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1. Introduction. Let K be a number field, aq, ..., am, A1, ..., Ay non-
zero elements in K, and S a finite set of places of K (containing all the
infinite places) such that the ring of S-integers

Os =0k,s ={a€K:|al, <1 for places v ¢ S}

contains Ai,..., Am, Q1,...,Qm, al_l, ...,at. Then, for every n € 7Z,

A(n) = Mot + -+ Aoy, € Os.

The expression A(n) will be called a power sum. The following conjecture
was suggested by Skolem [7].

CoNJECTURE 1.1 (Exponential local-global principle). Assume that
for every non-zero ideal a of the ring Og, there exists n € Z such that
A(n) = 0 mod a. Then there exists n € Z such that A(n) = 0.

Some particular cases of this conjecture, all addressing the instance when
m =2 and {A(n)}n>0 C Z, have been dealt with in [II, 4] [5, [6]. For some
results on the analogous Skolem conjecture over function fields, see [9].

In this note, we prove this conjecture in a special case. Let I' be the
multiplicative group generated by «1,...,a,,. Then I' is the product of a
finite abelian group and a free abelian group of finite rank, say p. In this
case we shall call A(n) a power sum of rank p.

THEOREM 1.2. Conjecture holds for power sums of rank one.

Surprisingly enough, our proof makes no use of the Chebotarev theorem,
usually an indispensable ingredient in this kind of arguments. Instead, it
relies on two “heavy tools” from Diophantine Approximations. One is the
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celebrated Subspace Theorem of Schmidt—Schlickewei, which is used through
a theorem of Corvaja and Zannier (see Theorem . The other tool is
Baker’s inequality (see Theorem [3.5]).

2. Heights and logarithmic gcd. In this section we recall and/or
introduce the definitions of the height and of the logarithmic ged, and of
some related quantities, to be used throughout the article. We also state one
theorem of Corvaja and Zannier and obtain its consequence which will be
one of our principal tools.

2.1. Definitions. We normalize the absolute values on number fields so
that they extend standard absolute values on Q: if v |p then |p|, = p~! and
if v | oo then 2013, = 2013. We denote by Mk the set of places (normalized
absolute values) of the number field K.

The height of an algebraic number « is defined as

where K is a number field containing a and log™ = max{log, 0}. It is well-
known that the height does not depend on the particular choice of K, but
only on the number « itself. It is equally well-known that h(a) = h(a™1), so

that 1
> Ky Qlog™ [aly = Y hy(a),

[K : Q] ve Mg ve Mg

where log™ = min{log, 0} and

(o) = - g .
The quantities h,(«) can be viewed as “local heights”. Clearly, h,(«) > 0
for any v and a.
We define the logarithmic ged of two algebraic numbers o and 3, not

both 0, as
lged(a, 8) = > min{h,(a),hy(8)},
vEM K

where K is a number field containing both « and §. Again, lgcd depends
only on « and S, not on K. A simple verification shows that for «, 5 € Z we
have lged(a, 8) = log ged(a, ).

Now let K be a number field and S be a set of places of K. We define
the S-height and the S-free height by

hs(e) =Y hy(a), hog(e) =hpys(e) =h(e) - hs(a).
vES
Similarly we define lgedg and lged_g.
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The following properties of heights and logarithmic ged are straightfor-
ward and will be used in the text without special notice.

ProrosiTioN 2.1.

(i) For non-zero algebraic numbers «, 3,y we have

lged(af,v) <lged(a, ) +1ged(8, ),

and similarly for lgedg.

In the next items, K is a number field, S is a set of places of K containing
the infinite places, and a, B, belong to the ring Og of S-integers.
(ii) a and B are co-prime in Og if and only if lged_g(c, B) = 0.
(iii) If o and B are co-prime in Og then
lged_g(af,v) =lged_g(a, v) +1ged_s(5,7).

(iv) We have lged_g(a, B) < hog(a), with equality exactly when o di-

vides 3 in Og.

2.2. A theorem of Corvaja and Zannier. One of our main tools will
be the following result of Corvaja and Zannier [2, p. 204, Corollary 1].

THEOREM 2.2. Let I' be a finitely generated subgroup of Q*, and e > 0.
Then for multiplicatively independent o, B € I we have

lged(a — 1,4 — 1) < emax{h(a),h(8)} + O(1),
where the constant implied by O(1) depends on I' and €, but not on « or 3.
The proof of this result is based on the Subspace Theorem of Schlickewei

and Schmidt.
We shall use Theorem through the following statement.

COROLLARY 2.3. Let K be a number field, S a finite subset of Mk
containing the infinite places, B,y € OF multiplicatively independent, and
€ > 0. Then for k,n € Z we have

lged_g(vF — 1,9 — B) < elk| + O(1),

where the implied constant depends on v, B, K, S and €, but not on k or n.

Proof. Replacing, if necessary, v by 7!, we may assume that k > 0.

Also, since n = n/ mod k implies the congruence 7" =~™ mod (7¥ — 1) in

the ring Og, we may assume that 0 < n < k. Applying Theorem with

I' = (v, ), with 4* as a and with y*3~! as 3, we obtain

lged _g(v"—=1,7" = B) =1ged_g(v"—=1,7"57"' = 1) <lged(v* —1,7"57" —1)
< e(kh(7) +h(8)) + O(1) = eh(7)k + O(1).

Redefining €, we obtain the result. m
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3. Cyclotomic polynomials. In this section we establish properties of
the cyclotomic polynomials, needed for the proof. We denote by @ (T') the
kth cyclotomic polynomial. Since T% — 1 = [] dlk @4(T), we have

(1) & (T) = [ (7" = 1)/,

dlk
where p is the Mobius function. We shall systematically use this in what
follows.

3.1. Divisibility. All the results of this subsection are well-known, but
it is easier to supply quick proofs than to find references.

PRroOPOSITION 3.1. Let k and | be distinct positive integers. Then the
resultant of @ (T) and &(T) divides (in Z) a power of kl.

Proof. The resultant of these polynomials is a product of factors of the
type (x — (i, where (i (respectively, ¢;) is a primitive kth (respectively, th)
root of unity. The elementary theory of cyclotomic fields (see, for instance,
[10, Chapters 1 and 2]) implies that (; — ¢; divides kl in the ring Z[(x].
Hence the resultant divides a power of kl in Z[(;]. Since Q N Z[Cxi] = Z, the
resultant divides the same power of kl in Z. =

COROLLARY 3.2. LetK, S be as in the Introduction, and k,l as in Propo-

sition B.11

(i) Assume that S contains the places dividing kl. Then for any v € Og
we have ged(Pr(v), Pi(y)) =1 in the ring Og; that is, no prime
ideal of Og divides both ®i(y) and Di(7).

(ii) Assume that S contains the places dividing kl and k11. Then for
any v € Os we have ged(Pr(7),7' — 1) = 1 in the ring Og.

(iii) Assume that S contains the places dividing k. For v € OF let p be
a prime ideal of Og dividing @i (). Then v is of exact order k in
(Og/p)*. In particular, if for some n € Z we have ™ = 1 mod p
then k| n.

Proof. Part is immediate from Proposition For observe
that 7' — 1 is a product of factors of the type @y () with /|1, and by the
assumption none of these I’ is equal to k. Hence follows from . Finally,

follows immediately from . "

3.2. Heights. We need an asymptotic expression for the height of the
algebraic number @ (), in terms of h(y) and k. In general, if f(z) is a poly-
nomial with algebraic coefficients, then, using basic properties of heights, it
is not difficult to show that h(f(y)) = deg fh(v) + O(1) as f is fixed and =
is varying. We, however, need a result of different type: find the asymptotics
of h(@r(v)) as v is fixed, but k is growing.
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For a positive integer k& we denote by ¢(k) the Euler function and by
w(k) the number of distinct prime divisors of k.

ProOPOSITION 3.3. Let v be an algebraic number. Then
(P (7)) — @(k)h(y)] < 2°F (logk + O(1)),
where the constant implied by O(1) depends on 7, but not on k.
The proof requires a complex analytic lemma.
LEMMA 3.4. For a positive integer k we have
max log |P4(2)| < 2¢%) (log k + O(1)),

|2[<

the mazimum being over the unit disc on the complex plane, and the implied
constant being absolute.

Proof. By the maximum principle, it suffices to show that
(2) log Dk (2)] < 2°®) (log k + O(1))

for a complex z with |z| = 1. Thus, fix such z. We can write it in a unique
way as z = (e2™0/k where ( is a kth root of unity (not necessarily primitive)
and —1/2 < 0 < 1/2. Let | be the exact order of (; thus, [ is a divisor of k
and ( is a primitive [th root of unity. Let d be any other divisor of k. If [ { d
then 2 > |2% — 1| > 2sin(wd/2k), which implies that

(3) llog |2% — 1|| < logk + O(1).
And if [ | d then, we have |2? — 1| = 2sin(70d/k). Writing d = d'l, we get
(4) log |2%" — 1| = log d’' — log(k/18) + O(1).

Identity implies that
tog |1(2)| = 3 w(k/d) og = — 1

d|k
= > wk/d)log|z? — 1|+ Y p((k/1)/d)log|2 - 1.
d|k,ltd d'|k/l

Notice that the first sum above has at most 2¢%) — 1 non-zero summands.
Now substituting here and , we obtain

log |P4(2)] < (2°) — 1)(log k + O(1)) + o k—//l logd' — log L
: 3w ) (e s
= (2@ — 1)(log k + O(1)) + A(k /1) — & log(k/10),

where A(-) is the von Mangoldt function, § =0 if [ < k and 6 =1 if [ = k.
In any case we obtain , proving the lemma. =
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Proof of Proposition[3.3. Fix a number field K containing v. For a finite
place v of K we obviously have
e(k)logv]v, |7vlv > 1,

5 log™ |@ =

) et ol = { 7 o

For infinite places we have similar “approximate” statements
= p(k)log + 020 |y, > 1,

(6) log+ ’¢(7)|v{ SDUE(]@)) V] ( )y o
<2®(logh+0(1)), |l <1

The second inequality follows from Lemma To prove the first one, as-

sume that |y|, > 1. Then for n > 1 we have |y" — 1|, = nlog|vy|, + O(1).
Using we find

log |Br()ly = Y u(k/d)log |y* — 1|, = log|]u Y _ du(k/d) + O(2~*))
d|k dlk
= ¢ (k) log |y], + O(2°"),

as desired.
The (in)equalities and (6) imply that
v finite,

=0
1 + @ v k; 1 * v 7
|log™ |[@()|s — (k) log™ || ’{§2w<k)<10gk+o(1)), v infinite.

Summing this up over v € Mg, we obtain the result. =

3.3. Using Baker’s inequality. Besides Theorem [2.2] of Corvaja and
Zannier, our second principal tool is the celebrated inequality of Baker (see
the first two contributions in [I1]).

THEOREM 3.5. Let ~v1,...,7r be non-zero algebraic numbers, and v a
place of a number field containing them. Then for any ni,...,n, € Z we
have either 7' -~ =1 or

’7?1"'7?_1"0 Ze_CIOgNa N =max{2,n1,...,n},

where C' is a positive constant depending on ~vi,...,7% and v, but not on
Nly.ney Ny

We deduce from it the following property of cyclotomic polynomials,
inspired by the work of Schinzel [3] and Stewart [§].

PROPOSITION 3.6. Let K be a number field, S a finite set of places of K,
and v € K not a root of unity. Then for any integer k > 1 we have

hs(Pr(7)) = 0(2°F log k),
where the implied constant depends on K, S and v, but not on k.

Proof. Since the set S is finite, it suffices to prove that for any v € Mg
we have

ho(Pk(7)) = 0(2°® log k);
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here and below the constants implied by O(-) depend only on ~ and v.
Equivalently, we have to show that

(7) llog™ @1 (7)]u] = O(2*F log k).
If |y]y > 1 then log |®1(7)| = (k) log 7], + O(2¢R) (see the proof of
Proposition . It follows that log™ |®1(7)|, = O(2¢)), better than

Now assume that ||, < 1. Using Theorem [3.5] with r =1, we deduce
that |y" — 1|, > e —Clogn with C' > 0 depending on ~ and v. Hence

log2 > log[y" — 1], > —C'logn,
which implies that |log[y" — 1|,| = O(logn). Using (), we obtain
log |P1(7)]o = Y u(k/d)log |y — 1], = 0(2*® log k),
d|k
which proves . "
Combining Propositions [3.3] and [3.6] we obtain
COROLLARY 3.7. In the set-up of Proposition [3.6] we have

h-s(®k(7)) = @(k)h(7) + 0(2°® log k).

4. Proof of Theorem [1.2} Let A(n) = A\al + - + Ay, be a power
sum of rank 1. Assume that

(L) for every non-zero ideal a of the ring Og there exists n € Z such that
A(n) =0 mod a.

We want to prove that
(G) there exists n € Z such that A(n) = 0.

4.1. General observations. We start with some general observations,
which hold true for any power sum, not just power sums of rank 1.

Ezxtension of the set of places. We may replace the set S by any bigger
(finite) set of places. Indeed, condition (G) does not depend on S, and con-
dition (L) becomes weaker when S is replaced by a bigger set. In particular,
extending the set S, we may assume that

(8) )\1,...,/\m€(’)§.

Ezxtension of the base field. We may replace the field K by a finite ex-
tension K’ the set S being replaced by the set of places S’ of K’ extending
those from K. Condition (G) is again not concerned, and condition (L) is
replaced by an equivalent one (each ideal of Ok g is contained in an ideal
coming from Ok g).
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The group I' is torsion-free. We may assume that the group I, gener-
ated by the “roots” ai,...,q,, is torsion-free. Indeed, since it is finitely
generated, its torsion subgroup is finite; denote its order by u. Then the
group I'* = {z# : x € I'} is torsion-free. Now consider instead of A(n) the
power sum

A(n) = A(un)A(un + 1) A(pn + p— 1) = M@y + - + A @
Clearly, each of the conditions (L) and (G) holds simultaneously for A(n)

and fT(n)7 and the group generated by aq,...,da4,, is contained in I'*, a

torsion-free group. Hence we may replace A(n) by g(n) and assume that I’
is torsion-free.

4.2. Using the rank 1 assumption. Now we use the assumption that
the rank of I" is 1. Since we may assume that I is torsion-free, this means
that I" = (), where v € K* is not a root of unity. Write a; =" with
vj € Z. Assuming that 11 < --- < v, we write

A(n) = Ay P(Y"),

where

Am— A A
P(T) =TV 4 20 pvmaa—i oy 22—y 2L € KT,
Am Am Am
Extending the field K, we may assume that it contains all the roots of the
polynomial P(T'). It follows from (8] that

(9) the roots of P(T) are S-units.

Condition (G) is equivalent to saying that one of the roots of P(T)
belongs to I'. Thus, we assume from now on that

(10) no root of P(T) belongs to I,

and we shall find a non-zero ideal a of Og such that P(y") # 0 mod a for
any n € Z. This will prove the theorem, since A(n) is equal to P(y") times
an S-unit.

4.3. The ideal a. We are going now to define the ideal a. First of all,
we split the polynomial P(T') into two factors: P(T") = Ping(T") Paep(T), such
that each of the roots of P,4(7") is multiplicatively independent of ~y, and
those of Pyep(T") are multiplicatively dependent on . Fix a positive integer ¢
such that 3% € I" for every root (8 of Pyep(7"). Then for every such  we have
B? =~", where r = r(8) € Z. Further, fix a prime number p, not dividing g
and such that

(11) r(B) # r(B") mod p
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for any roots 3, 8" of Pyep(T') such that r(5) # r(8’). Extending the set S
we may assume that

(12) all places dividing pg belong to S.
Assumption has one implication that will be crucial in the sequel.

OBSERVATION. Let (,, be a primitive pth root of unity for some | pq.
Then ¢, is of exact order p modulo p for any prime ideal p of Og.

Indeed, if this is not true, then p|{,, — 1 for some p' |y, ¢/ > 1, which
implies that p | p, contradicting .

We let a be the principal ideal generated by a = @, (v)®,,(7), where &y,
denotes the kth cyclotomic polynomial and the positive integer [ will be
specified later. We will show that both Ppg(7") and Pgep(7™) have a “small”
common divisor with a. This will imply that, when [ is chosen suitably, P(y™)
cannot be divisible by a for any n.

Until the end of the proof the constants implied by O(-) may depend on
the polynomial P(T"), on 7, on p and ¢, and on the parameter ¢ introduced
below, but they do not depend on [ or n.

We claim the following.

Cram 1. Fix € > 0. Then for any n € Z we have

lged g(Pna(y"),a) < ep’ + O(1).
CramM D. Let n be a rational integer. Then in the ring Og we have
either ged(Paep(7"), @i (7)) = 1 or ged(Paep(7"), Ppiq (7)) = 1.

We postpone the proof of the claims until later, and now show how they
imply the theorem.

4.4. Proof of the theorem (assuming the claims). Assuming the
claims, we will now show that when the parameter [ is chosen large enough,
we have P(y™) #Z 0 mod a for any n € Z.

Thus, assurne that for some n we have P(4™) = 0 mod a. In other words,
both @, () and @,,(7) d1v1de P(y™) in the ring Og. In addition, Corol-
lary (3.2] i. together w1th 12)) implies that they are co-prime in Og. It follows
that

(13) lged g(P(v"),a) = lged g(P(v"), @i (7)) + lged g (P(Y"), Ppie (7))
=h-gs (épl (’7)) + h—'S(Qplq(fY))
= o(Ph(7) + ¢(P'eh(7) + O(1)

(see Corollary [3.7).
On the other hand, Claim D implies that

lged s (Paep(7")s @) < max{hog(Pi(7)), hos (D (1))} = w(p'a)h(y) +O(0),
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again by Corollary [3:7] Combining this with Claim I, we obtain

(14) lged_g(P(v"), a) < ep’ + ¢(p'g)h(y) + O(1).

Now select € to have e < (1 — p~1)h(y). Then and become contra-
dictory for large [. This proves the theorem. =

4.5. Proof of Claim I. Clearly, a | ’yplq - 1. Corollary implies that

!
lged_g(v" — B, a) <lged_g(v" — B,77 9 — 1) < eplg + O(1).
Hence
lged_g(Puna(Y™), a) < ep'qdeg Pua + O(1).

Redefining e, we obtain the result. =

4.6. Proof of Claim D. Let us assume the contrary and let p,p’ be
prime ideals of Og such that

p| ged(Paep(v"), Ppi(7)) and  p'| ged(Paep(7"): Pprg(7))-
There exist (not necessarily distinct) roots 3, 8" of Pyep(T') such that
A" =B modp, A" = modyp.

Further, let € Z be such that 7 = 4" (see the beginning of Subsection.
Then v9*~" = 1 mod p.

On the other hand, Corollary implies that for any root 3 of
Pq(T') we have

(15) 7 is of exact order p! in (Og/p)*.

In particular, gn = r mod p'. Similarly, if 7/ € Z is such that (3')? = 4" then
Corollary implies that gn = ' mod p'q. We obtain the congruence
r = r’ mod p, which, by our choice of p (see ), implies that r = r’. Thus,
we have gn = r mod p'q, which gives ¢ | . It follows that 3 = (y” with v € Z
and ¢ a gth root of unity, not necessarily primitive.

Now it is time to use our basic assumption . We deduce that g ¢ I',
which means that ¢ # 1. Thus, ¢ = (, is a primitive puth root of unity with
plgand p> 1.

Since ¢, = ¥"7” mod p, the image of {, in (Og/p)* belongs to the sub-
group generated by the image of . Hence the order of ¢, modulo p divides
the order of . But the order of (, is p (see the Observation in Subsec-
tion , and the order of v is p' (see ) Thus, p|p', which contradicts
co-primarity of p and ¢. This proves the claim. m

Acknowledgments. Boris Bartolome and Florian Luca were supported
by the joint Franco-Mexican project CNRS/CONACYT 25224/171999 Lin-



Ezponential local-global princi 111

ear recurrences, arithmetic functions and additive combinatorics. Yuri Bilu
was supported by the Agence Nationale de la Recherche project “HAMOT”
(ANR 2010 BLAN-0115-01), by the ALGANT scholarship program and by
the Hausdorff Research Institute for Mathematics.

References

[1] K. A. Broughan and F. Luca, On the Firstenberg closure of a class of binary recur-
rences, J. Number Theory 130 (2010), 696-706.

[2] P. Corvaja and U. Zannier, A lower bound for the height of a rational function at
S-unit points, Monatsh. Math. 144 (2005), 203-224.

[3] A. Schinzel, Primitive divisors of the expression A™ — B™ in algebraic number fields,
J. Reine Angew. Math. 268/269 (1974), 27-33.

[4] A. Schinzel, On power residues and exponential congruences, Acta Arith. 27 (1975),
397-420.

[5] A. Schinzel, Abelian binomials, power residues and exponential congruences, Acta
Arith. 32 (1977), 245-274; Addendum and corrigendum, ibid. 36 (1980), 101-104.

[6] A. Schinzel, On the congruence u, = ¢ (mod p), where u,, is a recurring sequence of
the second order, Acta Acad. Paedagog. Agriensis Sect. Math. 30 (2003), 147-165.

[7] Th. Skolem, Anwendung exponentieller Kongruenzen zum Beweis der Unlosbarkeit
gewisser diophantischer Gleichungen, Avhdl. Norske Vid. Akad. Oslo I, 1937, no. 12,
16 pp.

[8] C. L. Stewart, Primitive divisors of Lucas and Lehmer numbers, in: A. Baker and
D. W. Masser (eds.), Transcendence Theory: Advances and Applications, Academic
Press, London, 1977, 79-92.

[9] C. L. Sun, Solutions of a linear equation in a subgroup of units in a function field,
arXiv:1101.3045.

[10] L. C. Washington, Introduction to Cyclotomic Fields, 2nd ed., Grad. Texts in
Math. 83, Springer, New York, 1997.

[11] G. Wiistholz (ed.), A Panorama of Number Theory, or The View from Baker’s
Garden, Cambridge Univ. Press, Cambridge, 2002.

Boris Bartolome Yuri Bilu
Enteleia Tech IMB, Université Bordeaux 1
La Cour 351 cours de la Libération
31320 Auréville, France 33405 Talence France
E-mail: Boris.Bartolome@enteleia.com E-mail: yuri@math.u-bordeaux1.fr

Florian Luca

Fundaciéon Marcos Moshinsky

Circuito Exterior, C.U., Apdo. Postal 70-543
Mexico D.F. 04510, México

E-mail: fluca@matmor.unam.mx

Received on 27.2.2012
and in revised form on 20.3.2013 (6988)


http://dx.doi.org/10.1016/j.jnt.2009.10.008
http://dx.doi.org/10.1007/s00605-004-0273-0
http://arxiv.org/abs/1101.3045




	1 Introduction
	2 Heights and logarithmic gcd
	2.1 Definitions
	2.2 A theorem of Corvaja and Zannier

	3 Cyclotomic polynomials
	3.1 Divisibility
	3.2 Heights
	3.3 Using Baker's inequality

	4 Proof of Theorem 1.2
	4.1 General observations
	4.2 Using the rank 1 assumption
	4.3 The ideal a
	4.4 Proof of the theorem (assuming the claims)
	4.5 Proof of Claim I
	4.6 Proof of Claim D

	References

