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On a multiple trigonometric series
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M. Z. GARAEV (Taipei)

1. Introduction. Throughout the text ¢, cy, ..., cs denote absolute pos-
itive constants not necessarily the same in different cases. The constants
implicit in the O symbols are also absolute.

G. I. Arkhipov and K. I. Oskolkov [1] proved that for any polynomial

P(z) = aqx™ + ... + anx + ap41 with real coefficients aq,...,a,4+1 the
sequence
2miP(z)
e
Hy= )
1<]z|<N

converges as N — oo. They applied Vinogradov’s method of trigonometric
sums. Afterwards K. I. Oskolkov [3, 4] discovered a nontrivial application of
this result and Vinogradov’s method to the investigation of the properties
of solutions of Schrédinger type PDEs. To PDEs with mixed derivatives
correspond multiple trigonometric sums. The simplest type of such sums is
hy = hy(«) defined as follows:

NN anél‘
(1) thzz v,

The question of convergence of ~{h1\7}§’\,°:1 was discussed several times by
G. L. Arkhipov, V. N. Chubarikov and the author. But still it has not been
known to us whether this sequence is convergent for all real « or not.

In this note we give an answer to this question.

2. THEOREM. There exists a real number « such that the sequence (1)
diverges as N — o0.

We will use the following well known statement (see e.g. [2, p. 473]):
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LEMMA 1. For any real number t we have
sin(27yt) 1
t) = ———— 4+ 0| —
o(t) Z Y + <1+Y|Sin7rt|>
1<y<Y

where o(t) = 1/2 — {t}.

LEMMA 2. For any positive integers x, q, N we have

. N-1
Z sin (27 %) _ qz T,
1<y<on Y = v+l

where T, = Y°7_, sin (2rZE).
Lemma 2 follows from Abel transformation and T,x = 0.
LEMMA 3. For any positive integers q, N we have
N sm 27r
S = ZZ N > c1log N — co.
z=1y=1

Proof. Asy .,y sin(ay)/y = O(1) uniformly in o and Y, by Lemma 2

sy oy Dol Y )

1<z<N/8 =19 N/8<z<N

where

y 2 z
T, = Zsm <27r9]65> = sin ( Ny) COS( N) + %sm (27r%/>

P SlIl(T('N)

Using again } ;< y/ssin(az)/z = O(1) we have

S > Z $_1 Z sin® ( %y) COS( %) _ O(l)

1<oengs 1zynyen YO T DEN(TR)

The ranges of variables are such that

Lo T\ o 4%y N1 <5 z\ _ @

in — — — - in|r— —.

SATNY) = TN P\ ) =y STV ) SN
Therefore

_ T
S > Z g1 Z W—N—O(1)>cllogN—02.
1<2<N/8  1<y<N/(22)

Lemma 3 is proved.
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3. Proof of the Theorem. We put
=1
a =27 Z —
e In

where the sequence qi, g2, ... is defined as follows: q1 = 2, gn+1 = qn
for all positive integers n. In order to prove the Theorem it is enough to

establish that for this a the subsequence hg, of (1) diverges as n — oc.
ngn

ngn+1

For a given n set ¢ = ¢, N = ¢"". We will prove that
hg, 1w = hqn > c1g M log N — calogq > cn

for all large enough n.

Since
1 1
a—27r< +q—N> O<W>7
we have
aN aN Sln 271' )xy)
hgs =D qN o(1)
z=1y=1
Put
g = Z/ qu: s1n(27r(% + qLN):Ey)
z<gN y=1 Yy
and

(2r (¢ +
Sy = Z//ZSIH 7T( qN)ﬁy)

x<gN y=1

where the prime indicates the additional condition z = 0 (mod ¢) while two
primes mean z # 0 (mod q).

We have
(2) hgnir = S1+ Sz + O(1).
From Lemma 3 it follows that S; > cig 'log N — co = cinlogq — ca, i.e.
(3) S1 > cinlogq — ca.

Now we prove that Sy > —c3loggq.
The subsum of Sy over 0 < x < ¢ is O(logq). Therefore according to
Lemma 1 we have

(4) Sy = mS3 + 7S84 + O(log q)
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where

"o axr T
5e e

q<x<qgN

_ "oy 1
Sy = Z v O<1+qN‘sin7r(%+L)|>'

g<x<gN qN

Further, since 27 2O(f) = O(x~2) + O(f?), we have
qN

1
; 1+q2N25in27r(%+ i))

qN

54:0(1)+0<

Taking into account that ¢ and N are powers of 2 we see that when x runs
through a complete system (mod ¢N), then so does (aN + 1)z. Hence

qN 1

si=ow+0( =)
1+ g2N?2sin o
qN/2

1
~ o +o< . m).
(1) ; 1+ ¢2N?2sin? e

Using the fact that

sm;r—]:\nf > qiN for 1 <z <gqN/2
we obtain
(5) Sy =0(1).

In order to estimate S3 we note that
e T At R s
g qNJ~ Lqg qN q qN
Therefore

Sz > Z” z! (Q(aiﬂql) - qiN> > -1+ Z” z o(axq™t).

qg<x<gqN
Substitution x = qu 4+ where 1 <u < N —-1,1<1<g—1 gives us

1q/2—1 N-1 g¢-1
1+ 853> Z Z (qu+1)"to(alg™) + Z (qu+1)"o(alg™)
u=1 [=1 u=1 [=q/2+1
N-1¢/2-1 N—1g¢/2—-1
=3 (qu+1)tolalg ) + (qu+q—1)""o(—alg™")
u=1 (=1 u=1 =1

where we have used o(1/2) =
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Now note that o(—alg™!) = —o(alg™"). Therefore
N-14q/2-1 < 1 1 ) N-1gq/2-1

1+S3>—-> Y P Rl s >->" ) #>—2,

u=1 =1 u=1 I=1
whence S5 > —3. Together with (5), (4), (3), (2) and ¢ = ¢, we obtain

hg,,.1 > cinlog g, — cqlogqn — cs.
The Theorem is proved.
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