}

uniformly for the range of u in Theorem 1.

It is easily seen that Proposition 1 is a much weaker version of the
Main Theorem: It implies the validity of (1.4) for the range

(1.9) | <u<po8loey

logloglogy
with a suitable constant D. The reason for the short u-range here is the
faster-than-exponential-decrease in g, (u) (see Section 2). Nevertheless, (1.8)
acts as the start of an iterative process that is the heart of the proof of the
Main Theorem: Proposition 1 implies the Main Theorem for some initial
range of u. In the proof of the Main Theorem, it is shown that the size of
the error term cannot be reduced much further than stated. This is due also
to the fast decrease of g, (u) as u increases.
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2. About p,. The solutions of differential difference equations of type
(1.1) have been studied extensively by many authors (see for example [AO],
[GR], [Hs], and [Wh]). In this section, we look at several properties of g (u)
which will be crucial to proving the Main Theorem.

LEMMA 1. For k > 1, we have the following properties of ox(u):

log 1
(i) ox(u) = {—ulogu(l—I—O(w))} as u — 00.
log u

)
(i) —o).(u)/ox(u) is an increasing function for u > 0.
(iii) —o (u)/0x(u) < log(2ulogu) (u > €%+ 1).
(iv) ox(u—t)/0x(u) < (2ulogu)t, uniformly foru > e*+1 and 0 < t < u.
(v) For any positive number o, we have

7 < o (u)

for sufficiently large y and uy < u < y°/€, where ug depends on C, which
derives from the O-constant in (i).

REMARKS. (1) In the proofs, we assume (i) and (ii): (i) is given (in
different, but much stronger forms) in various places, for example in [Hs],
and in [Sm], but for our present purpose this weak form suffices. In [Hs]
Hensley gave an elementary proof of (ii) without using (i).

(2) Parts (iii) and (iv) are proved below with the same argument used
in the proof of Lemma 1 in [Hi]. We remark that the lemma generalizes
some of the properties of Dickman’s ¢ function. (The reader is referred
to P. Moree’s thesis [M] for much more information about the generalized
Dickman function.)

(3) In (iv), the right side is replaced by a constant if 1 < u < e? + 1.

(4) We note that using a stronger form of (i) and Lemmas 4.3 and 4.4
of [Sm], one easily obtains

or(u) > w2 u >k,
which implies (v).
Proof. First, we prove (iii). We have, for all k > 1,
1
(2.1) upk(u) = ngk(u—v) dv, u>1,
0

so that

1 1 u
= K M V= KR \eX _Q;(S) S v
) R TR p(L i)
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For convenience, let f(s) = —pol.(s)/0x(s). Since f(s) is nondecreasing for
s > 0 by (iii), we have

1 _
2:2) > n{explofu—1)}dv = =2
. u > k\exp{vf(u— V=K —————.
) fa—1)
The rest of the proof relies on the fact that

et —1
dr(z) =K .

is an increasing function of x for all z € R. We have, on the one hand,

u>op(flu—1)), wu>1,
by (2.2). On the other hand, we have

ottt )= S

2(u—1)log(u—1) —1

log(2(u — 1)log(u — 1))
for k > 1. If we show that the expression on the right of the last inequality
is at least u, and thus, at least ¢, (f(u— 1)), then we have the desired result
by the monotonicity of ¢ (-). Indeed, setting z = u — 1, we observe that
(2.3) 2zlogx — 1> (z + 1) log(2zlog )
2

for x > €2, since at x = €2, we have

4e% — 1> (e? + 1) log(4e?),
and the left hand side of (2.3) grows faster than the right hand side for
x> e
Now we use (iii) to prove (iv). First, suppose u —t > €2 + 1. We have
K —t R
2ulu—1) = exp{ S f(s) ds}

0 (u)

u—t

< exp{ S log(2slog s) ds} < (2ulogu)?,
u—t
by (iii). If u >e?+1and 0 <u—t < e+ 1, then
or(u—1)
ox(u)

u

= exp{ X f(s)ds}

u—t

e2+1 u

:exp{ S f(s)ds+ X f(s)ds}

u—t e2+1
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< exp { § log(2slog s) ds} exp { e SH f(s) ds}

e2+1 u—t
) e2+1
< (2ulogu)*~¢ Lexp { X f(s) ds},

u—t
by (iii). Since f(-) is increasing, the last expression is at most
(2ulog u)“_e2_1 - (2ulog u)eQH_(“_t) = (2ulogu)’.
Part (v) is deduced using (i). Since
log1
log 01 (u) = —ulog u{l + O<w> } > —Culogu

log u

for a suitable constant C and u > ug, we have

log x _ ' log(logz/log y)
Ok 8% > 47O >z 7
logy

for any o > 0, provided
1
ﬁ < yU/C. n
logy
Lemma 1(i) implies that g.(u) — 0 as u — oo0. Also, from the definition
we see that p.(u) increases on the range 0 < u < 1 (for k > 1) and thus,

there is at least one point u > 1 at which g, achieves a maximum.

PROPOSITION 2. Let k > 1. Then o, (u) has one and only one zero w,
and it lies between 1 and K.

The proof was first given in [AO] using an elementary argument.

3. Proof of Proposition 1. In the current section we derive the func-
tional equation under the conditions of M*. We prove several lemmas to
express relationships between sums m(z,y) and M (z,y), and these will be
used in the proof of Proposition 1.

3.1. Preliminary lemmas. By evaluating (27) at p and p—1 respectively
and taking the difference we deduce that

(3.1) h(p) < p(logp) ™~
for h € M*. By Abel summation we get
h _ _
(32) 5 M) 10g )14 < (10g 2)! .
p<z
h(p) -5
(3.3) Zp(logW < (logz)™°.

p>z
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From (3.3) we see that

(3.4) > (Lp)é < o0

p(log p)

We observe that (€25) implies not only (£22), but also the following lemma.
LEMMA 2. If h € M* then

h k
(3.5) Z (]Z ) log p* <. 72
pk>1’ p
pk=>2

Proof. We prove that

h k
Z SZ ) log p* < by /2

pk>1’
p,k>2

for b and € as in (23), for all sufficiently large values of z, depending only
on €. Indeed, we have

/2 Z Z pE/DE Jog pF

p >x p >
p,k>2 p,k>2
k
< Z h(zz )pk(£/2+loglogpk/logpk)
pk>:c
p,k>2
h(p*) .
< ;2 =) (if loglog z/logx < €/2)
p’ -
<b,
by (25). =
LEMMA 3. Let h € M*. Then
m(z,y)
3.6 M < >1
(36) @) <Drp ol a1,
where D is a suitable constant. In particular (taking y > x),
m(z)
3.7 h(n
(3.7) n;ﬁ log( x)’
where h(n)
n
3.8 = — .
(33) ma)i= 15

REMARK. Inequality (3.7) is a little sharper than an exercise in [HaT],
Chapter 0.
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Proof. All we need here is the following weak consequence of (27): There
exists a constant a such that

(3.9) Z h(p)logp <az, =z2>1.

p<z
We have the equation
x
(3.10) M(z,y)logx = Z h(n)log - + Z h(n)logn =T + S,
n<x n<lx
P(n)<y P(n)<y

say. Since logz < z — 1 for all z > 0, we have

0<T <zazm(z,y) — M(z,y).

Also,
S= > h(m)h(p*)logp*
mpk<z
ptm
P(mp)<y
< Z h(m)h(p)logp + Z h(m)h(p") log p*
mp<x mpF <z
P(mp)<y k>2
P(mp)<y
< ) hm) Y h(p)logp+ Y (ky> p*)logp"
m<z p<z/m p,k>2
P(m)<y P<y
z z k k
<azm(z,y)+ Y m| 7,y |h(p")logp,
p,k>2 p
Py

by (3.9) and the obvious inequality M (x,y) < zm(z,y) applied to the second
sum. Hence, by (€2),

S <axm(x,y)+ bxm(x,y).
Therefore,
M(z,y)log(ex) < (1 +a+b)zm(z,y)

and this proves (3.6) with D = 14 a+b. Inequality (3.7) restates (3.6) when
Yy>T. m

The above estimate of M(x,y) is somewhat crude, nevertheless, it proves
to be helpful for later use. More precisely, we can estimate M (z,y) with an
error term involving m(zx,y) as in the following lemma:
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LEMMA 4. If h € M*, then
(3.11) M(z,y)logz = > h(m) h(p) log p

m<z p<min(z/m,y)
P(m)<y

+ O(zm(z,y)(logz)™%), z,y>2.
In particular, when y > x > 2, we have
(3.12) M(x)logz = Z h(m) Z h(p)log p + O(zm(xz)(logz)%).
m<z p<z/m

Proof. We start again from the identity (3.10). Suppose 2 < y < x. We

have
Z h(n)logn = Z h(m)h(p*)log p*,
n<x mpP<x
P(n)<y pm
P(mp)<y

and the main contribution to the sum S comes from the terms corresponding
to k = 1, namely,

> h(m)h(p)logp= > h(m) > h(p)logp

mp<xz m<x p<min(z/m,y)
P(mp)<y P(m)<y pfm
ptm
= Y wm Y p)logp— Y h(m)h(p)logp.
m<x pgmin(a:/m,y) mp<x
P(m)<y plm
P(mp)<y
This gives
(3.13) ‘Al(x,y)loga?—- > hm) > h(p)10g14
m<x p<min(z/m,y)
P(m)<y
<T+ Z h(m)h(p)logp + Z h(m)h(p*)log p*
mp<z mp*<z

plm p,k>2

P(mp)<y P(mp)<y

=T+ Y hOhp"h(p)logp+ D h(m)h(p*)logp"

Iphti<s mpF<z
il pok>2

P(Ip)<y P(mp)<y

x
pk+1 <z p p,k>2

p<y P<y
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Denote the two sums on the right side of (3.13) by S’ and S” respectively.
We shall show that S’, S”, and also T', have order of magnitude

m(x,y)(logm)_‘s.

The terms in S’ corresponding to k = 1 contribute, by (3.6) and then (3.1),
at most

m(z/p?y)  h(p)
b Z ~ log (ex/p?) p(logp)?

xm(z,y) h(p) h(p)
< gl E ———— +am(x, E —

log(ex!/3) 4= p(logp)° () ~, plogp)’
p<x p>zl/3

< am(z,y)(logz) ™’

by (3.4) and (3.3). The remaining terms of S’ are, again by (3.6) and then
(3.1), at most of order

rmix k k (o)
(z,y) 3 h(p)h(p)logp+xm(x,y) 3 h(p") _h(p)logp

k1 k1 k1
log(evz) 4=, P S, Pt log(ea/pttt)
pEti<y/z VE<pttli<z
am(z,y) h(p®) =5 h(p") 5
<<M > —(logp) ™ +am(z,y) > 7 (logp)
p,k>2 p,k>2
pFI<Ve pPHI>Va
xm(x,y h(p* _
<<#+xm(:r,y) > (k)(logp) ’
ogx p
pk>2
ph>gl/3

am(z,y)  xm(x,y) xm(z,y)

<
log x xe/6 log x

by (2%) (and thus, by (22)) and Lemma 2. The second sum S” is, for the
same reasons, at most of order

x z \ h(p ( ) h(p*) 4
— Y logp® + x log p
v 32, ) et e 3 ()

PF<Va P>z
< Tmlay)  rm@y) ez, y)
log xe/4 logz

Finally, we estimate T. We see that, by Lemma 3,
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r dt m(t,y
T= Y h(n)logE:SM(t,y)?«S ) g
T 1
P(n)<y

di m(z, y)
< .
< m(z, y)§ log(et) < log x

This proves the lemma. =

3.2. Deduction of Proposition 1 from Theorem 1. The proof of Propo-
sition 1 is obtained by combining Lemmas 3, 4 and Theorem 1. It is quite
surprising that Proposition 1 is a rather straightforward consequence of
Theorem 1.

From Lemma 4 we obtain

(3.14) M(z,y)logx = Z h(m Zh ) logp

m<z/y p<y
P(m)<y
m(x,y)
1 .
+ E h(m) Z h(p) ng+o(x(log:c)5>
z/y<m<z/2 p<z/m
P(m)<y

Note that in the second sum on the right the outer index m runs only up
to /2 since p > 2. We look at each of the three terms on the right side
assuming, for the moment, v > 2. Consider the first sum on the right. By
(Q7), it is equal to

S h(m){sy + Oly(logy) )} = myM<y,y){1 +O0((logy) ")}
m<z/y
P(m)<y

By Lemma 3, it is of order

Yy logy logy

since

m(z,y) < V(y).
Applying (£27) again to the second sum on the right of (3.14) we get

(315) Y h<m>{“%+0(%<1°g%>_6>}

z/y<m<wz/2
P(m)<y s
x x
= kalm(e/2) e/} +0( X nom) = (1og ) ).
z/y<m<z/2
P(m)<y

The error term is at most of order
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z/m y
Yo hm) | <<SM<—7y>767
z/y<m<w/2 3/2 (log ) 5 t (logt)

P(m)<y

and by Lemma 3 it is, in turn, at most of order

Cm(z/ty)  dt Viy) { dt
) Fogta/t) Tog e < “Togta/) ) Wog 7
< xV(y) (logy)' =% < 2V (y)(logy) ™%, w>2.

logy
The main term on right side of (3.15) is equal to, by Theorem 1,

V(i (1= 222) 50 w0 i 2ED)

= w2V (y)(Jn(u) = Js(u = 1))

+0 <xV(y) <J}<(U) — Jx (U - igi;) + 105(()7;2—)3)))

' » log(u + 1)
| = eV () i) = ol = 1) + OV () B ),
mee oo u_log2 - ¢ v ogy) !
Ju() jﬁ( 10%9) _u—logS?/logy']n(t) dt < (logy) ™.
Thus, we get
log(u +1
(3.16) M(z,y)logx = kaV (y){jx(u) —jAu—l)}—l—O(mV(y)%)

which reduces, after division by log z, to

Mo =g D g+ o(EE D

u(logy)°
Now suppose 1 < u < 2. Again, (3.14) becomes

M(z,y)logz = Y h(m)Y h(p)logp+ > h(m) Y h(p)logp

m<z/y Py z/y<m<wx/2 p<z/m

P(m)<y
m(z,y)
" O(‘” (log x>6>

= > h(m){ry+O(y(logy) =)}

m<z/y
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o wm{e e (2 (e2) )} ro(sns)

z/y<m<x/2
P(m)<y

—wx(m(Zy) =m(Zy)) +ryn(Z) 1+ O((logy) )
( (2 ) <y )) <y>

m(x,y) x z\"°
r0(efs) o X momi(1es) )
z/y<m<z/2
P(m)<y

by (£27). We note that the last error term on the right side is at most of the
same order as the error term on the right side of (3.15). Since 1 < z/y <y,
Theorem 2 gives

() = m(2) = cane (3) o( (s (3)))

= V() Bu(u— 1)* + O((log y)*~?)
= V(9)jn(u— 1) + O((logy)"™)

- V(y){jn(u -+ O(@»

in the first term on the right, for 0 < u — 1 < 1. Together with Theorem 1
we can now deduce, as before, that

(3.17)  M(z,y)loga
= eV () n(00 ~ it = 0} + 0 (V) { ) — (=122 ) )

- logy

+ nyMG) (1+0((logy)~*)) + O <$V(y>{w}>

(log )’
= xV(y){“j';(“) o <10(g1<(>1;;)51) i 10;y> }

x _
+ /igM(;) (14 O((logy)~?)).
To estimate the sum M (-) we use equations (3.12) and (27):

wtasn = 3 nom st 0% (1) )} 0 il

m<w

= % o) (1

m<w 2
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The integral above is at most of order
w 1
m(w/t) dt S s
1 r 1—v)"* d
§ Tog(ew/) Qogt)? & Wlosw) é( o)t dv
by (3.7) and Theorem 2. Thus,

M (w)logw = wm(w)(rk + O((logw) ")),

and so
(3.18) M(w) = kCrw(logw)® 4 O(w(log w)"179).

This gives
k—1 1
_ )&
yM(%) < xlog <§> < :L"V(y)u,

and thus (3.17) reduces to

— 1)t N log(u + 1)) }
logy (logy)® /) J©
After division by log x and recalling that 1 < u < 2, we get
V(y) [ ., log(u+ 1)
M = ol ———~= | ;.

Since ji.(u) = ox(u), this completes the proof of Proposition 1.

M(z,y)logx = :L‘V(y){uj;(u) " O((u

4. Proof of the Main Theorem

4.1. In this subsection, we establish the lemmas that will help us in
proving the Main Theorem by an inductive method. For the remainder of
the section, we assume

(logy)°2
loglogy
We have seen in Section 2 that in this range g, is monotonically decreasing.

(4.1) max(e? +2,k) < u <

LEMMA 5. For h € M*, and for a fized 0, 1/2 < 6 < 1, we have

(42) > ox <u - 10gp>@logp

p<y? logy

0

= wlogy - | ou(u = v) dv -+ Ofos(w) (logy) /%)
0

uniformly in u satisfying (4.1).
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Proof. We introduce the sum
(43)  H(t):=> h(p)logp = r(t—2)+ O(t(logt)™"), t=>2,
p<t
by (€27). We can write the sum on the left of (4.2) as

v logt
4.4 Lol u— H
(4.4) QS_t 0 <u logy)d (t)

v logt v log t
=Vt o (u— 2R ) d(H ) — Rt —2) + 5 | o w - ) dt.
5 logy

Using (4.3), we integrate the first integral on the right by parts to get

(4.5) y{ 1o, <u logt> dH (¢)

N logy

v log t
=K S ™ oe | u— 8 dt
5 logy

0 logt logt
+0 QH(U—Q) yS Q,{(’U,— logy) + Q;(U_ logy) tdt
(logy)® t2 t2logy (logt)? )

By Lemma 1(iii), the integral in the error term on the right of (4.5) is at
most of order

y’ logt ,
AN log(2ul B
| i) [y sy ogyis | e,
2 (logt) ogy a2 og "
uniformly on the interval (4.1). Using Lemma 1(iv), we have
i 0

S ox(u — )

_ _ dv
(4.6)  (logy)'° 5 dv < (logy)' o) (2ulogu)” | =
0

log 2/logy
< (log )~ 0(u)

on the range (4.1). Also,
ox(u —6)
— < 0k U) —————
(log y)° ) logy?
if u satisfies (4.1), by Lemma 1(iv). Therefore, from (4.5)—(4.7), we obtain

v logt v logt
(4.8) S t o (u - )dH(t) —K S t ™ ox (u - > dt

o logy logy

(4.7)

< (logy)' =20, (w).
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Now we look at the second integral on the left of (4.8). Again using v =
logt/logy, we get

v logt o
ﬂStlgH(u— )dt:mlogy‘ S or(u—v)dv
logy
2 log2/logy

0

=klogy - S or(u—v)dv
0
log 2/log y

log 2
+O<logy~g,@<u— 08 > X dv>
logy )

0
= rlogy - | 0x(u—v) dv+ O(gx(u)).
0

Therefore we arrive at

v logt 0

) e <u - lo§y> dH(t) = rlogy - | ox(u—v) dv + O(os(u) (logy)' =)
2— 0

on the range (4.1). This completes the proof of the lemma. m

LEMMA 6. Suppose h € M*. Then for y sufficiently large we have

logp’”l)h(p’“) h(p)
4.9 ol u— . logp < ox(u)(ulogu),
D S R o e TR

pk+1 Sm
p<y

uniformly in u satisfying (4.1).

Proof. By Lemma 1(iv), we note that the sum is at most

k
(410) Qhﬁ(u) Z &;) . @ logp . (2u log u)logpk+1/10gy.

pk+1 Sz. p
p<y

First, consider the sum of terms with k = 1. It is at most of order

Qli(u) Z M(logp)_5(2ulogu)logPQ/logy

< :_ON Ulogu Z logp +Qn(u)(UI0gu)2 Z
P VI<p<y
=

h(p)

(logp)

< ox(u)(ulogu) + ox(u)(ulogu)®(logy)
< ox(u)(ulogu),
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by (3.1), (3.3), and by (3.4) on the range (4.1). Now we look at the sum of
terms in (4.10) with k£ > 2. They contribute at most

h k

(4.11)  ox(u)(ulogu) Z (i ) (log p) % (2u log u)*loeP/logy
pH<z
p<y
(ulogu) Z h(p*)(log p) 0 p~F{1-loe(2ulogu)/logy}
prl<s

p<y

Since
log(2ulogu) = log2 + logu + loglog u
)
< log2+ - 10g logy + logloglogy,

we have

log(2ulogu) < log logy
logy - logy

in the range (4.1), and for all sufficiently large y. Thus, the sum in (4.11) is
at most o, (u)(ulogu) by (£25), and this completes the proof of the lemma. w

LEMMA 7. For h € M*, we have

h(p* log p*
Z QZ ) log p* - 0, <u - #) < 0i(u)(ulogu)
pk>2 p 0gy
PPz
Py

for u satisfying (4.1) and for all sufficiently large y.
Proof. We observe that

h(p* log p* h(p*
(412) =5 > (i)logp’“m(u——logp ><< 3 (i)logp’“-p’m
onlu) 4=, P 8y ) G, P
pk<z pE<z
p<y p<y
where

a =log(2ulogu)/logy

by Lemma 1(iv). We separate the sum on the right side into two parts: one
corresponding to p* < logy, and the other to p* > logy. The first part is at
most of order

h k
Z (i ) log p* - (log ) < b(2ulogu)'°8°8¥/1°8Y « ylogu

pk>2
pk<logy
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by (€2), for all sufficiently large values of y. For the part that corresponds
to the condition p* > logy we have

o + loglog p* /log p* < a + loglogy/logy < e
for sufficiently large y, thus
h(p¥) k. ko h(p®)
> oF logp" - p** < ) e
p,k>2 p,k>2

pk>logy
Py

By (£2%) this is at most O(1) and therefore,

h k
Z (]Z ) log p* - p** < wlogu,
p,k>2
ph<ax
p<y

giving us the claim. =

LEMMA 8. We have

t logt
[ou( 2o ) dt < wou(u),
. logy

uniformly for
(4.13) 1 <u<y.

Proof. Once again, if we let v = logt/logy, the integral in the lemma
becomes

logy - X ox(v)y" dv =zlogy - S ox(u—v)y Ydv
0 0
= on(u)zlogy - 0l = 0) g,

< ox(u)xlogy -

2ul v
< u ogu) o,
Y

by Lemma 1(iv). If u satisfies (4.13), this is < zgx(u). =

4.2. Proof of the Main Theorem. The proof of the Main Theorem is
analogous to that of Theorem 1 (see [S]), but is more delicate because of the
rapid decline of g, (u) as u — oo.

For u > 1, define A(u,y) by the following formula:

x
(4.14) M(z,y) = Togy V(y) ox(u){1 + A(u,y)}.

We have, a priori,
Alu,y) = o(1)
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as y — oo for the small range (1.9), by virtue of Proposition 1; in particular,
for any positive fixed wug, there exists K = K (ug) such that we have

log(u+ 1)
(4.15) |Au, y)| < va

from the fact that the function o, is bounded from below for small values
of u. This proves the Main Theorem in the range 1 < u < ug. Let

A*(u,y) :== sup [A(W,y)|

1 <u < ug,

1<u/'<u
Then our goal here is to prove
log(u+1)
A (u,y) €
(.y) (logy)?/

for all sufficiently large values of y and for a range of u greater than (1.9).
Here, we again use (3.13), and estimate each of T, S" and S” as well as the
term on the left side of (3.13) for all

u > ug = max(e? + 2,k + 2),

with A(u,y) defined by (4.14). Suppose we are in the range (4.1). First, we
write

T ¢ dt dt ¢ dt
T= Z h(n)logE:SM(t,y)?:SM(t)T—i—XM(t,y)?.
n<lz 1 1 Y

P(n)<y

We deduce that the first integral on the right is at most of order

Yy —1
log )~ dt < y(logy)* < yV (y) = — < z ) 1%
§( gt) yllogy)" < yV () = o s (v)

xv(y)x—l/Q < ZIS‘V(y) Qn(u)’
logy logy

by (3.18), (1.6), and Lemma 1(v), for the range (4.1). The second integral
is equal to, with (4.14),

r log t logt dt
| Vo[ mom J(1+ A 222 y) )=
logy logy logy t

)

V() p (logt . zV (y) .
< Togv §gn<logy> At (14 A% () < 7 Pon(u)(1+ A7 (w,y)

by Lemma 8. Thus,

zV(y) .
T K logy Qn(u) (1 + A (u7y))
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Now turn to S”. We have

= > M( k.v) p")log p"

k<a:

p<y

k>2
x x

= Y M) logp"+ D M )h(p")logp®.

p p

pF<z/y z/y<pF<z

p<y p<y

£>2 k>2

The first sum is at most of order

T k ogp"
D B LR

lo lo
gy Phealy gy

p<y,k>2

zV (y)
logy

by Lemma 7. The second sum in S” is at most

k z —/2
em(y) Y h;i)logpk«xwy)(;) ,

z/y<pF<z
p<y
k>2

< o (u)(2ulogu)(1 + A%(u, y))

first by Lemma 3, then by Lemma 2. Since z/y > \/x,

—6/2 _g/
<§> <r NP« 0 ()
Yy log y logy’

for all y sufficiently large due to Lemma 1(v). Similarly, we see that

(416) §'= M(}%w)MPk)h(p)logp

pFHi<az/y
p<y
T
+ Y M(W>h(p’“)h(p)logp
x/y<pk+l<$
p<y
2V hpk hp lo pli-i-l .
<2 5 M) Mg (0= ) 1k )
o8y S p logy
p<y
h(p*)  h(p
+aViy) Y M) 28D 1oy,
pPHi>z/y b b
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By Lemma 6, we see that the first sum on the right side of (4.16) is of the
order

mV(y) or(u)(ulogu)(1+ A*(u,y)) < x

logy
Also, the second sum is, by (3.1), at most

V(y)
logy

0r(u)(logy)”*(1 + A*(u, y)).

k k
V) Y h;i)aogp)—ésmw 3 h;i) (ifu > 3)

pPHi>a/y pF>a/y?
p<y p<y,k>2
T —/2
< 2V (y) (—2> (by Lemma 2)
Yy

< 2V (y)(logy) " ox(u),
again by Lemma 1(v). Therefore, from (3.13) we have

(417)  M(z,y)logz= > h(m) > h(p)logp

m<x p<min(z/m,y)
P(m)<y

O (mlggfz) 0x(u) (logy)' "2(1+ A*(u, y))> .

Denote the sum on the right side of (4.17) by Sjs. By changing the order of
summation, we come to

Su=Y ( > h(m)>h(p) logp = ZM@y) h(p)logp

p<y  m<z/p =
P(m)<y
1 1
L L ()
logy = p logy logy

The main term in the summation equals, by Lemma 5 with 6 = 1,

1

klogy - | 0x(u—v) dv+ O(0x(u) (log y)' /).
0

Thus,

1
Sy = kzV (y) S or(u—v)dv
0

V) T h(p) logp - o — 222 Ay o8P
logy p logy logy

p<yl/?
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lo lo
£y ey Q”( _lo§§>A<“_1o§§’y>

1/2<p<y

n 0<gn<u><logy>1—5/2>}.

Applying Lemma 5 with # = 1/2 and 6 = 1 respectively to the two sums on
the right side, we get from (4.17),

1
(4.18) |M(z,y)logz — kxV (y) S ox(u —v) dv
0

1/2
Y) .
< . _
_a:logy{mlogy (S) or(u—v) dv A*(u,y)

1
+ klogy - S orx(u —v)dv A*(u—1/2,y)
1/2

+ Olou(w)(1 + A% (u, ) (log y) =) }.

Dividing both sides of the equation (4.18) by =V (y)os(u)u, and using (2.1)
we infer that

| A, )]
. 1/2 L
= uo (u){ S ok (u —v) dv A*(u,y) + S gﬁ(u—v)dvA*(u—1/2,y)}
" 0 1/2

and we write the right side as

() A (u, ) + (1= T(u) A (u— 1/2,) + O(W)
where
. 1/2
I(u) := won(@) (S) ox(u—v)dv

We note that since g is decreasing on the range (4.1), we have

1/2 1
X ox(u—v)dv < S ox(u — v) dv,
0 1/2
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and hence
. 1/2 1
(4.19) I(u) < Suon () ( (S) ox(u —v)dv+ 1§2 ox(u — ) dv) =1/2.

Using (4.19), we observe that

%(A*(uy y)+ A%y, u—1/2)) = (L(uw) A" (u,y) + (1 = I(u)) A% (v —1/2,y))
= (1/2 = I(u))(A%(u, y) — A% (v — 1/2,y)) > 0,
by the monotonicity of A*(u,y), for all
uo < u < (logy)®?/loglogy.
From this we deduce the inequality

(4.20)  |A(u,y)| < %m*(u, y) + A*(u—1/2,9)) +O<L*<u’y>>,

u(log y)9/?

up < u < (logy)*/?/loglogy.
Next, we show that (4.20) still holds if we replace A(u,y) on the left side
by A*(u,y): Suppose u — 1/2 <« < u. Then (4.20) gives
14+ A*(/, y))

A ) < 5 W)+ A = 1/2) + 0( /(logy)?2

1 . 1+ A*(u,y)
< (A% (u,y) + A% (u - 1/2,y))+0<W)’

by the monotonicity of A*(u,y), where the O constant changes at most by
a factor of 3/2. On the other hand, if ug < v <wu —1/2, then

A )] < A (= 1/2,9) < S (A" y) + A% (u—1/2,9).

Thus, it follows that uniformly for ug < u < (logy)%/?/(2loglogy), we have

Auy) < (A () + A= 1/2,9) + 0 (L2 )
u(log y)*/2
We rearrange terms to arrive at
A*(u,y) < A%(u—1/2,y) + O<L*(u,y)>’
u(log y)*/?

and iterate with respect to u to get

A(uyy) < A*(vo,y) +0<

(1+ A*(u,y))logu
(log y)°/2 )
where
ug — 1/2 < Vo < uQ-.
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By (4.15), we have

1+ A*(u,y))logu
(logy)°/2

A (u,y) < (

Thus, there exists a constant B such that

and

1+ A*(u,y))logu
(logy)®/2

A (u,y) < B(

Bl Bl
A*(u,y)<1— og u ) < og u

(logy)®/2) = (logy)/?

This yields

log u log u
Au,y) €« ———(1+B ——=—— ),
) (logy)5/2< i (logy)5/2>

for an appropriate B’, and therefore

log u

A _o8%
(y) < (log )2/

in the range (4.1). This completes the proof of the theorem.
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