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1. Introduction. Let {F),},>0 and {Ly, }»>0 be Fibonacci numbers and
Lucas numbers defined by

F():()v F1:17 Fn+2:Fn+1+Fn (nZO)a
Lo=2, Li=1, Ly2=Ly1+L, (n>0).

Duverney, Ke. Nishioka, Ku. Nishioka, and the last named author [3] (see
also [2]) proved the transcendence of the numbers

| =1 =1
196 T96? ) (S: 1727)
nz:l Fr%s nz:l L%S FQS -1 n=1 Lgn

by using Nesterenko’s theorem on the Ramanujan functions P(q), Q(q), and
R(q) (see Section [2)).
In [4] we proved that the numbers

=1 =1 &1 e R O = |
g S Lgr (rewetive Y5 Y > )
n=1"" n=1"" n=1"" n=1"" n=1"" n=1""
are algebraically independent, and that each

= 1 = 1

Zﬁ <respective1y, Zw) (s =4,5,6,...)

n=1"" n=1""

is written as a rational (respectively, algebraic) function of these three num-
bers over Q. For the reciprocal sum

;‘3\
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of Fibonacci numbers, this result reads: the numbers (r(2), (r(4), (r(6) are
algebraically independent, and for any integer s > 4,

(1.1) Cr(2s) —1rs(r(4) € Qu,v), u:=Cr(2), v:=C_(r(6),
with some rs € Q (s = 0 if and only if s is odd), where the rational function
of u and v is explicit (see [4, Theorem 1, Example 1]); for example,
15 P(u,v)
r(8) — ECFM) = m,
P(u,v) = 256u’ — 3456u° + 2880u’ + 1792uv — 11100u°
+20160uv — 10125u” + 7560uv + 31360 — 10500.

The formula (1.1]) for the values (r(2s) (s =4,5,6,...) can be regarded
as an analogue of Euler’s formula

(—=1)*"1245 By,
2(2s)!

for the Riemann zeta function ((s) = > 2, n~°, where B, are Bernoulli
numbers, from which in this case the algebraic dependence of the val-
ues ((2s) follows immediately. By (L.1), any four values (p(2s1), (p(2s2),
Cr(2s3), Cr(2s4) with positive integers s; are algebraically dependent. It re-
mains to establish whether any given three values (p(2s1), (r(2s2), (r(2s3)
with distinct positive integers s;, or even two of them, are algebraically in-
dependent or not, and the purpose of the present paper is to give a complete
answer to this question.

In this paper, we treat more general reciprocal sums including (r(s) as
a special case. Let «, 5 € C satisty || < 1 and a3 = —1. We put
a” — ﬁn

a—p3

In particular, if 8 = (1 —v/5)/2 and 3 = 1 — /2, we have the Fibonacci
numbers U, = F}, and the Pell numbers U,, = P, respectively.

Our main result is stated as follows:

THEOREM 1.1. Let 3 € Q with |3] < 1 and a8 = —1, and set

= 1
D95 = (o — ﬁ)_gs Z [J2s (s >1),
n=1 "

where {Uy, }n>1 is defined by . Let s1, s9, s3 be distinct positive integers.
Then the numbers Pog,, Pos,, Pas, are algebraically independent if and only
if at least one of s1, so, S3 is even.

¢(2s) = ¢*(2) (s=1,2,...)

s

(1.2) U, = (n > 0).

COROLLARY 1.2. For any distinct positive integers s; and s2, the num-
bers ®(2s1) and P(2s2) are algebraically independent.
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ExAMPLE. It follows from the theorem that the numbers (r(2s1), (7 (2s2),
(r(2s3) are algebraically dependent if and only if all s; are odd. We give here
an explicit relation for one of the dependent cases, (s1,s2,s3) = (1,3,5):

297(4¢r(2) + 5)%Cr(10) — (4760 (2) + 3500)Cr (6)?
+ (1600¢k(2)* — 12800¢r(2)® — 11250¢k(2)2 — 9375¢k(2) — 9375)¢r(6)
— 512¢r(2)7 + 3520¢k(2)® — 4050¢k (2)°
+ 3750¢r(2)* 4 9375¢r(2)% = 0.

~—

Our results for @94 stated above in the special case of @95 = (p(2s) are
based on the expressions of @94 as polynomials of K/m, E/m, and k over Q,
where K and E are the complete elliptic integrals of the first and second
kind with a suitably chosen modulus k£ (see Section . Such expressions
of @9, are obtained from the expressions of series of hyperbolic cosecants
and secants in terms of K/m, E/m, k given by Zucker [9]. Additionally we
need recursive relations for the coefficients of the power series expansions of
Jacobian elliptic functions ns? z and nd? z (see Lemmas and [2.4). The
algebraic independence of @5, @4, g can be proved by applying Nesterenko’s
theorem, which implies that the quantities K/m, E/7, k expressing ®o are
algebraically independent (see Corollary , and the rational functions
indicated in in the case of $95 = 57(p(2s) are obtained by eliminating
K /7, E/m, k from the expression of ®@y5 using @o, P4, Pg.

To prove the theorem, we have to examine whether given three numbers
Das, , Pas,, Pas,, which are polynomials over Q of K/m, E/m, k, are alge-
braically independent or not. For this we give an algebraic independence
criterion for such numbers (see Lemma . It seems difficult to apply the
criterion directly to the rational functions in question, since they are given
by rather involved recursive relations. Then we deduce from the criterion
some sufficient conditions for the algebraic independence of @5, , Pas, , Pos,
with even s; and prove their algebraic independence in Section 5. The re-
maining cases are treated similarly in the final section.

2. Preliminaries. In what follows, s and s1, so, s3 are always positive
integers. The reciprocal sum @94 in our theorem is written as a series of
hyperbolic functions. In [9] Zucker gave a method of summing such series.
He wrote them as g-series, and then expressed these g-series in closed form
in terms of K, F/, and k, where K and E are the complete elliptic integrals
of the first and second kind with modulus k # 0, +1 defined by

dt I e
VI —2)(1 - k22) K E(k)zx\/:dt

0

K = K(k) =

O ey =
I
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for k2 € C\ ({0} U[1,00)), and K’ = K (k') with k% + k> = 1. Here the
branch of each integrand is chosen so that it tends to 1 as ¢t — 0. The relation
among ¢ and these quantities is given by

q:e_ﬂ-c’ C:K//K.
By [0, Tables 1(i), 1(iv)], we have

00 s—1
_ 1
Dp=27% ;COSGCth(VWC) “ sl jz_zoas—j—l(s)Asz(Q),
00 1 s—1
R 9s 2v—1)me  (=1)*
Xy =2 SZsech s 5 = (35T - 0s—j—1(5)D2j+1(q),
v=1 7=0
where
00 2j+1 2n 1yl 2i+1 n
g _ N (BT
Azjii(q) = Z T Dyjia(q) = Z T— g
n=1 n=1
and 01(s),...,0s_1(s) are the elementary symmetric functions of —1, —22,

...,—(s —1)? defined by
oi(s) = (=1)! > o2 (1<i<s—1), oo(s)=1 (s>1).
1<r < <ry<s—1
Now specializing ¢ = ¢(3) (or ¢ = q()) as
g=e" =0, B=-eT
where 3 € Q is given in the theorem, and decomposing our reciprocal sum

into two parts, we have

o0 [e.9]

o 1 X 1
Pys = (a =) ZU2S +(a—p8)~* ZU28221+E2v

v=1 ~2v—1 v=1 ~2v

an expression of @94 by finite sums of g-series Azji1 and Daji1. These ¢-
series Agjy1 and Dgjyq are generated from Fourier expansions of the squares
of Jacobian elliptic functions ns? z and (1 — k%) nd? z:

(o
' 1K (K — g) 5 : (22)*
-— + cosec” x — 82 (—1)? Agji1 )
(2.1) 2 =0
2K> o o 2Kz
AKE &, (2)%
= — —82(—1) D2j+1wa
=0 '
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where

nsz=1/snz, dnz=+1—k?sn?z, ndz=1/dnz,

with w = sn z defined by

w

= S dw
0 V(1 —w?)(1 - k2w?)’
and the power series expansions of these elliptic functions give the expres-

sions of the corresponding g-series in terms of K/m, E/m, k (cf. [5]). For
example, we find in [7]

( P(¢*) :=1—244,(q) = <2f>2<3[f -2+ k2),

4
(2.2) Q(q?) := 1+ 24043(q) = <2f) (1 — K>+ k%),

2K
s

61
R(¢?) := 1 —50445(q) = < > S+ E2)(1 — 2k)(2 — k2).

Here we state the theorem of Nesterenko and its corollary [6]. We denote
by tr.d.(L : K) the transcendence degree of a field extension L : K.
THEOREM 2.1 (Nesterenko’s Theorem). If p € C with 0 < |p| < 1, then
tr.d.(Q(p, P(p), Q(p), B(p)) : Q) = 3.
This combined with (2.2)) implies the following:

COROLLARY 2.2. Ifqg=e"™ € Q with 0 < |q| < 1, then K/x, E/x, k
are algebraically independent.

Zucker’s Tables 1(i) and 1(iv) in [9] exhibit expressions of As;yq and
Dyjq for j =0,1,2,3. We need these expressions for all 7 > 0, which can
be deduced using Lemmas and below. In this way we obtain the

expressions (4.4)) and (6.3]) necessary for the proof of Theorem
LEMMA 2.3 ([]). The coefficients of the expansion

1
2, _ E 2]
ns‘z = 2+ Cjz
z -
]:0

are given by

1 1
c0:§(1+k:2), clzﬁ(kkuzﬁ),
23) 1 2 2 2
= —(1+k*)(1—-2k°)(2—-k
712
(24) (=22 +3)c; =3 cicjim1 (= 3).

=1
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LEMMA 2.4 ([4]). The coefficients of the expansion

(1—k2)nd2z:1—k2+2djz2j

j=1
are given by
1
(2.5) dy =k*1 -k, do= —§k2(1 — k%)(1 — 2K?),
Jj—2
(2.6) §(25 = Vdj = —2(1 = 2k%)d; 1 — 3> didj i1 (j >3).
=1

3. An algebraic independence criterion

LEMMA 3.1 (Algebraic independence criterion). Let z1,...,z, € C be
algebraically independent and let y; == Uj(x1, ..., zy), where Uj(Xq, ..., Xp)
€ Q[Xy,..., Xy (1 <j<n). Assume that

(3.1) det<g§? (xl,...,:vn)> 20,

Then the numbers y1,...,y, are algebraically independent.

The main tool in proving Lemma [3.1] is the following lemma.

LEMMA 3.2. Let L be a field such that Q C L C C, and let P;(X1,...,Xy)
€ L[X1,...,X,] 1 <j<mn). Assume that (x1,...,x,) € C" satisfies the
conditions

OP;
(3.2) Pj(x1,...,zy) =0 (1<j<n) and det (aX](xl, . ,xn)> # 0.
i
Then L(x1,...,xy,) is algebraic over L. In particular, all numbers x1,...,x,
are algebraic over L.
This lemma follows directly from the Corollary to Theorem 40 (page 126)
in [§].
Proof of Lemma[3.1] For Uj(Xy,...,X,) € Q[Xy1,...,X,] (1 <j<n)
set
Pj(Xl, ey Xn) = Uj(Xl, e ,Xn) —Y; € Q(yl, ey yn)[Xl, ce ,Xn]
(1<j<n).
Then the numbers x1,...,x, satisfy the system
Pj(xl,...,xn)zo (1 S]Sn),
whereas the assumption (3.1) implies that the second condition in (3.2)) is
also fulfilled. Therefore, Lemma with L = Q(y1,...,yn) is applicable,
and we conclude that

tr‘d‘(Q(xla s 75L‘n) : Q(yla .. ayn)) = 0.
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By the assumption, we have tr.d.(Q(z1,...,z,) : Q) = n. Applying the chain
rule of transcendence degrees to the field extensions Q C Q(y1,...,yn) C
Q(z1,...,xn), we get

tr.d.(Q(y1, ..., yn) : Q) =n,

as desired. =

4. Sufficient conditions for algebraic independence. In this and
all the subsequent sections, we assume that the condition on 8 in Theorem
is fulfilled, which means that k, K/7, E /7 are algebraically independent
(cf. Corollary . The Jacobian elliptic function ns? z + (k% — 1) nd? 2 has
the series expansion

[e.e]
+YCiH (=),

=1

1 4k* -2
(4.1) DSQZ+(k2—1)Dd2Z:;—|— k?’

where Cj = ¢; — dj, and ¢;j,d; € Q[k] are given recursively in Lemmas 2.3
and 2.4 (cf. [4]). We denote C} = dC;/dk as usual.

LEMMA 4.1. Let 1 < 51 < s2 < s3 be even integers. Assume that
(42) 53053_16";271 - 52052_10';371 7é 0

as a polynomial in k. Then the numbers Doy, Pas,, Pos, are algebraically
independent.

REMARK. The condition (4.2)) is equivalent to
(4.3) Ce 1/C2 1 €Q,

which can be seen by integratmn and logarithmic derivation. We note that
the condition (4.3), and so , does not hold for (s2,s3) = (2,4). Indeed,

1
1= - 7]{:2 k4
Gt = Ci= g5 = 5 + 35
1 32 32 512 256
033_1:C3:7_7k _|_7k4_ k;6_|_ k8,

675 675 75 675 675
which satisfy Cf = 9C3.

Proof of Lemmal[{.1l By the method of Section 2, for any even integer s
we have

TR il)‘ [ (s —241)!2 <1 B <2§(>2<6£ 5+4k:2>)

+sz —j—1( 2;53,‘7) (%‘ - (27{{)%2(0]‘ - dj))],
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where a; is defined by the series

(4.5) cosec® z = -+ Z a;2*

with

(1) (25 + 1)292By; 19
(25 +2)!

and c¢; and d; are even polynomials in k. It follows immediately from ([2.3)—

. ) that degk =2+42j (j > 0). In @95 replace k, K/7, E /7 by indepen-

dent variables Xl, Xo, X3, respectively, and denote it by Pos( X7, X2, X3).

Then

(4.6) a; = (j>0),

(4.7) gfgf (k, X5, E/7) = o 1_1) [(s —31)!2(2)(2)%
S o )
(4.8) ng (k. X2, B/7) = o L N [(5 _61)!2 (6E /7 + 2X3(4k> — 5))
+ 3ol B D o
(4.9) gi?; (k, X2, E/m) = 2((32__1)1'?( X5).

Now, we apply Lemma with
n=3 x1=%k xo=K/m, x3=2FE/m,
and, with respect to ,
Uj = $os, (X1, X2, X3),  y;j = Doy, (k,K/m,E/m)  (j=1,2,3).
We put for brevity

¢i(j) = ¢i(3) (X1, X2, X3) = 85;? (X1, X2, X3) (1,5 =1,2,3).
Set
¢1(1) ¢1(2) ¢1(3)>
(4.10)  A(X1, X2, X3) :==det | p2(1) ¢2(2) ¢2(3)
¢3(1) #3(2) ¢3(3)
= (¢1(1)92(2)93(3) + ¢1(2)2(3)#3(1) + ¢1(3)P2(1)93(2))
— (01(3)92(2)¢3(1) + ¢1(1)P2(3)3(2) + ¢1(2)2(1)P3(3))
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We only have to prove the nonvanishing of the determinant A(k, K/m, E /7).
In what follows, for a polynomial f(Xi, X5, X3) € Q[X1, Xo, X3], let
A(2X5, f) denote the leading coefficient of f(k, Xa, E/m) with respect to
2X5. We compute A\(2X2;¢;(7)), the leading coefficient of ¢;(j)(k, Xo, E/7)
with respect to 2X5. Noting o¢(s) = 1, we get

1 /
)‘(2X2§ o1 (’U,)) = (28“ — 1)225u+1 Csu—h
(4.11) N2Xa; 62(0)) = oz Ot
w— 112
A(2X3; 93(w)) = 2((52.5:10—)1)'

From s; < sy < s3 we see that the maximum of

degy, (#1(u)2(v)d3(w)) = 25y + (25y — 1) +1 = 2(sy + 50)
is attained when (s, $y) = (82, 83) and (sy, Sy) = (83, $2). This implies that
the leading coefficient of A(k, Xy, F/7) satisfies

[AM(2X2; A)| = [A(2X2; $1(2)92(3)¢3(1) — ¢1(3)P2(2)d3(1))]
(51 = 1)Ps3Cs, 10l — 5205, 1CL |
- 22(s2Hs3)+1(2sy — 1) (283 — 1)(2s1 — 1)!
which does not vanish as a polynomial in k£ by the assumption . Since
k, K/m, E/m are algebraically independent, we have A(k, K/7,E/m) # 0,
and therefore Lemma [4.] follows from Lemma [3.I] =

In the next lemma, we replace the condition (4.2) by a simpler one,

(E-13). We put

(4.12) bj = (

Jjo2j-1
1()23'2)!] T G2,

where the a; are given by , in particular b; < 0 if j is odd.
LEMMA 4.2. Let 1 < 51 < 89 < s3 be even integers. Assume that

83, Asy—1bsz—1

s2 | asy—1bsy—1

Then the numbers Paog,, Pas,, Pas, are algebraically independent.
Proof. We put

(4.14) Cs1 = s+ as1k® + -+ ask* (s> 2),

where o, g1 # 0 will follow from (4.16) below. We assume that (4.3)) does
not hold, that is, for some rational number r,

(4.13)

2 2 53
(asz,o + 0452,1145 +eeet asz,szk 52)

2 282\52
=r(ass0 + Qg 1k + -+ sy 5k ),
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or

s3 s3—1 2 s PEDEE
Qs o+ S30s,,1003 k -+ ozsg 82k: 3
_ 2 so—1 2 89 25953
— 7"(0%3,0 + Sa0rs5, 1002 k gl 3K ).

In particular,

—1
830'

S3

0[32 0 —

=ra’ and 53a5271a 01 = TS0, 100

83 0

From these equations, we get
s gy O

(4.15) = el

52 Qs3,00s5,1

In what follows we shall prove that

(4.16) ajrro=a; and oy =b; (j=1).

Then (4.15) contradicts our hypothesis (4.13)), and the lemma follows im-
mediately from the remark to Lemma

By Lemma [2.3] we may put
2(2,K) = uol2) + i (I + O(KY) (k= 0,2 —0)

with ug(2) = 272 + O(1), u1(2) = O(1) (2 — 0). Using the estimate
2
sn(z, k) =sinz — %(z —sin zcos z) cos z + O(k*)

(cf. [II 16.13.1]), we obtain around z = 0

1
(4.17) ns?(z, k) = cosec? z + <2 ~ 1 — (2% cosec? 2) >l<:2 + O(k*)
2

as k — 0. We recall the definition of the polynomials C; = C;(k) = ¢;(k) —
d;(k) by the series expansion of ns?(z, k) + (k* — 1)nd?(z,k) in (4.1). By
(4.17) one has

11, <
(418) —+5 3 + z:loz]H 022 = ns*(2,0) = cosec? z = -+ Zaj

j

This proves the first identity in (4.16)). Next, note that (k?— )nd2(27 k)+
k2(1 —sn?(2,0)) + O(k*) with

11 1 & (—1)7(22)%
1—sn2(z,0):c052,z:2+2605(2z):2+;)(2)(2(j;).

Thus, from ns?(z, k) = 272 + >0 ¢j(k)2% we compute the following gen-
erating function for the numbers o1 1:

( 1)]'22]'—1

S) . 1 d2 00 . 0
Z“J’*lvlzzj:[dez(zlcﬂ'(’“)z%)] L
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It follows that

U S ED
2 (2)! -7

The second identity in (4.16) is verified by using ¢} (0) = —(j +1)a; (j > 1),

which follows immediately from (4.17)), or by differentiating the recurrence

formula from Lemma twice with respect to k and using a; = ¢;(0),

c;(0)=0forj>1. =

Qj+1,1 =

5. Algebraic independence of &5, for even s. In this section we
shall prove the following result.

PROPOSITION 5.1. Let s1, 892,83 be distinct even positive integers. Then
the numbers Poq, , Pos,, P, are algebraically independent.

For this, we shall show that for even s; < so < s3 the condition (4.13))
in Lemma is satisfied.

We remark that all ag,ay, ... defined by (4.6) are positive.

LEMMA 5.2. Let j > k+ 2 > 4 be integers. Then
& 4j‘k—(2k,’i)!.
ak (25)!
Moreover, for every j > 1,
a; 4+ 1
i +2 -
aj_1 2147

Proof. By (4.6) and the following inequalities for Bernoulli numbers (cf.
[1, 23.1.15]):

(22(:2); < |Ban| < (zﬂ)QnQ((fi);l_zn) (n>1),
we have
(25 4 1)2%+3 (2j + 1)229+3 ,
T enpe S~ Y (gnuri_2 %) (j >0),
which yields, for any nonnegative integers j, k,
(5.1) % ;i::‘lj_k(%r)%_?j(l _ 9 -1y,
Ifk=j5-1,

o _ (2j+1HA-2"%)  j+1
aj—1 (25 — 1)71’2 — 272’
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which is the second inequality. Suppose that m := j—k > 2, k > 2. Observ-
ing that 27/(2k +3) < 27/7 <1 — 272k~ we have

(2k)! 1 - (2k+3)° 1

(25)!  (2k+1)---(29) — 2k +1)(2k+2) (2k +3)2m
B (2k + 3)? 2L ok C2m O\
S @@k amtl) 21 M) (2k+3>

2j+1 op_o0i2m  2j+1

< 2 J < -

S i T <3
Combining this with (5.1]), we obtain the first inequality. =

Proof of Proposition We may assume that s; < s9 < s3. It follows

from (4.12) and Lemma 5.2 that

53 Qgy—1bsy—1

52 a53—1b52—1

(27T)2k—2j (1 _ 2—2k—1).

S3 2283—3 2253—2
_— s34 ——
_ 53 2 as;—1(2s3 —2)! _s3 As5—1(253 — 2)!
89 9 92s2—3 s 92s2—2
—_— - Sg+ ————
2 as2_1(232 - 2)' CL52_1(282 - 2)'
225272 223372

S — S
Ssy—1(252 —2)|  Pag,_1(2s3 — 2)!

225272
sol s9g+ ——m——
( as,—1(252 — 2)!)

sy 92522
_ as;—1 (252 — 2)! ' (83 Usy—1  g2(sy—sq) (252 — 2)!>
92822 82 Ggy—1 (253 — 2)!
S2 (52 + —a52_1(232 — 2)!>
5y 2222

>

asy—1 (259 —2)! ‘ (as3_1 _ gsa—s2 (289 — 2)!>
92522 Qsy—1 (283 —2)!)°
52 (82 + o1 (259 — 2)!>
The hypotheses of Lemma [5.2] are satisfied for j = s3 — 1 and k = s9 — 1,
since s3 — sy > 2,859 —1>4—1 =3, and (sy — 1)(s3 —1) = 1 mod 2.
Therefore, we conclude that

383 _ (132_1b33_1 >0,
S2 sz3—1bsy—1
so that condition (4.13|) is satisfied. Thus, Proposition follows from

Lemma 4.2 =
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6. Results with odd indices. In the preceding sections [4] and [f] all
the indices s1, s2, s3 were assumed to be even. In this section we treat the
remaining cases in which at least one index is odd. Thus, we complete the
proof of the main theorem stated in Section [l We need the expressions of
®ys for odd s. Apart from C = Cj(k) = ¢;(k) — d;(k) and bj := b; from
(4.12) we additionally need

(6.1) '
- . : N G S L T
Cii=ci(k)+dj(k) (=1), b= @) + e (G21),
for which we know that deg,, C’; <2425 and
(6.2) by <0 (jodd), by >0 (jeven).

For any odd integer s we have the representation (cf. [4])

1 (s —1)12 2K\ ? )
6.3 Dos = 1—(— ) (1-2k
(63) 2 (23—1)'[ 24 ) )
(-1 2))! 2K\
+ZUS j=1( Tozie3 \W T\ i)l
If s1, 9, 53 are odd, then it follows from (|6.3)) with Lemmas and that

@281 ) 452827 ¢283 S Q(k7 K/ﬂ-)v

so that these three numbers are algebraically dependent. We split the re-
maining cases into two parts:

(6.4) Case 1: Two indices s; are odd.  Case 2: Two indices s; are even.

Recall the function @95(X7, X2, X3) obtained from @95 by the substitu-
tion (k, K/m, E/m) — (X1, X2, X3). We write (0P25/0X;)(k, X2, E/7) as in
(4.7)—(4.9), but now assuming s to be odd:

(6.5) gi?f (k, Xo, E/7) = 5 i o [(s —61)!2 (2X5)%k
(6.6) gf;; (k, Xo, E/7) = % i ol [— (s _61)!22)(2(1 —2k?)

+ i 7sj-1(s) (_1>j+;2<?£!<j ) (2X2)2j+10j+],
(6.7) OPas (k, X9, E/7) = 0.

0X3
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First we assume that 1 & {s1, s2, s3}. Then without loss of generality we
have the following two cases:
Case 1: 3 <s1 <spodd, 2<s3even;
Case 2: 3 < s7 odd, 2 < s9 < s3 even.

CAsE 1. The determinant A(X;, X, X3) defined by (4.10]) is simplified
to

A(X1, Xo, X3) = ¢1(1)$2(2)$3(3) — 1(2)d2(1)#3(3),

since ¢3(1) = ¢3(2) = 0 by (6.7). For i,j € {1,2} we get from (6.5)) and
the leading coefficients of ¢;(j)(k, X9, E/7) with respect to 2X5:

1
>\(2X2> ¢1(’LL)) = - (28“ — 1)223u+1 (C;;fl)/’
A(2X2; §a(v)) = — 5t O

(25, — 1)22sv—1 80D’
and A(2X2; ¢3(3)) was already computed (see (4.11))). Hence we get
(53— 1)!2|32C:;—1(C:1—1)I - 3103—1(052—1)"
22(s1+52)+1(257 — 1)(289 — 1)(2s3 — 1)!

Similarly to the remark following Lemma we see that this leading coef-
ficient does not vanish if

[A(2Xs; A)] =

(6.8) (Co_1)2/(C1)™ ¢ Q.
Putting
(6.9) CF | = Bso+ Bsak® + -+ Besk®™ (s> 3,5 0dd),

it follows as in the proof of Lemma that results from the condition
2 /881,0/352,1
51" Bs00s1
Here Bj110=a; #0 (j > 1), and
C/-/(O) (_1)j22j—1
. _ J _ P>

so that 811,01 = —b; # 0 (j > 1) follows from and (4.17). Note that
we have s; > 3 by the assumptions of Case 1. Finally, applying Lemma [5.2
with even j = so — 1, k = s1 — 1 > 2, we deduce as in the proof of
Proposition [5.1] from

2252—2
_ So+ —m
52 Bs1,0050,1  Gsi—1bg, 4 as,—1(2s2 — 2)!
= > ﬁ ﬂ — b = 2231 3 .
S1 82,0 51,1 a5271 —1 -
S1 s+

a51_1(231 — 2)!
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Hence, we have proved that ®q4,, Pos,, Pos, are algebraically independent
over Q.

CASE 2. The determinant A(X7, X2, X3) takes the form

A(X1, X2, X3) = (61(1)92(2)d3(3) — ¢1(2)d2(1)¢3(3))
+ (61(3)p2(1)93(2) — ¢1(1)92(3)93(2))-

Here we have

degy, (#1(1)$2(2)93(3)) = degx, (¢1(2)p2(1)@3(3)) = 2(s1 + s2),

degx, (#1(3)¢2(1)¢3(2)) = degx, (d1(1)P2(3)¢3(2)) = 2(s1 + s3),
where, by the assumption of Case 2, degy, A = 2(s1 + s3). Hence we get
(6.10)  [A(2X2; A)| = [M(2X2, 91(3)2(1)P3(2)) — A(2X2, ¢1(1)d2(3)d3(2))]

B (s2 — 1)Ps:C7, 51— 1(05_3—1)I - t’3305_3—1(61;|r1 )]
22(s1+53)+1(251 — 1)(283 — 1)(289 — 1)!
Assume that the right-hand side vanishes, namely
(Cs_gfl) /(C;; )®eQ.

We express C';_; and C’Jr ; asin and ., respectively. We then get

(611) ﬁ — 04537153170 _ (Isl 1b33 1

S1 a83,0681,1 as3 1b51 1

Here, we may have s; < s3, or s; > s3. To handle all possible situations, we
distinguish four cases:

Case 2.1: s1<s3—3, Case22: s1>s3+3,
Case 2.3: sy =s3—1, Case24: s1=s3+ 1.

CASE 2.1. We have s1 —1 = 0mod 2, s3 — 1 = 1 mod 2, and s3 > 6,
83 — 81 > 3. As in the proof of Proposition we get

(6.12)
s1 2251—2
ﬁ Agy— 1b53 1 As3—1 (281 — 2)' Qg3—1 45351 (281 - 2)'
S1 Agq— 1b51 1 > < N 9251 —2 ' sy 1 o (283 _ 2)|
1 1 A avug
as,—1(2s1 — 2)!

From Lemma with j = s3—1 > 5and k = s; — 1 > 2 we conclude
that the right-hand side of (6.12)) is positive. Thus, (6.11)) does not hold in
Case 2.1.

CASE 2.2. We have s; — s3 > 3 with s3 > 4. Using s3/s; < 1, one gets
instead of (6.12]) the inequality
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(6.13) R
Sj n asl,lb;;_l < As3—1 (281 — 2)' ) <a53_1 _ g5t (251 - 2)')
S1 a53_1b5_1_1 s (S n 9251—2 > Asy—1 (283 — 2)'

! ! a51,1(251 - 2)'

Here, we apply Lemma[5.2) with j = sy —1 > 6 and k = s3 — 1 > 3. Finding
the relation

m > 451—53 (283 — 2)'

As3—1 (281 — 2)!’
it follows that the right-hand side of is negative, which contradicts
(6.11)).

CASE 2.3. Put s := s; > 3. By (4.12) and (6.1]), equation (6.11]) takes

the form

225
— 1
s+1  (2s)lag +ls+1)
s - 225—2 ’
(2s — 2)las—1 s
or, equivalently,
Qs 2

(6.14) Gt (1DEs-1)

Then, from the second inequality in Lemma [5.2] it follows that

s+1 2

225 (s+1)(2s—1)’
which does not hold for s > 4. The equality is also false for s = 3,
since ag/az = 7/50.

CASE 2.4. Put s := s7 > 5. Again, we have , which is impossible
as shown in Case 2.3.

Now it remains to discuss the two cases with 1 € {s1, s2,s3}. Then
the arguments are restricted to the following two cases:

Case1: s1=1< sy o0dd, 2 < s3even;
Case 2: s =1, 2 < s9 < s3 even.

Cast 1. By (6.3), @25, has the simple form
1 2K\ ?
Py=——(1-(—) (1-2k%).
== (5) 0 -2)

0P _k 2
ai)(l(k,XQ,E/ﬂ') = 6(2X2) y

This implies that
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ODs 2k2 —1
9%, —=(k, X9, E/7) = -2X,,
0Dy
Xo, E/7) =
8X3 (k 25 /’ﬂ') 0.

We now have

A(X1, Xo, X3) = d1(1)$2(2)$3(3) — ¢1(2)d2(1)$3(3),

2
A(2X2, 01(1)$2(2)¢3(3)) = 6(25214:_521()823252 (12)5'3 — 1)! 527

2 _1)(s3 — 1)1?
A(2X2, ¢1(2)p2(1)3(3)) = _6(2;221/1 1)2121(2+32(22'_ -

degx, (¢1(1)¢2(2)¢3(3)) = degx, (¢1(2)¢2(1)¢3(3)) = 2 + 2s2.
Hence, it follows that

(53 - 1) 2 + 2k2 -1 + /
k - .
6(232 — 1)2282 (253 _ 1) 52082*1 4 (CSQ 1)

We assume that the right-hand side vanishes, namely

ct /(2K —1)* € Q.

[A(2X2,4)] =

Then, writing C' 1 as . with 850 = as—1, Bs,1 = —b,_;, we have 3,5, 0 =
—r and Bs,1 = 252r for some nonvanishing € Q. Hence
b, _
(6.15) —289 = Bsg1 _ _Ospm1
6820 aSQ 1

It follows for j = s9 — 1 = 0 mod 2 from (6.1]) and ( - ) that

Doy = Dml _ 52 &
Asy—1 2 (252 — 2)!%2,1’

or, equivalently,
2232—2
3(252 - 2)!a52,1 '
Since sy > 11is odd, we have so > 3. (6.16|) does not hold for so = 3,5,...,19,
since the right-hand side takes the values
63 (s2=3), 33 (s2=05), 3(s2=T71),
less than 1 (s2 =9,11,...,19).

Therefore, we may assume sy > 21. Next, we apply Lemma [5.2] with k = 2
and j > 4:

(616) S9 =

b g 2 1o
EH T T (25)1189 63 (2))!

) Jj—2
aj; >4
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Thus we estimate the right-hand side of (6.16|) by
225272 63(259 — 2)!
: — 21,
3(2s9 — 2)! 22s2—2
which contradicts our assumption on s2. As before, it follows that @5, @95,
Py, are algebraically independent.

CASE 2. Here we have a situation described by (6.10) with s; = 1, and
Ct_l replaced by (1 — 2k?)/4. Therefore it remains to investigate

C,,_1/ (2K —1)* € Q.

Writing C_; as in (4.14), we know that a0 = as—1 and o, = bj_l. Since
sg is even, it follows from (4.12)) that

S <

gt s e
Ag3—1 2 (283 — 2)!&83_1’
or, equivalently,
2253—2
(6.17) s3 =

3(2s3 — 2)lag,—1

By s3 > s9 > 2 we have s3 > 4. (6.17)) does not hold for s3 = 4,6,8,...,18,
since the right-hand side takes the values

2730
20 (33 = 4)7 691 (33 = 6),

less than 1 (s3 = 8,10,...,18).

Therefore, we may assume s3 > 20. Applying Lemma with j = s3 — 1,
k=3, and a3 = 1/675, we get

720 22s3—4
(255 —2)l ~ 15(2s3 — 2)!”
which can be used to estimate the right-hand side of :

229372 15(2s3 — 2)! _ 90
3(2s3 — 2)! 22s3—4 ’

This contradiction completes the proof of the theorem. =

Ggq—1 > a3453_4

s3 <

Acknowledgments. The authors would like to thank the referee for
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of our Lemma [3.21
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