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1. Introduction. In [7] it is shown that for any quadruple of pairwise
distinct elliptic curves E;, i = 1,2, 3,4, with j-invariant j = 0 there exists a
polynomial D € Z[u] such that the sextic twists of F;, i = 1,2, 3,4, by D(u)
have positive ranks. A similar result was proved for quadruples of elliptic
curves with j-invariant equal to 1728.

These results have been generalized in [4] to curves of the form y? =
™+ A, where n is divisible by an odd prime and A € Z\ {0}. The main tool
in the proof was a (partial) characterization of possible torsion subgroups of
the Jacobian variety associated with the curve y? = 2P + A, where p is an
odd prime and A € Z \ {0}.

A natural question arises whether similar results could be obtained for k-
tuples (for appropriate k) of hyperelliptic curves of the form C : y? = 2°+Ax
(of genus 2), which are (in some sense) natural generalizations of elliptic
curves with j-invariant equal to 1728. The quartic twist of the curve C
by D has the form Cp : y? = 2° + AD?z. The octic twist of C by D is
Cp : y?> = 2° + ADx. In view of the results obtained in [7] and [4] we ask
the following question.

QUESTION 1.1. Let C; : y? = 2°+a;x where a; € Z\{0} fori=1,...,n,
and suppose that C; # Cj for i # j. What is the mazimal number, say N,
for which there exists a polynomial D € Z[u] such that the Jacobian of the
octic twist of C; by D has positive rank for alli=1,... N?

This is a difficult problem and we only give a lower bound on N. It is
clear that to this end we need two things. We must be able to construct
rational points on appropriate curves and show that these points lead to
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divisor classes which are of infinite order in the Jacobian variety. In the
case of elliptic curves we know a full characterization of possible torsions
over Q. This characterization of the torsion subgroup of elliptic curves with
j-invariant j € {0, 1728} was used in the proofs of the results obtained in [7].

However, no characterization of the torsion of the Jacobian of the curve
y? = 2% + Az is known yet. So, in Section [2 we begin our investigations with
a full characterization of the torsion subgroup of the Jacobian of the curve
Ca : y? = 2° + Az, where A € Z \ {0}. We denote by Ja the Jacobian
variety associated with Cy and by J4(Q)tors its group of Q-rational torsion
points. Remember that, by definition, the divisor D € Div(Cy) is Q-rational
if it is invariant under the action of the absolute Galois group Gal(Q/Q).
Note that if D = nyP; + -+ + n,. P, with n1,...,n, # 0 then to say that
D is Q-rational does not mean that Pi,..., P, are Q-rational. It suffices for
Gal(Q/Q) to permute the P;’s in an appropriate fashion, or in other words,
{P7,...,P?} = {Py,..., P} for each ¢ € Gal(Q/Q). In Theorem we
characterize the set J4(Q)tors: Next we show that for the constant N in
Question [1.1) we have N > 4 (Theorem [3.1]).

2. Characterization of the torsion subgroup of J4(Q). Consider

the family of curves (over Q) Ca : y?> = 2% + Ax, where A is a nonzero

rational. The curve C'4 is hyperelliptic of genus 2. Without loss of generality
we can (and will) assume that A is an 8-powerfree integer. In this section we
describe the group J4(Q)tors completely. Note that disc(z® + Ax) = 256 A°.
Let p denote a prime such that p{ 2A. We start with the following lemma.

LEMMA 2.1. We have
Z7)27 if A# +0 or (A =0 and 2V A #0) (case 1),
(Z/27)? if (A=0 and 2v/A =0)
or (A= —0 and vV—A # 0) (case 2),
(2)27)% if V—A =0 (case 3).
In particular if A is as in case 1 then
(1) Ja(@Q)[2] = {0,[(0,0) — o]}
Let a denote a squarefree positive integer. If A = a*/4 then
(2) Ja(Q)2]
~ [0,[(0,0) = 0], [((—a +ia)/2,0) + ((—a — ia)/2,0) — 200],
B { [((a +1a)/2,0) + ((a — ia)/2,0) — 200] }
If A= —a? then

3 TP = {

Ja(Q)[2] =

0,[(0,0) — o, [(v/a,0) + (—/a,0) — 2oo],}
[(iv/a,0) + (—iv/a,0) — 200] '
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If A= —a* then

07 [(07 0) - OO]? [(av 0) - OO],

[(—CL, 0) - OO], [(0’ 0) + (av 0) - 200]7

[(0,0) + (—a,0) — 20¢], [(a,0) + (—a,0) — 200],
[(ia,0) + (—ia,0) — 200]

4)  Ja@Q)[2] =

Proof. It is well known that every point in J4(Q)[2] can be uniquely
written as D = > n;P; — (D n;)oo, where P; = (z;,0) are pairwise disjoint,
n; € {0,1}, > n; < 2. Therefore the group Ja(Q)[2] is completely deter-
mined by the factorization of the polynomial f(x) := 2* + A over Q. Note
that f has a rational root if and only if A = —a*. In this case f(x) factors as
(x —a)(x + a)(2z® + a®). Hence we have . It is easy to check that f is irre-
ducible over Q if and only if A is as in case 1. Then J4(Q)[2]={0, [(0,0)—c0]}.
If f has no rational roots but is reducible over Q then A is as in case 2. In
particular if A = a?/4 then f(z) = (2® + ax + a*/2)(2* — az + a?/2), hence
we get . If A= —a? then f(z) = (z* — a)(2? + a) and we are done. u

We shall prove the following theorem.

THEOREM 2.2. We have Ja(Q)tors = Ja(Q)[2].

The proof of Theorem splits into a few lemmas. In order to compute
#T4(Q)tors consider Ja(F,) for several primes p { 24, since the reduction
modulo p homomorphism induces an embedding Ja(Q)tors — Ja(Fp) (see
for example [2, p. 70]) and therefore

(5) #jA(Q)tors ‘ #jA(Fp)
Since ([2 formula (8.2.7)])
(6) #Ta(Fp) = 3(#Ca(Fp)? + #Ca(Fp2)) — p,

it is enough to compute #Cx(F,x) for k = 1,2.
LEMMA 2.3. Ifp# 1 (mod 8) then #Cx(Fp) =1+ p.

Proof. The point (0,0) and the point at infinity lie on the curve Cy. Let
p = 3 (mod 4). Since —1 is not a square in [, each pair (z, —z), where
z € Fy, contributes two points to Ca(Fp). If p = 5 (mod 8) then —1 is a
square but not a fourth power in F,. Since (iz)° + A(iz) = i(2° + Ax), each
quadruple z, —z, iz, —ix gives four points of Cy(IF,). Therefore our assertion
follows. m

In order to compute #C4(F,2) and #Ca(Fp) for p =1 (mod 8) we will
use Jacobsthal sums.

Let g=pF, e Nand a € F,. The Jacobsthal sums ¢(a) of order e are
defined by
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-2 ()

z€lfy

where ( 6) is the quadratic character of IF,. Following [5] we list a few of their
properties.

LEMMA 2.4. Let @c(a) be the Jacobsthal sum of order e for a.
(1) If (e,q — 1) = ey then @e(a) = @e, (a).
(2) Ifel(q—1) but 2et (g —1) then pc(a) = 0.
(3) pe(ab®) = (b/a) pela) for be B
(4) #Ca(Fg) =1+ q+ @a(A).
LEMMA 2.5. Let ¢ = p®.
(1) Suppose p=1 or 3 (mod 8) and write p = u® + 2v2. Then
—4(2u® — p) if A is an 8th power in Fy,
pa(A) = 4(2u® —p)  if A is a 4th power but not an 8th power in F,,
0 if A is a square but not a 4th power in Fy,
+8uw otherwise.
(2) Suppose p=5 or 7 (mod 8). Then
4p if A is an 8th power in F,
w4(A) =< —dp if Ais a 4th power but not an 8th power in Fy,
0 otherwise.
Proof. The proof can be found in [1l pp. 420-421]. =

LEMMA 2.6. The following properties hold:

(1) If (%) =1 then a is a fourth power in F ..

(2) If (%) = —1 and p =1 (mod 4) then a is a square but not a fourth
power in Fp2.

Proof. This is an easy calculation. m

Now, we are ready to prove the following

LEMMA 2.7. The group Ja(Q)tors i a 2-group.

Proof. One should consider a few cases. In all the cases we will compute
#J4(Fp) using the formula (6) and Lemmata [2.42.6} Fix an odd prime I.

Suppose that A is neither [0 nor +500. Then we can find a prime p such
that p = 5 (mod ), (%) =—1,11(1+p? and p{ A. Note that for p =5
(mod 8) and (%) = —1 we have #J4(F,) = 1 + p*. Hence by we get
11 #T4(Q)tors- Moreover, 1+p? = 2 (mod 4) s0 #J4(Q)tors = 2. In general,
if A is not £0 we have only #J74(Q)tors = 2 - 5™, m > 0.
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Suppose that A = a? and @ > 0. For p = 5 (mod 8) such that (%) =1
we get #C4(Fp) = 14 p and #C4(F,2) = 1+ p* +4p (A is an 8th power in
F,2). Hence #J4(F,) = (p+1)> = 4 (mod 8). If I > 3 or a is not 60 then
we can find a prime p > A such that p =5 (mod 8), (%) =landlt(p+1).
Therefore #.J,2(Q)tors = 23", where 1 < m < 2, and where n = 0 if a is
not 60J. Moreover by Lemma [2.1| we obtain Jo4 /4(Q)tors = (Z/2Z)?.

Consider the case a = 6¢® with ¢ > 0. It is sufficient to show that 3 {
#J5604(Q)tors- By Lemma [2.4(3) we have ¢4(36¢*) = (2)304(62) where ¢ = p
or ¢ = p?. Let p = 17 (mod 24) and p = u? + 2v2. Since 6 is neither a square
in F nor a 4th power in F,2 we get #C36.4(Fp) = 1+ p and #Cs604(Fj2) =
1+ p? 4 8u? — 4p. Consequently, #J5604(Fp) = (p — 1)? 4+ 4u? # 0 (mod 3).

Suppose now that A = —a? with a > 0. It is easy to see that #.J_,2(F,) =
(p+1)2 =4 (mod 8) for p =5 (mod 8) and (%) = —1. If a is not a square
or [ > 3 then we can find a prime p = 5 (mod 8) such that (%) = -1,
p>aand !t (p+1). Hence #J_32(Q)tors = 2™3", where 1 < m < 2, and
where n = 0 if in addition a is not 3LJ. By Lemma in both cases we get
J_02(Q)tors = (Z/27)%. On the other hand if a is not a 20J or [ > 3 then we
can find a prime p = 5 (mod 8) such that (%) =1, p>aandlf(p—1)
(now #J_,2(Fp) = (p — 1)? = 16 (mod 32)). Therefore if a is neither 20
nor 300 we have #J_,2(Q)tors = 2™ where 1 < m < 4. Now let a = 3c2,
ie. A = —9c¢*. As in the earlier case, we take p = 17 (mod 24) and get
34 4o (Fy) = (p— 1)° + 402,

We are left with the case A = £5a2. In both cases it is enough to prove
that 51 #J4(Q)tors. For every a € N there exists a prime p > |A| such that
p =7 (mod 8), p=1 (mod 5) and (%) = 1. Then, as in the previous cases,
we combine Lemmatato get #J4542(Fp) = (p+1)? =2 (mod 5) and

we are done. m
LEMMA 2.8. The group Ja(Q)iors contains no element of order 4.

Proof. In view of the previous proof it is sufficient to investigate J4(Q)tors
for A = a? where a # 20 and for A = —c*. In the first case #J4(Q)tors = 2
or 4. For prime p > a such that p =5 (mod 8) choose b such that b* = —a?
(mod p). Then z° + Ax factors in F, as z(z% — b)(2? + b) (the factors are
irreducible) and 4 || #J,2(Fp). Hence #.J,2(Fy)[2] = 4. By the embedding
T4 Q)tors — Ja(Fp) we conclude that J,2(Q)tors has no elements of or-
der 4. Similarly for A = —c* taking p = 5 (mod 8) with p > ¢ we have
16 || #J_ca(Fp) and #J_.a(Fp)[2] = 16. Therefore J_.1(Q)tors contains no
elements of order 4 and the assertion follows. m

Gathering the results from Lemmata [2.7) and [2.8] completes the proof of
Theorem
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3. An interesting application. In this section we give an interesting
application of Theorem to Question [I.I] More precisely, we prove the
following theorem.

THEOREM 3.1. Let a,b,c,d € Z \ {0} be pairwise distinct and consider
the curves

Cr:yi=a+ax, Cy:ys=a)+ by,
Cs: y§:m§+cx3, Cy : yi:xi—i-dm.
Then there ezists a polynomial D € Z[u] such that the Jacobian variety of

the octic twist of the curve C; by D has positive rank for i = 1,2,3,4. In
other words, for the constant N defined in the introduction we have N > 4.

Proof. We will show that the set of rational curves on the variety

2 _ .5 2 _ .5 2 _ .5 2 _ .5
w: AT YT Y3 T3 Yi— T4

ary bxo cr3 dzy

is nonempty. Due to the characterization of the torsion of the Jacobian of the
curve y? = x° 4+ Az given in Theorem it is enough to show the existence
of a nontrivial rational curve on the variety W, i.e. a curve L : z; = f;(u),
y; = g;(u) which satisfies the condition y? — 2 # 0 for i = 1,2, 3,4. Define
a rational function f(x,y) = (y*> — 2°)/x and put

Ty =20 =23 ="1T, x4:u2T,

(7) y1 = pT27 Y2 = qT2a Yys = TT27 Ya = ST2a

where p, q,7,s and T are indeterminates. Now, if T' = (—bp? + aq?)/(a — b),
then the first equation defining the hypersurface W holds. On the other
hand, if T = (—cg? + br?)/(b — ¢), then the second equation defining W
holds. Finally, for T = (dr?u® — cs?)/(u?(d — cu®)) the third equation holds.
Hence if the system of equations

—bp? + ag? _ —cq? + br? _ dr?u? — cs?
a—b b—c  u?(d—cud)
has a nontrivial Q(u)-rational solution, then there exists a rational curve
on W. The above system is equivalent to

5) {e D2 = (c = by + (—e+ a)g?,
(a —b)s? = u?((d — bud)p? + (—d + au®)¢?).

From the geometric point of view the variety defined by , as an intersection
of two quadratic surfaces with rational point [p:q:r:s] =[1:1:1:u’],
is birationally equivalent to an elliptic curve of the form y? = 2% + Az + B
for some A, B € Z[u] which depend on a,b,c,d. Although it is possible to
give precise values of A and B (this could be done using the result from [
p. 77]), for our purposes it is enough to find one nontrivial Q(u)-point (i.e.
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different from [+£1 : £1 : +1 : +u°]) on the curve defined by (§). Now, we
will construct the desired solution of . Using the standard method we can
find parametric solutions to the first equation in (8):

p=b—c—22a—b—c)t+ (b—c)t?
q=4a—3b—c—2(b—c)t+ (b—c)t?
r=4a—b—3c—2(b—c)t + (=b+c)t?
where ¢t is a rational parameter. We substitute this parametrization into the
second equation in , getting the curve defined over the field Q(u) by the
equation C : 2 =Y. A;(u)t*™" =: f(t), where

AO = (b - C)2U10’

Ay = 4ut(b — ) (=2d + (b + c)u®),

Ay = 8(2a — b — ¢)du® — 2(4ab — 3b* + 4ac — 2bc — 3¢*)u'”,

Az = 4u?(b — ¢)(2d — (4a — b + c)ud),

Ay = —8(2a — b — ¢)du® + (16a® — 8ab + b* — Sac — 2bc + *)u'’.
Note that on C we have a Q(u)-rational point at infinity Q = [t : s : w] =
[1: (b—c)ud : 0]. Moreover, under our assumption that C; # C; for i # j, the
polynomial f is not even (i.e. f(t) # f(—t)). We use the point @ to compute
the value of D(u) we are looking for. Set t = S, s = (b — c)u’S? +mS + n,
where m, n are indeterminates. We have ((b — c)u’S? + mS +n)? — f(9) =
Z?:l a;(m,n)S*, where a; € Z[m,n,ul. It is easy to check that the system
of equations aj(m,n) = az(m,n) = 0 has a unique solution m,n given by

2(—2d + (b 8
m = m(u) = ( +(3+C)u)7
u
_ —8d® +4(2a + b+ c)du® — (4ab — b* + dac + 2bc — *)u'®
N (b — c)ull ’
For m,n as above the equation ag(m,n)S® + as(m,n)S* = 0 has a triple
root at S = 0 and a rational root S given by

n = n(u)

_ag(m(u),n(u) au® —d

ag(m(u),n(u)) — (b—c)ud’

Thus, the point P = (S(u), (b—c)u®S(u)?+m(u)S(u)+n(u)) lies on C. Using

the computed values of m,n and S and performing all necessary calculations

and simplifications in order to get polynomial values of p, g, r, s and
Dluy< Y= _vh-a3 _ws-a3 i}

axy bzs cr3 dzy

S = S(u) =

we get
p(u) = d? +2(a — b — ¢)du® — (3a® — 2ab — b* — 2ac + 2bc — *)ul",
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q(u) = d* — 2(a — b+ c)du® + (a® + 2ab — 30* — 2ac + 2be + *)u'S,

r(u) = d? —2(a+b— C)d“8 + (a? — 2ab + b? + 2ac + 2bc — 3¢%)u'S,

s(u) = u(3d* — 2(a + b+ ¢)du® — (a® — 2ab + b* — 2ac — 2bc + *)u'®),
and

D(u) = 8ub(d+ (a—b—c)u®)(—d + (a+b—c)ud)(—d + (a — b+ )u®) T (u)?,
where
T(u) = (a® — 2ab + b* — 2ac — 2bc + ¢*)?u3?
—4(a® — a®b — ab® + b® — a’c + 10abe — b*c — ac® — bc? + ) du?t
+2(3a? + 2ab + 3b* + 2ac + 2bc + 3¢?)d*u® — 4(a + b + ¢)d>u® + d*.

From the above we can see that the points

Py = (-Tl,yl) ( ( (u)T(u)>v
Py = (x2,y2) = (T'(u ) q(w)T (u)),
Py = (x3,y3) = (T(u),r(w)T (u)),

Py = (z4,y4) = (u*T(w), s(u)T(u)),

lie on curves C; p, which are the octic twists of C; by D(u) for ¢ = 1,2, 3,4.

Note that for any e € Z \ {0} the genus of the curve C(e) : y? = eD(u)
is > 2. Thus from Faltings’ theorem [3] the set of rational points on C/(e)
is finite. We thus see that for all but finitely many u the Jacobian, say
Ji, of the curve C; p(,y for © = 1,2,3,4 has trivial torsion subgroup via
our characterization from Theorem [2 . But in the Jacobian J;(Q) we have
the class of the divisor (FP;) — (cc0). This implies that the rank of J;(Q) is
positive. =

REMARK 3.2. By the same arguments as in the proof of Theorem
one can find a polynomial D € Z[u,v,w] such that the octic twist of the
hyperelliptic curve C; by D(u,v,w) has positive Q(u,v,w)-rank for i =
1,2,3,4. Indeed, instead of , we take

z1 = 03T, o = *T, 23 = w°T, x4 =T,
yr = pT?%, yo = qT%, ys =rT?, ys = sT%,
and then the same reasoning leads to the intersection of two quadric surfaces
defined over Q(u, v, w) by
{u2v2(bu8 — av®)r? = —v?w?(cv® — bw®)p? + w w?(cu® — awd)q?,
202 (bu® — av®)s? = v2(b — dv®)p? — u?(a — dud)q?
with Q(u, v, w)-rational point [p : ¢ : 7 : 5] = [u® : v® : w® : 1]. Using
the standard method it is possible to find a parametric solution (with pa-
rameter t) of the first equation of our system. Inserting the parametrization
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obtained in the second equation of the system reduces the problem to finding
a nontrivial Q(u, v, w)-rational point (i.e. a point (¢, s9) whose t-coordinate
satisfies tg # 0) on a curve of the form C : s? = Z?:o a;(u, v, w)t". This can
be done using exactly the same method as in the proof above. After necessary
simplifications we get a polynomial D € Z[u,v,w] and point P; = (x;, ;)
on the curve C; p which is the octic twist of the curve C; for ¢ = 1,2, 3, 4.
Moreover, one can show that the set of Q(u,v,w)-rational points on C' is
infinite.
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