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Khinchin’s theorem in k& dimensions with
prime numerator and denominator

by
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1. Introduction. This paper is devoted to the proof of the following
result.

THEOREM. Letq(n),...,¢¥r(n) be non-increasing, positive functions of
a positive integer variable n. Then the simultaneous inequalities given by:
(1.1) 4 < ¥i(p)
p p
for 1 < i <k have infinitely many or finitely many solutions in primes p, q;
for almost all a = (o, . .., ) in R¥, according to whether the sum
o0
= (logn)k+

diverges or converges respectively.

In the English translation of “Continued Fractions” [7] by A. Ya. Khin-
chin the theorem to which the title refers is Theorem 32 on page 69. It can
be stated as follows:

Suppose that 1 (x) is a positive continuous function of a positive variable
x and that z(z) is a non-increasing function. Then the inequality

v(n)

n

m
—| <

n

has, for almost all o, an infinite number of solutions in integers m and n
(with n > 0) if Y02 (n) diverges. If on the other hand the sum converges
then for almost all o there are only a finite number of solutions to the
inequality.

This elegant theorem was proved by Khinchin in the context of continued
fractions and using results of Borel and Bernstein. It has been the subject
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of important work by Duffin and Schaffer and in their 1941 paper [2] the
condition on t(x) is considerably weaker in that merely i (z) itself need
be non-increasing. The question of the necessary and sufficient condition on
¥ (x) was investigated further by Duffin and Schaffer and is the exact subject
of the Duffin-Schaffer conjecture. See Chapter 2 of [5] for a treatment of this
question.

Glyn Harman has considered the question of restricting the integers m
and n to sets of number theoretic interest and these results can be found in
Chapter 6 of [5]. In [4] both m and n are restricted to primes and it is in
that paper that our present theorem is proved in its one-dimensional form.

We have two things to show in the proof of our theorem; firstly that if the
sum (1.2) converges then there are finitely many solutions to the inequalities
for almost all & € R¥ and secondly that if the sum diverges then for almost
all a € RF there are infinitely many solutions. The first implication is proved
quite easily using the Borel-Cantelli Lemma and it is the second implication
that takes by far the most work.

DEFINITIONS. Throughout the paper, p, q, r and s, with or without sub-
scripts, will be primes (either positive or negative) unless stated otherwise.
For x € RF let
x| = max (|z;]).
x| = mae (Jai ]

Define D, C R* by
D= | (51—1,1)1(29) 81+¢1(p)> v (Sk—wk(P) Sk+¢k(p)>
p = , , ,

T p p p p
1<i<k
and
-y Y1(p) - Yi(p)
2<p<N lng
Also, let
o 0
D= UDs
q=2p=q

that is, the set of points a € R* belonging to infinitely many of the D,,.

Throughout the proof we assume the Prime Number Theorem, the result
that the divergence of (1.2) is equivalent to the divergence of

— L1(p) - P (p)
I;Q (log p)*

and that ¥;(n) < 1/2 for each i and for all n. Furthermore we will require
the following results:
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RESULT 1 (First Borel-Cantelli Lemma). If {A4,} is a sequence of mea-
surable sets in a measure space whose measures have a finite sum, then the
set of points that are in an infinite number of the given sets has measure
zero.

RESULT 2. Let V be an open, Lebesque-measurable subset of RF. Let (D,,)
be a sequence of measurable subsets of V. Also, let D = (- _, U —, Dy,
i.e. the set of points of V belonging to infinitely many of the D,,. Suppose
that for every open cube C C V| we have

(1.3) i/\’“(Bn) = o0,

(1.4) lim sup (g: )\k(Bn))2< Z M(B,, N Bn)>71 > 6\F(0),

N—o0 1<m,n<N
where B, = CND, and 6 > 0 is a constant independent of C. Then
Ne(V\ D) =0.
For proof of this result see Section 4.
RESULT 3. Let (x,,) be a sequence of N points in R*. Let B be a box
in U C R¥ with side lengths B, ..., Bx. Then for |0;] <1 (1 <i<k) and
positive integer L,

N
Yoo
n=1
X, EB+7ZF
N
01p1(B) O2p2(B) Or 11 (B)
— ;<A(B)+1- o1 +3- Tt 17 +"'+(2k_1)(L+1)k
N
+ Z c(m)‘ Ze(m-xn) ,
0<|m|<L n=1
where

MJ(B> = Z Biy "'5ik—j7
1<i, <k
7;b?'éic

S0 e.g. [,Ll(B) =0G102...0k14+ ...+ B283...0k, e [,Lj(B) is the (k - ])—
dimensional perimeter of B, and with

m:(m17"'7mk)7 miGZ,

LA , 1
c(m) = kIH <L——|-1 + min (m,ﬁ],l—ﬂj)>

Jj=1
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Proof. This is a k-dimensional generalisation of Lemma 5.1 of [4].
For the first implication we assume that the sum

21/11 (p)

log p

converges. Without loss of generahty, we will show that the set of a in (R*)*
for which there are infinitely many solutions to (1.1) has measure zero. Let
Cm = [My, My + 1] x ... x [My, My + 1] for some vector M = (Mq, ..., My)
€ ZF and let B, = Cy N Dy, where D,, is as in the definitions. We have

B, = Ca N < U (81 —1#1(10)7 S1 ‘H/Jl(l?))

S F#p P P

1<i<k
Y <5k - ¢k(p)7 Sk +1/1k(P)>>?
p p

and we can say that

pf;xc <22‘/’1 Sy,

s1~p Sk~p

where s; ~ p denotes pMi < 8; < p(M; + 1). Hence using the Brun—
Titchmarsh inequality for the number of primes in an interval of length
p we can say that the sum in question is

Since the sum above converges the sum of the measures of the B, is finite
and so by the First Borel-Cantelli Lemma (Result 1) we can conclude that
the set of o contained in infinitely many B, has measure zero. Now the set
of a contained in infinitely many D, is just the union over all M of those
contained in infinitely many Cv N D, and since a countable union of null
sets is itself null we can conclude that this too is a null set. From this the
result follows.

2. Construction. We now assume that

Z% (p)

logp

diverges. We will show that the sequence (D,,) of measurable sets satisfy the
conditions of Result 2 with V' = (R*)*. We will then be able to conclude
that the set of o contained in infinitely many of the D, has full measure,
which is equivalent to the assertion that for almost all « there are infinitely
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many solutions to the simultaneous inequalities (1.1). This then proves the
theorem. It follows from the Prime Number Theorem that if (1.2) diverges
then

> D, NnC) =

p=2
where C is any cube in (R*)*. Thus (1.3) holds, and this is the first condition
of Result 2.

We now need to show that the second condition of Result 2 holds. Thus
we show that given any C' C (R*)¥, we have

(2.1) hmsup(Z)\’f D, ﬂC) ( Z \(D, N D, ﬂC’))*l

N—oo 2<p,q<N
> 0A5(C),

where 6 > 0 is a constant independent of the choice of C'. To show this we
prove the following lemma.

LEMMA 1. For C C (R)* we have

N
1
(2.2 lim —— Y M(D,NnC)=2"\k(C
and
(2.3) lim sup > M(DynD,NC) < ANHO),

N—oo (V(N))?

where A > 0 is independent of the choice of C.

2<p,q<N

Proof. For ease of notation we prove the lemma for cubes C' of the form
(1,1+6)% with 6 < 1/2 rather than for cubes with a corner at some general
point 7 of (RT)¥. Also, note that A will be used to denote a positive real,
independent of the cube C, and will not necessarily be the same at every
occurrence. To show (2.2) note that

N N b1 (p

pIECCIIZED SEACTI=2D S OF

p=2 p=2 S1~p Sk~p
where s; ~ p denotes p < s; < p(1 + ). By the Prime Number Theorem,
this is

N Kok
3 ok Y1(p) pk Yi(p) (lzg];)k (1+o(1))

p=2
and this is just 20V (N) + o(V(N)) as required.
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For (2.3) note that since
> M(D,NDyNC) =2*V(N) + o(V(N))

2<p=q<N
and the right-hand side above is o(V (IV))?, we need only show that
(2.4) > ADLNDENC) < ANC)(V(N))? + o(V(N)).
2<p<g<N

We will denote the sum on the left-hand side above by S(IN). Now D, is a
union of cubes each having a measure of

S () (a)
q" '
Since this is also the maximum measure of the intersection of a cube in
D, and a cube in D,, where p < ¢, we may write an upper bound on
M (D,ND,NC) by bounding the number of such intersections and counting
them with this weight. Suppose that

(sl—z/zl(p) s1 +¢1(p)> o (%-W(P) Sk+¢k(P)>

Y Y

p p p p
intersects with

<31 —1/11(Q)7 51 +¢1(Q)> “ <8k —1/1k(Q)7 8k+¢k(Q)> :

q q q q
A necessary condition for this is given by

(2.5) 0 < |rip — siq| < 2qu;(p) fori=1,... k;

i.e. that the centres of the two cubes are sufficiently close for intersection
to occur. (Note that we need not consider equality with zero in the above
expression since we are assuming here that p # ¢ and in our definition of
D,, s; # p.) Since we are only counting intersections which lie in C the
centres of both cubes must certainly lie in C' and so we have the condition
r ~ ¢, meaning that ¢ < r; < q(1+0) for each i between 1 and k, and r ~ p
similarly. This argument gives the following sum as an upper bound:

sy S o laldl Onlg) sy

2<p<g<N r~q s~p

the asterix denoting the summation condition given in (2.5). We now split
up the range 2 < p < ¢ < N into subranges by defining parameters P and Q
as taking values 2(146)™ in the range (2, N(1+6)). Using the “~” notation
introduced above we can rewrite the sum as

(2.6) SN < > 2s 1(Q) Z Z 1.

2<P<Q<N r:Q s:P
q~Q p~P
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Here, r : @@ denotes @ < r; < Q(1 —H9)2 for ¢ = 1,...,k and the asterix
denotes the following conditions:

0 < |rip — siq| <3Qu;(P) fori=1,...,k.

Now define S(P, Q) to be the double sum part of (2.6). S(P, Q) counts the
number of solutions to a set of k inequalities involving integers alone and
the proof of (2.3) and hence of the main theorem now rests on proving a
suitable size upper bound for this.

3. Main lemma

LEMMA 2. For Q > P > 072 there exists a small, positive real c (de-
pendent only on the v functions), such that

AOT2PQH, ... Hy,
(log Q)***(log P)*+*
Here A is a positive constant dependent only on the dimension k and H; =

3Q;(P).

The criterion of Lemma 2 is that Q > P > 6~2; when this does not hold
either (1) Q <02 or (2) P <672 < Q. In either case we have, trivially,

POy XYY
p~P g~Q r:Q s:P

In case (1) this is just O(1) with respect to N while in case (2) it is

Qk+1
(log P)*+1(log @)*+1

Hence by (2.6), the contribution this gives to S(N) has size

QUi(Q) .- (Q)
2 Tog PP (log QT

S(P,Q) < +O(H, ... H.PQ'™).

<

<
2<P<LQLN
P<p-2

which is O(V(NV)). By this and Lemma 2 then, S(N) is

> PQO*Y1(P) ... r(P)1(Q) - - ¥u(Q)

(log P)*+1 (log Q)1 +o(Vn)y

< AQ*

2<P<QLN
and this is

< AN(O)V(N)* +o(V (V)™
Hence (2.4) holds, which directly implies (2.3), thus proving the theorem.
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In Lemma 2 we are looking for an upper bound on the number of solu-
tions in primes to the inequalities
0 < |rip —s1q| < Hy,
(3.1)
0 < |rip — skq| < Hg,
where r; : Q, s; : P, p~ P and g ~ Q.

We begin by proving the lemma in the case £ = 2. This serves to illustrate
all the new difficulties introduced when generalising the one-dimensional
result. We shall then give some details for the case k > 2. The proof falls
into three parts. The first is when the P variable is smaller than a power of
Q (we will take P < Q'/*) and in this case the Brun-Titchmarsh inequality
provides a suitable bound. The other two parts cover the case P > Q'/*
and are distinguished by the following assumption on the relative sizes of
our 9 (P) functions:

36 > 0 such that for i =1 to k,  t;(P) > PO~ L.

The second part will assume that the above holds, while the third part, when
it fails will be similar to the k£ = 1 version of the lemma which is proved in
[2] using a result on incomplete Kloosterman sums. The latter two parts use
the following sieve results.

LEMMA 3a. For squarefree integer d and positive integer k, write

=11~

pld

Let A be a set of positive integers and Y, X positive reals. Put

d
P SR
neA
d|n

Then the number of members of A having all their prime factors greater

than'Y is
= log V)" (logY (Z,u d€|Rd|)

d<y

Here u(d) is the Mébius function, € is an arbitrary positive real and A is a
positive constant.

Proof. This is a special case of Theorem (5.2) of [3].
LEMMA 3b. For squarefree integer d and positive integer k, write
1 ¢(x1)
w(d) = kK——]= .
o=1()= ¥ %

pld T1...T=d
T1,...,L >0
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Let A be a set of positive integers, Y, X positive reals and h an even positive
integer. Put (@)
w
Ry = 1-—=X.
d Z d

neA
d|n

Then the number of members of A having all their prime factors either
dividing h or greater than Y 1is

< o (50s) +o( X s i),

d<y
(d,h)=1

Here u(d) is the Mébius function, ¢p(h) is the Euler totient function, € is an
arbitrary positive real and A is a positive constant.

Proof. This is a special case of Theorem (5.2) of [3].

These sieve results will in fact give an upper bound on the number of
solutions to the inequalities in integers s;,r; with prime factors larger than
a given size so in this section s;,r; are not necessarily primes.

We require one more auxiliary lemma before beginning the proof of
Lemma 2.

LEMMA 4. Let U,V > 1 be real and t, w integers with (t,w) = 1 and
V < 3w. Then for any € > 0, we have

Z Z e(Lw)‘ < Uw'/?te,
w

1<u<U ' 1<V
(v,w)=1

Here T denotes a solution of zv =1 (modw).
Proof. See Lemmas 6 and 7 in Chapter 2 of [6].

Proof of Lemma 2. CASE 1: P < QY/*. Fix sy, p and ¢ in the first equa-
tion, then re-arranging the equation shows that the number of solutions is

(Slq H1> (Slq H1>
Tl —+—= -7 — - —.
b b b p

By the Brun—Titchmarsh inequality this is
4H,
< ——.
plog(H1/p)
Now since P < Q'/* and H; > Q/P this is
4H,

PlogQ’

Since we get a similar bound by fixing s, in the second equation, the total
number of solutions is

<
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o, i,
SDIDIDIDY PlogQ PlogQ’

p~P q~Q s1:P s2:P

which is
AO*PQH, Ho

~ (logQ)3(log P)?’
using the fact that P > P'/2 and Q6 > Q'/2. This proves Case 1 of the
lemma.

CASE 2: P > QY* and there exists § > 0 such that 1;(P) > P71,
1=1,2. We fix ¢ and apply Lemma 3a with x = 4 and with

A ={riras1ss | |rip — siq| < Hy, 1 : Q, s; : P and p ~ P}.

Note that p is prime here. In order to estimate the size of R; we need to
look at the size of

Ag={ne A|dn}.
For this we will obtain an asymptotic formula using the Fourier analysis
Result 3. Writing a member of A, in the form
(riz1)(ra2z2) (s1y1)(s292)

where z1x2y1y2 = d, we can obtain the number of elements in A4 by count-
ing solutions to

riT H ToX H
11PH<_1’ 22p’<_2’
qay1 qay1 qy2 qy2
where || - || denotes distance to the nearest integer. Using Result 3 with

( H, H1> ( Hj H2>
B=|—-— —|x|—,—
qy1 qY1 qYy2 qYy2
we get

4H, H- 0 2H 2H.
Zl: Z <Z <y1y12q22+L+11<y1ql+y2qz>
neAq T1T2y1y2=d " T1,72,D

30,
+7(L n 1)2> + (93E3> )

In the above sum, 71,72 and p lie in the following ranges:

r1:<§1>, 7“2:(%), p~ P.

We let E3 denote the exponential sum part of Result 3 and we will deal with
this presently. Of the three summands within the 71,79, p sum it is the first
which will form the main term and the other terms we will label E; and Es
respectively. The main term then is
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3 4H,Ho <0(2+9>Q +0(1)> <w +O(1)>7r(P, 0)

Y1Y24> x1 To

T1T2y1Y2=d

where (P, ) denotes the number of primes in the interval (P, P(1 + 0)).
The above is

4H1H2(92(2+0)2Q27T(P, (9) Z 1

q2 T1X2Y1Y2

T1T2Y1Yy2=d

R

L, T1Y1Y2
T122Yy1Y2=d

and can be written as

w(d)X +O(H1H2Pd8>
d q
Hence we can say that
H{HsPd°
(3.2) |R4| :O<%> + Ey + By + Es.

Now letting L = ), we have

0 2H 2H.
ne YN ()

T122Y1Y2=d T1,72,p yiq Y29

This has order no larger than (H; + Hz)Pd®, which in turn is
H\HyPd*

ST

since we have assumed that there exists § > 0 such that t;(P) > P91
The next error term, Fj, is

365
2 L TrE

T1T2Y1Yy2=d T1,72,p

(3.3)

This can easily be seen to have order no worse than
H{H,Pd?
0 .

The exponential sum term, Fs, is
mire Mool
SN clm)| Y o mmenr )
z1z2y1y2=d 0<|m|<L —— Y1q Y2q

Here c¢(m) (see Result 3) is
2

1 (1
21 (o (g 1))

Jj=1

(3.4)
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We are taking

2H,

qy;

and the order of ¢(m) will depend on the size of |m;| relative to this. Note

that we have already set L = (). Summing over r; and r we can say that
E3 is

< > > Yem mm(Q’ mllmu>mm(Q’|mi”’H>

T1T2Y1Y2= =d 0<|m|§Q pNP qYy1 qy2

B =

The largest term in the above expression arises when mj or mo are zero.
Without loss of generality, let mo = 0; then we have a term which is

H 1 H. Q 1
< Z Z Zmln( L \mﬂ) 2 mlatlpH

T122192=d 1<|ma|<Q p~P ay2 v ]|
Splitting the range of m into two sections shows that this is
1 H, 1

< Ho Z Z Q HmlxlpH

ZT2Y2
T122y1y2=d 4 1<|ma|<Q/Ha v
p~P

1 1 1
H -
1= 7;1‘—Q Tqy1
pN

Combining my with p to give a single variable a we can say that this is

D e S T

xr
T1Z2y1y2=d 22 P<a<2PQ/H:

2log Q 1 1
IR N =

k=0 2k PQ/H<a<2F+1PQ/H;

H{H. 1
i 142 Z
Q Z2Y2

T1T2Y1Yy2=d

This in turn is

< it > L(E +1>Q10g62

Q T1T2y1Y2=d Tay2 \
2logQ k
H.,H> 1 1 /2FP
- R B 1
Yo X o 2k<H1 i >QOgQ’
$1Z2y1y2:d k=0

which is

< HyPdf log® Q + Hy Hd® log Q.
Now since 1 (P) > P°~1, this is
H,H,Pd*

(3.5) =
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where § = min(d,1/4). The remaining part of E3 has m; and ms both
non-zero and for this part we start by noting that for any fixed p,

1
> Timazapy < Qy2log Q.
1§\m2\§Q{ Y29 H

Using this bound for the my part of the double exponential sum (having m4
and mgy both non-zero) shows that the sum is no more than

H, . (H 1
e 3 e 3 () X ey

z1x2y1y2=d  1<mi1<Q p~P Il yig

As before we can now combine the two variables m; and p to give a single
variable a to get our bound. This is straightforward for |m;| < ¢/H; and
uses a splitting up argument for m; in the range ¢/H; < |m1| < @. Together
these give a bound no more than
H,HyPd'*¢
(105" Q)

Looking at (3.2) and the bounds we have obtained for E;, E2 and E3 in
(3.3)—(3.6) respectively, we can say that

HyHyPd**

(3.6)

3.7 Ry| < log” Q
(3.7) |Ra| < 07 ( )-
This means that the error term of the sieve is

AH{H,PY?te
E 2 (d)de|Ry| < =122 =
Qﬂ—n
d<y

for any small >0, thus accounting for the log? @ term in (3.7). Let Y =Q®.
Then taking o = n = ¢ = [3/4 makes this term
H,H,P
Qc
where ¢ = (3/8 say. By Lemma 3 the size of A is
< AX —I—O(H1H2P>.
(log Q)* Q°
So summing over ¢ we can say that the S(P, Q) of Lemma 2 is
An(P,0)Hy H26%(2 + 0)%2Q?
B (log @Q)*

<A

Z — 4+ O(H{H,PQ'™°),
a~Q ¢
which is
< APO? - H\Hy 0Q
~ (logP) (log@Q)* (logQ)
This completes Case 2 of the proof of Lemma 2.

+ O(H,Hy PQ™0).
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CASE 3: P > QY* and there exists i such that 1;(P) < P°~! for all
§ > 0. Without loss of generality assume 1 (P) < P°! for all § > 0
(and consequently that there exists & > 0 such that 5 (P) > P%~1). The
number of solutions to the equations for those h; = |r1p — s1q| with p|hy
is < HHH,P < H1H2PQ3/4. For other values of h; we fix h; and p and
apply the sieve result, Lemma 3b, with k = 5 and with

A= {rirgsi1s2q | 11p — 519 = h1, |rap — s2q| < Ha, s; : P and ¢ ~ Q}.

Note that here we are including ¢ in the sieve so we are not restricting q to
being prime. We want to obtain a suitable bound on the size of

Ag={ne Aldn}.
For squarefree d this is equivalent to the number of solutions to

T1Toy1 Yoz =d, X1,...,2 > 1,
rzT1p — 51192 = hy  and  |raxop — s2y2qz| < Ha.

Since we are considering d with (hy,d) = 1 in this sieve, we also have
(h1,z1p) = 1 and consequently (s1y12, z1p) = 1. Thus the above is equiva-
lent to

T1Toy1 Yoz =d, x1,...,2 > 1,

S1izh1 +q =0 (modxi1p) and s2y2qz + he =0 (mod x2p).

Here the a notation denotes the inverse of a modulo z1p. We now convert

the congruences to exponential sums and say that the number of solutions
to the above is equal to

D S DD VD Sl

T1Z2y1y22=d 0<|m1|<pz1/2 q~Q/z  s1:P/y1 s2:P/y2
0<|mz|<pz2/2 (s1,pz1)=1 0<|h2|<H>

(with the convention that the value m; = —px;/2 is omitted from the sum-
mation if pz; is even), and where

g 6<m1(wh1 + Q)>e(m2(82y22q + hz))
Tip Zap .

The part of this sum with m; = my = 0 is our main term and is equal to

(3.8) X‘“Eld) +0<H2§d€>,

where X = 2H,P?Q03(2 + 0)?/p?. The remainder term in the sieve, Ry, is
thus
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B Y —— Y X X X s

T1T2yY1Y22=d 0<|m1|<pz1/2 q~Q/z s1:P/y1 s2:P/y2
0<|mz|<pz2/2 (s1,pz1)=1 0<|h2|<H>
m1,ms not both 0

We now consider the parts of this sum where either m; or msy are zero.
Firstly, the part with m; =0 is

1 1
<<§Z

X121
T1T2Y1Y22=d

LD ()

T2p
1<|mz|<pz2/2 " g~Q/z 0<|h2|<H>
s2:P/y2

h
S o) < i (1 ),
Ima|

X
0<|ha|< Ha 2p

Now since

the exponential sum above is

<1 > !

L T1T2M1
T1T2Y1Y22=d
. Top
X E min ( Hy, —— E
[ma|
1< |ma|<pz2/2 q~Q/ =z

We now sum over s, and split the sum into two parts distinguished by the
size of my to give the following bound:

H 1
?2 Z Z Z ‘ 2y22f1H

T1T2Y1
T1T2y1Y22=d y 1<|mz|<pz2/Hz q~Q/z Z2p

1 1
+ Z 191 Z |— Z Hmzyzzqu

ma
T122Y1Y22=d pxa/Hy<|ma|<pxz/2 ’ q~Q/z T2p

Z e<m232y22(I> ‘
Tap

S21P/@/2

We then combine ms with ¢ giving a single variable a running over a large
range. This will produce a }_;, 1 term which adds a factor of @° to the
bound. The bound we obtain by doing this is

1
Z _Q1+s log P

T1Y1%2
T122Yy1Y22=d y

+ ( Z ;QH‘E log Plog Hy + Z

1Yz
T122Y1Y22=d y

HyQ* log P).
1y

T122Y1Y22=d
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This is no more than QQ°d°, and since Hy > QP~%, the bound is
(3.10) < HyPY Qe
Next we need to bound the part of (3.9) that has mg = 0. This is

<<%Z !

T1T2Y2
T1T2Y1Y22=d Y

S

1<|m1|<pwx1/2

S % e<m1(Wh1+Q)>‘.

q~Q/z  s1:P/y1 T1p
(s1,pz1)=1

Now for |mq| < pz1/2 we have

Z (m1Q>‘ . (Q :131]0)
el — )| <min| —, —
T1p z |my|

q~Q/z

(note that ¢ now runs over all integers in its range), so the exponential sum
above is no more than

S
p T1T2Y2

T1Z2Yy1Y22=d

T mi1S1y1zh
% Z min(g, 1P>‘ Z e< 151Y1 1>‘
z " [m| . T1p
1< |ma|<pz1/2 s1:P/y1
(s1,pz1)=1

We may now apply Lemma 4 to the inner sum above giving a factor
(z1p)'/?*%. We then sum over m; either directly, for |m;| < px1z/q, or
in blocks for |m;| > px12/q thus obtaining a bound for the above of

5’31/2% 1/24 95}/2% 1/2+
H. —_ ¢+ H log(P e,
2 E @yﬂp + Ho E P og(P/z)p

T1T2Y1Y22=d T122Yy1Y22=d

Combined these are

(311> < H2p1/2+8d1/2+8.

The remaining part of the multiple exponential sum in (3.9) is

S SR DD DENED S

T1T2y1Y22=d 1<|ma|<pz1/2 ¢~Q/z  s1:P/y1 52:P/y2
1<|ma|<px2 /2 (s1,pz1)=1 0<|h2|<H>

where

g e(ml(mhl + q))e<m2(82y2zq + h2))‘

x1p ZTa2p
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This has order of magnitude no greater than

1 . Tap >
min | Hy, ——
> e Y min (2

Ty1...2 mi,ma2
q~Q/ =z
m1(s1y1zh MoSolYsz
o Z e( 1 (5101 1+Q)) Z e( 252Y2 f.l>;
T1p L2p
81:P/y1 S22P/y2
(s1,pz1)=1

here we have summed over hs. Next we sum over ss to give a bound of

1 : zop\ . (P 1
Y o 2o min (1 2 ) i (5 g )T

2|

T1...2 ma2 T2p
q~Q/z
where ( " )
mi(s1y1zh1 +¢q
T = e .
Y| T (memEht)
1<Imy | <px1/2 s1:P/y1
(s1,pz1)=1

We can now apply Lemma 4 directly to T'. For the sum over my and ¢ we
consider the parts where zop does and does not divide moyszq separately.
In the first case we combine the variables ¢ and ms to give a single variable
running over a large range. This will also produce a (¢ term as an upper
bound on the number of divisors of the variable. This part of the sum then is

<Xz

which is

1/24€/2
)

(@ 1og<x2p>( zp)xzplog@zp)@%xlp)(xlp)

< P1/2+8Q1+a Z .%'1/24_5/2.

T1T2Y1Y22=d
This gives a bound of P1/2teQ1+eq/2+¢ and since Hy > QP 9, this is
(3.12) & HyPY2He@eat/?+e,

When z5p divides mays2q we are forced to take the trivial bound P/ys on
the sum over s, but since this occurs for a small range of mso values the
bound we get is less than the bound given above.

By (3.10)-(3.12) the bound for the remainder term R, as expressed
n (3.9) is
H2Q1+5d1/2+5

<
pl/2

Hence
Z 12 (d)d?|Ry| < HoQ'rep=1/2y3/242
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By taking Y = P'/* and both occurrences of ¢ as 1/100 we can apply
Lemma 3b to state that for fixed h; and p, the number of solutions to the
inequalities (3.1) is

- AH293Q< h
o

3.13
( ) log® P (h1

Now .
hy > ,
S () <,
so summing (3.13) over p and h; gives the bound
AH, Hy0* PQ
(log P)*(log Q)

Here we used the fact that 4log P > log @. This completes the third and
final case of the proof of Lemma 2.

s + O(H HyPQ%/%4).

We should now mention some details regarding the proof of Lemma 2 for
k > 2. The proof still falls into the three cases used when k& = 2. If we look
at these in turn, Case 1 generalises instantly and the difference is merely
one of notation. Case 2 is where we have P close to () and with none of the
1;(P) functions being “small”. This case too generalises in a straightforward
way. The sieve result used is again Lemma 3a, applied with x = 2k. Result
3 is employed, giving us the equation

doi= > ( > <2]€H1;T€+T1+...+Tk>+E>,

ncAy T1..TEY1-.--Yp=d T1yenny Tk,P yl P ykq

where the T; terms are of the form

T= - Ny Y A e
(L+1)7 2=, ¥ WYy,
ib7£ic

It should be noted that the parameter L can be set to ) as before. The

exponential sum FE looks like

mirix METET

Z Z c(m) Z e( 111P+“.+ kkkp>‘
T1yeeesThsD y19 Yrd

L1 TpY1---Ye=d T1,--sTk,P

Since this is symmetrical in the k variables, the generalisation from k = 2 is
immediate. In Case 3 of the proof one might expect complications to arise
from the fact that we have more than two ¢ (p) functions of different sizes.
However, for each k only one of the functions can be small in the sense that

P(p) < p’~t  for any § > 0,
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since if more than one of these functions had this property then our sum (1.2)
would converge. It may be the case that the product of [ of the functions
is small in the sense given above thus forcing the product of the remaining
k — [ functions to be large in the sense that

Y1 (p) - k(p) > p~°  for any § >0,

but no problems arise from functions being large in this sense. For Case 3
then we employ a (2k + 1)-dimensional sieve with A equal to

{ri...mes1...86q | T1p — 819 = h1, |rip — siq| < H;, s : P and q ~ Q}.

The remainder terms in the sieve are dealt with using exponential sums
as for k = 2 but over k variables this time, my...mg. The part of the
sum having all m; zero except m; is dealt with using the Kloosterman sum
estimate as before.

4. Additional proofs. The proof of Result 2 is as follows.

Firstly we need the following lemma which, given a measurable subset
A of R* provides a useful sufficient condition for R* \ A to be a null set.

LEMMA 5. Let A be as above and suppose that for every open cube
C C R* we have

M(ANC) > o\F(0)

where § > 0 is a constant independent of the choice of C. Then \F(R¥\ A)
= 0.

Proof. Corollary 6.2.6 on page 184 of [1] states that, if S is a (Lebesgue)
measurable subset of R¥, then almost all points of S are density points
of S. Applying this to the set A€, the complement of A relative to R¥, and
assuming for a contradiction that A\¥(A°) # 0, we get

dz € A°Ve > 038 >0

\E(ACNO)
AR(C)

(Here e(C) denotes the edge length of C.) Applying the above with ¢ = §/2

(where 4 is as in the lemma) and letting C' be an open cube with e(C) < 4.
we have:

— 1’ < e for all cubes C with e(C) < §'.

AE(ACNO)
AK(C)

hence 1 — A (A°NC)/A\*(C) < 6/2 and so \F(A°NC) > (1 —§/2)A*(0).

)
—1| < —
<3
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But
MO = XA NO)+ \F(ANO)
> (1—6/2)A*(C) + 6XF(C)  (by assumption in the lemma)
= (1+8/2)A*(C)  (contradiction, since § > 0).
Hence we must have \*(A°¢) = 0, which proves the lemma.

The result will now follow from two lemmas which allow us to apply
Lemma 5 with A =V°UD.

LEMMA 6. Let C be an open cube with C C V and let B, = C N D,,.
Then
(DN C) >Nk (0).

Proof. Firstly, we apply Lemma 5 on p. 17 of [8] to the sequence of
measurable sets (B,,) and get

1

@1 Ak >JJ£I;(ZA'“ D) (X MB.nBY)

1<m,n<N

where B = C ND. The lemma requires a finite measure space but since the
sets (B,,) all lie in the finite cube C this is satisfied. The result then follows
from (4.1) and (1.4) of Result 2.

LEMMA 7. Let A=V°cUD and C be an open cube in R¥. Then
M(ANC) > 6\F(0)
where § > 0 is a constant independent of the choice of C.

Proof. Let G = C N'V; then G is an open, measurable subset of RF.
Hence Lemma 1.4.2 (p. 28) of [1] ensures we can say

o
G = U C;  where the C; are disjoint half-open cubes.

We have

() AN(DNG) =\ (D N G ci) - Ak< G(D N ci)) (C; disjoint)

i=1

= i/\’“(DmCi) = ik’“(DﬂCf)

i=1 =1

> 0M(CY)  (by Lemma 6)

- iax’“(ci) = W( G C@-) = 5\"(G).
i=1

=1
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Hence,

MNAnC) =X\ ((VveuD) nO)
= \(VenC)+ A (DN 0O) (since D C V)
= M\(C\V)+ M (DN(CNV))  (since DC V)
=A(C\V)+ A\ (DNG)

> N(C\ V) +38(G) (by (+))
> \F(C\ V) + N (CNnV) (letting § < 1)
= 5\*(0) (as required).

We have shown that A = V° U D fulfils the criteria of Lemma 5 so we have
MNE(RF\ (Ve U D)) = 0; but this implies that A*(V N (R* \ D)) = 0 because
D CV C RF and so A*(V \ D) = 0 as required.
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