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On multiple higher Mahler measures and multiple L values
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1. Introduction and notation. For every Laurent polynomial P &
C[XFEY, ..., X F')\ {0}, the (logarithmic) Mahler measure of P is defined by

1 1
m(P) = |- \log|P(e*™™, ... &™)  dt,, - - - dt;.
0 0

It is known that, in some cases, the Mahler measure relates to zeta or L
values, for instance, Smyth [6] showed

(1.1) ml+X+Y)=m(l-X-Y)= iL(gxg)

where x_3 is the quadratic character attached to Q(v/—3) and L(x, x_3) is
the Dirichlet L series associated with a character x_s3. See [3], [4] and the
references therein for other known cases.

Kurokawa, Lalin and Ochiai [5] introduced the k-higher Mahler measure
of P and the multiple higher Mahler measure of Py,..., P, defined by

1 1
mi(P) = |- | logh [P(e>™"1, .. ¥™itn)| dty, - - dty
0 0
and
1 1 1
m(Py,...,P) = |- XH log | Py (2™ ... e2™itn)| dt,, - - - diy,
0 0 g=1

respectively. Here, P and Pj’s (j = 1,...,1) are in C[XF', ..., X;F1]\ {0}.
In [5], Kurokawa, Lalin and Ochiai evaluated some examples of k-higher
Mahler measure and the multiple higher Mahler measure and showed a
relation between the multiple higher Mahler measure of 1 — X and multiple
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zeta values:

me(l—X) = (=1 2% > L, b,

h>1 br e bp>2
bi+-+bp=k

where ((by,...,bp) is the multiple zeta value defined by

C(bl,...,bh) = Z ﬁ

0<ny<--<mp Ny Ny,

for (by,...,by) € N® with b, > 2. They also proved
5m2
54’
which is a generalization of the result of Smyth. Further, Akatsuka
evaluated my(a — X) (a € C, |a| < 1), and showed in [I] that my(a — X)
can be written in terms of multiple polylogarithms.

In this article, we will evaluate the multiple higher Mahler measure
m(l—X—Y7,...,1— X —Y}) and see that those values relate to multiple L
values. However the type of multiple L values in our case is slightly different

from that of the multiple L values treated by Arakawa and Kaneko [2]. Our
result is another generalization of the result ((1.1)) of Smyth.

me(l1+X+Y)=

2. Statement of result. To state the main theorem, we have to intro-
duce some notation.
We put

(—1)"x-3(n)

w_g(n) := -

L Tl = (), it () = (5 ).

Then we define multiple L values by

@) Liwomgwsko)= 3 Lo i)

Tk
O<ny < <ng

T1

forv=1,...,k—1, and

~ w_3(n
(22) L(Tla"'ark’;w*%k) = Z %

n ... n
0<ny<--<ny 1 k
In particular, for the case of kK = 2, we have

(=D)m " x_3(n2 —n1)

nytng (ng —nq)

L(ry,ro;w_3;2,1) =
0<n1<n2

B w_3(ma)
- Z Z mitma(my + ma)r2’

mi1=1meo=1
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which is a “Mordell-Tornheim L value” (for instance, see [7]). Therefore, if
we put

w-3(n2)
Lyt 2(s1, 52, 83;W-3) § E ST

Sty (n1 + ng)%s

then we can write Lyt 2(r1, 1,72 w—3) = L(ry, r2; w—3;2,1).
THEOREM 2.1. For any positive integer k, we have

(23) m(l—X—Yl,...,l—X—Yk)

_ (1?)%221% ST i, ba)

h>1 b1,....bp>2
b1+--+bp=k
k—1
(—1)*k!IV/3 U
i { L 20 k) + ;(Tl,j +To5)},
where {1}, = (1,...,1) is a p-tuple,
——

I

xj—1 min{j,k;—v}
k—v—2h
en o= % (07)
v=1
x Z L({1}4,,2,. .., {1}a,, 2, {1}0; w_s; k — h,v)

(a1,ms0)ESKTY k—v—h

and

k; min{j,k;—v+1}

k—v+1-2h
(2.5) TQ,]; Z ( iCh )
X Z ({l}au ,...,{1}%,1,2,{1}ah,{1}v+1;w,3;k—h+1,v),

(a1,..an)€Sy " k—h—v

with SF == {(a1,...,ap) € Nt |a1 + -+ +ap, =k — 2h}; here Ng := NU {0}
and K; =k — j.

REMARK 2.2. When h = 1, the last sum on the right-hand side of (2.5])
is L({1}g;w_z; k,v).

COROLLARY 2.3. If we put k = 2 in Theorem [2.1], then
ml-X-Y,1-X—2)

1 3 . ~
= g C(Q) + g{L(l, 2; w_3; 2) + LMT,Q(L 1, 1; w_3)}.
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3. Preliminary lemmas. The following two lemmas are important and
essential tools for evaluating Mahler measures.

LEMMA 3.1 (Jensen’s formula). For o € C\ {0}, we have
1
Slog o — ™| dt = log max{1, |a|}.
0
LEMMA 3.2 (Kurokawa, Lalin and Ochiai [5]). Let z = e*™ with 0 <
t <1. Then

k
(3.1) log" |1 —a| = ~—3— > Lir_1(2) Lir (=),
J=0 j k—j

where
™k

Llrl,...,rk (:E) = E : Ty, nrk
0<ni<--<nj L k

1s the multiple polylogarithm.

4. Proof of Theorem From the definition of the multiple higher
Mahler measure and Lemma [3.1 we have

(41) m(l-X-V,....1—-X—Y)

1 k1 4 '
= S {H S (log |1 — 2™ — ?mita)) dtq} dt
0 ¢g=10
1 5/6
= S (log max{1, |1 — ™|}k dt = S logh |1 — €2 | dt.
0 1/6
The right-hand side of (3.1)) can be split as
k—1
(4.2) Lip, 1 (2) + Liy,_1(z7") + ) _{D; + 2RS;()}
k k J=1

for z = > (0 < t < 1), where

1
D;:=
J Z - ljamg g qu?’

0<ly <<l 1<u
O<7’L1<-~~<7’Lk_j_1<u

Ng_i—l;
T JT
Sj(x) = Z I - Ly nps
0<ly <<l J —J
0<ny <---<ng_j
lj<nk,j
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We can easily evaluate

5/6
A 3 _
(4.3) S Lip, 1 (e*™)dt = \Q[L({l}k—l, 2;w_3; k)
1/6 k "
and
5/6 5
| Djdt = Dj,
1/6

since x_3(n) = 2sin(2wn/3)/v/3. It is shown in [5] that

k—1 k—1
(4.4) YoDy=) 2 N Clan+2,.. a0+ 2).
j=1 h=1

k
(al,...7ah)68h

Note that the sum on the right-hand side of (4.4]) vanishes for h > [k/2].
Hence

k—15/6 k-1
2 _
(4.5) ZSDjdt:§Z2k N Clan+2,.01 +2).
Jj=1 1/6 h=1 (a1,...7ah)68,’§
Similarly,
5/6
| RS;(e*™) dt
1/6
_ V3 3 (=)™l g(m—y — 1) _ ig
2w 0<ll<---<lj ll e ljnl . -nk,j(nk,j — lj) 2 J
0<n1<---<nk,j
lj<nk,j

We split §j as follows:

Ki—1

(4.6) Si=> > +§: >

v=1 0<ly <<y v=1 0<ly <<l

0<ny <o <nyg 0<ny <o <nyg
lj:nnj-—v nnj—v<lj<nmj—v+1
=T1;+ Tz,
where r; := k — j. To calculate T7 ;, we consider the following finite sum:
1
Uiw:= Z li---ling--n '
0<ly <<l ! 3 Ri—v

0<ny <"'<n;£j7'u <’nnj—'v+l

lj:nlijf'u
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By an argument similar to that of [5], we have

min{j,k;—v} k—v—2h

Uj=” - Z j—h
h=1
X Z Cnn]-—v+1({1}a1727"-7{1}ah72)7
(a1,,an) €S, "
where .
(riseeom)i= Y
0<n) <-<np<N 1 k

is a finite sum. Consequently, we obtain

kj—1min{j,k;—v}

47) Tiy= Y ; (k—]v_—th>

v=1
X > L{1}ay, 2, {1}ay, 2, {1}0; w_s; k — h, ).
(a1,...7ah)68;§7” k—v—h
Similarly,
k; min{j,kj—v+1}
k—v+1-2h
ay m=> (T
v=1 h=1

X > L{1}ay, 2, {0y 1 20 {1} ay, {1} ort; wogs k—h+1,0).

(al,...,a;L)ESZiv+l k—h—uv

Combining ([4.3), (4.5), (4.7) and (4.8)), we have Theorem [2.1]
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