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1. Introduction. Let n be an integer greater than or equal to 2, [F, the
finite field with ¢ elements, and K = Fy(t) the rational function field. The
main result of this paper is the explicit computation of an infinite sum of
L-functions associated to nth order Hecke characters of K. The infinite sums
we consider are examples of double Dirichlet series in two complex variables,
and can be written as power series in ¢~° and ¢~%. In fact it will turn out
that the series we construct will be rational functions in ¢~% and ¢~ ".

These series are function field analogs of the series studied by Friedberg,
Hoffstein and Lieman in [FHL02]. In that paper, working over a number field
F' containing the nth roots of unity, the authors study a double Dirichlet
series that is roughly of the form

™ L(s, xon) (V) ™,

where the sum is over integral ideals m of F', the character x,, is the nth
order power residue symbol associated to m, and Nm denotes the absolute
norm. The authors show that this double Dirichlet series has a meromorphic
continuation to all (s,w) € C? and satisfies a group of functional equations
relating it to a second series constructed from Gauss sums. The main ingre-
dients in the proof are the functional equation of L(s, x.,), properties of the
Fourier coefficients of the metaplectic Eisenstein series on the n-fold cover
of GL9, and Bochner’s tube theorem.

In the case n = 2, these ideas were applied by Fisher and Friedberg
[FE04] in the context of a general function field to show the rationality of
double Dirichlet series constructed from quadratic L-functions. The case
n = 2 is somewhat easier because the Gauss sum arising in the functional
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equation of a quadratic Hecke L-series is trivial, and the theory of meta-
plectic Eisenstein series is not needed.

In this paper, we follow a more elementary method originally introduced
in [CFHOG] in the case n = 2. Letting (%) = Xm(d) denote the nth power
residue symbol for m, d relatively prime, we exploit the fact that (roughly)
> ()
deF[t] m

deg d=k
vanishes if k is greater than or equal to the degree of m, unless m is a
perfect nth power. Actually this is not quite true unless we carefully define
the residue symbol for d, m having a common factor; the exact statement
we use is given in and depends on the weighting factors a(d,m) we
define below.

If m and d are monic and coprime, then we have the reciprocity law

o) ()= ()

when ¢ is congruent to 1 mod 2n; see e.g. Rosen [Ros02), Theorem 3.5].

We now describe our results more precisely. We will define two double
Dirichlet series, explicitly compute them as rational functions in ¢=%,¢=%
and show that they satisfy functional equations that relate them to each
other. We begin by defining two multiplicative weighting factors a(d,m)
and b(d,m) for pairs of monic polynomials, as in [FHL02]. For a monic
prime polynomial p, let

(1.2) a(p?,p*) = { ’p|(n71)d/n if d = min(j, k) and d =0 (mod n),

0 otherwise,
1 if k=0,
Ip[¥/27Y(|p| = 1) ifj >k, k=0 (mod n), k> 0,
(1.3) b(p?,p*) = { —Jp|F/>? if j=k—1, k=0 (mod n), k> 0,
|p|(—1)/2 if j=k—1, k%0 (mod n), k > 0,
0 otherwise.
Then define
a(d,m) =[] a®’,"), b(d,m)= [] o', p").
P ld P ld
pFllm p*|Im

Here |d| denotes the norm ¢d¢8<,

Let O denote F,[t] and Opon the set of monic polynomials in F,[t]. Let
Co(s) be the zeta function of the ring O, that is,

Cols) = (1—¢' )",
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The first double Dirichlet series we consider is

Z Xmg (d)a(d’ m)

m|*|d|*

(1.4) Zi(s,w) =

)

d,mEOmon
where my is the nth power free part of m and d is the part of d relatively
prime to mg. By nth power free part of m we mean
I »

pnafz‘”m
0<i<n

We show in Section [ that Z; can be rewritten in terms of L-functions:

(15) Zisw) = 3 KX)oy
MmEOmon
where the P(s;m) are finite Euler products defined in Proposition
The second multiple Dirichlet series is built from Gauss sums (see Sec-
tion [2| for the precise definition of the Gauss sum g(r, €, X)) as follows:

Z g(laEaXmo) Xmo(d)b(da m)

n
(1.6) Za(s,w) = Co <nw - —+ 1> ,
2 N [m|*|d]|

dvmeornon
where my, is the product of primes in the factorization of the nth power free
part of m. Explicitly, if m = [];_, p*, then

T

my = H pi-
i=1
eﬁéOZ(mod n)
We can now state our main theorems. The first describes a set of func-

tional equations relating Z; and Zs. Specifically, define

Zl(s,w;éi) = Z

d,meOmon
deg m=i (modn)

Zs(s,w; d;) = Co (nw — g + 1)

Xomo (d)a(d, m)

m[©ld]®

Z 9(1767Xm0) Xmo (d)b(dv ’ITL)

[, | [m|®]d]*

d,mEOmon
deg m=i (mod n)

THEOREM 1.1. We have the functional equation
1—q* 1
q28—17qZ2 1_S7w—|—5—7;50 fOTi:O,
1— qsfl 2
Zl(saw;éi) = f(ei) 1
q2571q1/278 Z2<1—$,TU+3_2§5Z'> for 0 <i<n.

Vi

The finite field Gauss sum 7(€') is defined in the following section.
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This is proved in Section
The second main theorem is the following;:

THEOREM 1.2. The double Dirichlet series Z1 and Zy are rational func-
tions of vt = q—° and y = q~%. Explicitly,

B 1-— quy
(1.7) Zr(s,w) = (1 —q2)(1 —qy)(1 — ¢g"Hanym)
and
(1.8)

B 1— q3n/2xn71yn + z?:—ll(T(ei)qiflﬂ'ﬂxiflyi _ T(Ei)q3i/2$iyi)
- (1— qz)(1 — /2 1ym)(1 — g3/ 2anyn)

This theorem is proved in Section [6]

We conclude this introduction with some remarks to put our results in
the larger context of Weyl group multiple Dirichlet series.

The general theory of Weyl group multiple Dirichlet series was intro-
duced in [BBCT06] in order to unify and extend several constructions which
had previously been studied. In particular the series Z; and Z5 of the present
paper are expected to be n — 2-fold residues of the n-variable Weyl group
multiple Dirichlet series associated to the root system A,. Brubaker and
Bump [BB06] have verified this in the cubic case n = 3. This case is man-
ageable because, thanks to Patterson [Pat77al [Pat77b], we have a complete
understanding of the Fourier coefficients of the theta function on the 3-fold
metaplectic cover of SLo which arise when we take the residues of the Dirich-
let series constructed from cubic Gauss sums.

For n > 3 the precise nature of the coefficients of the n-fold cover theta
functions remains mysterious. Nevertheless, there is much evidence in favor
of the expectation that the two series constructed by Friedberg, Hoffstein
and Lieman coincide with a multiresidue of a Weyl group multiple Dirichlet
series. Indeed, one of the motivations of this paper is to lay the ground-
work for investigating this question for n > 3 by explicitly computing and
comparing the relevant multiple Dirichlet series in the case of the rational
functional field. For example, in [Chi08| the first named author has explicitly
computed the cubic A3 multiple Dirichlet series and checked that residues of
this series give the two series in Theorem of this paper when n = 3. See
also [CG] for further examples of explicit computations of double Dirichlet
series defined over the rational function field.

Finally we point out a curious connection between the series Z1, Zo of
Theorem and their p-parts. Define the following generating series Hy, Ho
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constructed from the respective p-parts of Z; and Zs:

H(X,Y) = a(p’,p") XY,
7,k>0

Ho(X,Y) = (1= [p™* 7y ™) 70 37 bl p*) ==
4,k>0 Ipy|

(1.9) g(1, €, Xpr) XivH

where X = |p|™° and Y = |p|™". We will prove

(1.10)

1-XY
H(X,Y)=

1-X)A=Y)(A - [p|"1X"Y™)’

n—1 i -
1_ ’p‘n/Q—anflyn + Z 9(176 7XP) Xiflyi’p‘z—l/Z(l_X)
paclRVAL ]
HQ(X7Y) - n/2—1y n/2 ynyn
(1—=X)(1 — Ip| Y7)(1 = [p[™ X"y ™)
Note that the substitutions
X — qx,

Y — qy,
p| — 1/q,

g(1,¢p)/VIpl = 7()/va for 1 <i<r
transform H; into Z; for ¢ = 1,2. This similarity between a rational function
field multiple Dirichlet series and its p-part seems to hold in a much wider
context, see e.g. [CFHO6, [(Chi0§].

(1.11)

2. Gauss sums and L-functions. In this section we will define the
Gauss sums and L-functions that are the constituents of our double Dirichlet
series. We will mostly follow the notation of Patterson [Pat07] but with some
adjustments to facilitate comparison with [FHLO02|.

As in the introduction, K is the rational function field F,(t) with poly-
nomial ring O = Fy[t]. We let Opon denote the subset of O consisting of
monic polynomials and let Ko, = Fy((t)) denote the field of Laurent series
in t7!. Let u, = {a € Fy: a" = 1} and let x : Fy — pn be the character
a— ale=b/n,

In order to define Gauss sums we first need an additive character on
K. Let eg be a nontrivial additive character on the prime field F of [F,.
Use this to define a character e, of Fy by ex(a) = eo(Tryp, /ra). Let w be the
global differential dz/22. Finally define the character e of Ko by e(y) =
ex(Resoo(wy)) for y € Ko. Note that

{ye K:ely0 =1} =0.
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As in Section |1}, for any ¢ € O, we will use ¢y to indicate the nth power
free part of ¢ and ¢, for the product of primes in the factorization of ¢g. Fix
an embedding e from the nth roots of unity of F, to C*. For r,c € O we
define the Gauss sum

R ()16

We also need the Gauss sums associated to the finite field F,. These are
defined by

7(e) = D eV Men(s).
J€EFq
For m monic, we define the L-function associated to x,, by
(2.1) L(s,Xm) = Y Xm(d)|d|™".
dGOmon

When m is nth power free, the L-function satisfies a functional equation
that we will describe now. Denote the conductor of the character x,, by
cond X,,. Thus

|myl, degm =0 (mod n),
|cond x| =
qlmy|, degm # 0 (mod n).
Then the completed L-function
1

* L(s,xm), degm =0 (mod n),
(2.2) L*(8, Xm) = { 1— g (8, Xm) g ( )
L(s,Xm), degm # 0 (mod n)

satisfies the functional equation

“(1
(2.3) L* (3, xm) = ¢ !|cond x| /2~ LS Xm) (L€ Xm) L*(1 = 8, %m)
|C0nde‘1/2

where

* g(lae)Xm)a dengO (mod n),
9(1767Xm): —/ .
7(e")g(1,€,Xm), degm =i# 0 (mod n).

From the functional equation, we see that L(s, x,,) is a polynomial in ¢—*

whose degree is one less than the degree of my, if m is not a perfect nth
power. If m = 1 we recover the zeta function

(2.4) Co(s) = Z ||~ = 1_1(11_3

deomon
and the functional equation (2.3)) holds in this case as well.
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Expanding the components at infinity, we have the following functional
equation when m is nth power free, degm =i (mod n):

(2.5)  L(s,xm)
261y, y2—s 9L EXm) 1-4q
¢ [y Imy| /21— g~ (1-9)

251 125 T(€') 9(1, €, Xm) I(l—sv 0<i<
q (q|mb’) \/a |mb|1/2 ( S, Xm)7 (3 n.
This functional equation will be used in Section [4{ to relate Z; and Z,.

We now introduce a modified L-function related to (2.1 by inserting the
weighting factor a(d, m). Define

Xmo (d)a(d, m) a(d,m
dEOmon

—S

L(1_57>_<m)7 ZZO,

where d is the part of d relatively prime to mg. Since the weighting function
is multiplicative, L(s, X, ) is an Euler product,

R - Xmo (ﬁ)a(p7 m) Xmg (ﬁ2)a(p27 m) .
L(S,Xm) = H <1+ ’p|s + ‘p’2s + )

p S Omon
irreducible

Further, since a(d,m) = 1 when d and m are coprime, this Euler product
agrees with the original L-function Euler product for all but finitely many
places.

We will relate this modified L-function L(s, Xum) to L(s, Xm,) and derive
a bound on its degree as a polynomial in ¢~*%, as long as m is not a perfect
nth power. These properties are given in the following proposition:

PropPoOSITION 2.1. We have
L(s,Xm) = L(s, Xmo) P(s;m),
where P(s;m) = [, Py(s;m) and Py(s;m) equals

B no— 1Xm na pk) B .
(1= Xmo () [p] Z ol S pl T e I ptmo,

no

na—+i )
a(kas,p) if p' | mo and i # 0.
p

k=0

Here o and i are the unique integers with 0 < i < n and p"*** || m.
In particular, for m not a perfect nth power, the degree of L(s,Xm) as a
polynomial in q—° is less than the degree of m.
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Proof. Begin with the Euler product

L(s, {m) = HZ Xmo (P m, p¥)

p k=0
HZW <1y
pna”mk 0 ‘p’ 7La+z||mk 0 ‘

o<i<n

For primes p with i = 0—that is, p t mo and p"* || m, say—it follows from
(1.2) that the tails of the sum are a geometric series with common ratio
Xmo (P)|p|”°. Thus for such p the p-part is

na—1 k na ok —nas|,.|(n—1)a
Xmo (P%)a(p™, %) [p|™"**Ip| —sv—1
. + — = (1= Xmo()[p| ™) Py(s3m),
kzzo Ip[* 1 — Xomo (p)[p] ’ ’
where

(1= Xmo (9) 0] 7%) + [p] "% [p| "~ 1)

k
P Ip|™*

For primes such that pil|mo with 0 < i < n, it follows from (1.2 that
a(p™ti p*) = 0 for k > na, so the p-part is a finite sum
a(p"™*, p")
Po(sym) =) | ==
per S

Thus

L(s, )A(m) - L(Sv Xmo)P<3; m)
as claimed. The bound on the degree of L(s, xy,) follows from the bound on
the degree of L(s, xm,) for mg # 1 and the degrees of the P,(s;m). m

3. Functional equation H; — H,. Recall that the generating series
Hi(X,Y)and Ho(X,Y) of define the p-parts of Z; and Zs, respectively.
We describe the functional equations relating Hp(X,Y) and Hy(X,Y).
These will be used to prove the global functional equation relating Z; to Zs.

The functional equations are a direct consequence of the following propo-
sition:

PROPOSITION 3.1. The generating series H1(X,Y) and Ha(X,Y) are
rational functions of X and Y. Explicitly,

1-XY
(1-X)A-Y)A - [p/~tX"Y™)

(3.1) Hi(X,Y) =
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and

(3.2)  Hy(X,Y)

n—1 ;
n/2— —1vn L€, i—1y/i | ((i—
1_’p| /2 1Xn 1Y +Zg( X)J)X IY ’p|( 1)/2(1—X)

i=1 \/!?I

(1= X)(1 = p[**7 1y ™)(1 = [p["2X 7y ™)

Proof. Equation (3.1)) is obvious from the definition (1.2)) of the a(p¥, p').

The evaluation of Hy(X,Y) is simply a matter of recognizing geometric
series.

From the definitions of b(p’, p*) in (1.3) and Hy in (1.9)), we have

(1 — [p"* Y™ Ha(X,Y)

_ > 9(1767Xp0) x7y0

£33 ol (gl — 1y 20 e

a=1j=na |p7bwé|
g(1, € xpno) 1
+ na/2 1 I\ & Apn®) xna—lyna
Z o

oo n—1

R e ) iy

a=0i=1 \/| na+1|

Evaluating the geometric series yields

(3.3)  (1—[p["* Y™ Hy(X,Y)
R e IR R
_1—X _ _ n/2 nyn
(1 - X)(1 - |p["/2XxnY™")

9<1a€i,Xp)
n/2— n— n n—1
LI S S = SIRVAT]
1—[p["2Xnyn & (1 [p["2 XY™

[pl O Ex Y

Equation (3.2)) follows by rewriting (3.3)). =



62 G. Chinta and J. B. Mohler

For 0 < i < n, define

Hi(X,Y58) = Y a,p")x/vF
ot
k=i (modn
(34) n/2—1y ny—1 J ok
Hy(X,Y56:) = (L—[p|"*7'y™) ™0 Y b(p/,p")
7,k>0
k=i (modn)
1€, e
X M)_(pk(p])X]Yk.

1ok

We have shown in Proposition[3.IJthat H; and Hj are both rational functions
in [p|”% and |p|™" and it is clear from this proposition that

( 1-XYy" =0
~ — vn - n—1ynyn)’ ’
35 Hi(X.via - 1= X0 g_)(;{)ylf\ Xnymn) .

L (L= X)(1 =Y )(1— Jp|" "Xy
L G S

, =0,
(1= X)(1 = Jp["* Y m)(1 = [p["2X Y™
3.6 H2 X,Y;(Si == 1,6i, i— i i—
VP i £ 0.

(1= 2X)(L = [p™27 1Y ™) (1 [p| "Xy ™)
The following theorem establishes a functional equation relating H; to Ha:

THEOREM 3.2. We have the functional equation

Hy(Ip[™%, pI7%561)

1— ~(-9) —(1-s —(w+s— .
Lol 2 gy (o0, oot/ ) i,
_ 1 —[p|
vail s—1/2 —(1=8) || —(ws—1/2) .
—_— H , 10i), 0<i<n.
oe ) P 2(Ip| i )

Proof. The proof is by a direct computation using equations (3.5 and

B3). »

4. Functional equation Z; — Z,. There is a set of functional equa-
tions relating Z; and Zs. These will be described in this section. Define

) — P(1—s;m)
(4.1) Q(s;m) 7(m/mb)5*1/2'
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With the expansion of P as an Euler product, we see that () is also an Euler
product supported in the primes dividing m:

1
Q(s;m) = H pr(l—s;m)

pna+z Hm ’p
1=0

1
H |(na+i—1)(s—1/2) Pp(l -5 m)

pna-H' Hm |p
0<i<n

PROPOSITION 4.1. Define

Zg ]- € Xm() (Svimo)Q(S;m).

m|®

Zh(s,w) =

We have Z) = Zs.
Proof. Define

(4.2)  Hy(lp|™", ol ™" 0:) =

g(1, €, xp) o= Q(s;pmFH)
Vol ; |p| "+

Then Hy(lp| ™%, [p| ™) = 755 Ha(|p| ™, [p|7*; ;) is the p-part of Z5. We
will show that H) and Ho both satisfy the functional equations with H;
shown in Theorem and therefore H) = Hy. The result follows since, for
fixed m, the L-functions P and @) each have Euler products.

As a result of the definition in equation , the p-parts of () and P

satisfy
P(s;pme™) = [P 27Q(L — i), i =0,

’ |p|(na+l D(/2— S)Q(l_s;pna-ﬂ')’ 0<i<n.
Therefore, we relate Hy to H) by

_ _ e > P(Spnk)

S w, _ s\—1 3

Hi(|p|™, o™ 60) = (1 — [p] ™) ZW
k=0

= QU= sip o[/

= 1—\p|‘5)‘12 o
- Z| ‘nk’ wHs— 1/2)

_ —(1-s)
1 - ’p‘| ‘_s Hé(|p|_(1_8)7 ‘p|—(w+s—1/2); 50)
—Ip

nkw
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This is exactly the functional equation satisfied by Hs in Theorem [3.2
A similar computation shows that

—s —w V ‘p| s—1/2 —(1-9) —(w+s—1/2)
Hy(lp[ 7, Il 750) = ————1Ip Hj([p 1P ; 03
(el [ 02) PR bl 2(/pl [p| )
for 0 < i < n. Thus Hy(X,Y;d;) = Ha(X,Y;9;) for all 0 < i < n and this

completes the proof. m

For 0 <7 < n, define

L(s, Xmg)P(s;m
Zl(saw;(si) = Z ( |7’2L)’w( )a
mEOmon
degm=i (modn)
1 L(s, X ;
Za(s,w; 0;) = > 9L, € Ximo) L5, Xrmo)Q(53m)

w
mEOmon |mb ’ ‘m’
deg m=i (modn)

THEOREM 4.2. We have the functional equation
1—q* 1
qzs_lil_qqs—l Z2<1—s,w+3—2;50> fori=0,

“ils i) = 251 1/2—5 T(€") 1
57 TS ——=75(1— — —:0; 0<1 .
q q G 2< s, w—+ s 5 Z> forO<i<n

Proof. This is a direct computation utilizing the functional equation

(2.5)) for L(s,Xm,). =

5. Convolutions. We define a convolution operation x on rational func-
tions in  and y with power series expansions around the origin. For

Alz,y) = Y a(k)e’y* and Bla,y)= Y b(j. k)aly",
J:k=>0 7,k>0
define

(Ax B)(x,y) = > alj, k)b(j, k)a'y*.
7,k>0

We can compute convolutions as the double integral

(5.1) (A*B)(a:,y):( L >2§§A(u,v)3<“’,y> dudv

211 u v uv

where each integral is a counterclockwise circuit of a small circle in the
complex plane. (The circle must be small enough that A(z,y) is holomorphic
for x, y inside the circle.) We will utilize the residue theorem to compute this
contour integral.
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6. Evaluation of Z; and Z3. We will now prove Theorem We
first establish the identity (|1.7); then (1.8]) will follow from the functional
equation (Theorem . It follows from Proposition that

(6.1) > Xmo(d)a(d,m) =0

deOmon
degd=k

when degm < k unless m is a perfect nth power. To prove (1.7)) of Theorem
we begin by writing
(6.2) Z1(s,w) = Za(s,w) + Za(w, s) — Zp(s,w)

where

Zasrw) = 3~ S xm(d)ald,m),

¢vq

kJZ]ZO d,meomon
degm=j
degd=k
1 ~
Zo(ssw) =) —oos Y D Xmo(d)a(dim).
kZO q q MEOmon d€Omon

degm=j degd=k
First, note that

Z Z Xmo (d)a(d7 m) = Z Z Xdo (m)a(m’ d)

MEOmon A€EOmon MEOmon d€EOmon

degm=j degd=k deg m=j degd=k
When m and d are coprime, the reciprocity law guarantees that xm, (cf)
= Xao(7h). Otherwise, when m and d are not coprime, Xy, (d) # Xdo (1)
only when there exists a prime p such that p|dp and p|mg. In this case
a(d,m) = 0. The symmetry a(d, m) = a(m,d) is obvious. This establishes
the validity of the decomposition of Z1.

Now the key observation is that because of equation , we have

Zo(s,w) = Z % Z Z a(d,m),

“"q
k"z]zo meomon deomon
deg m=j degd=k
mo=1

Zb(s,w)zzqkwlqks Z Z a(d, m),

kZO meomon deomon
deg m=k degd=k
mo=1
that is, the inner sum vanishes unless m is a perfect nth power. This leads
us to consider the series

a(d,m
To(s,w) = Z Z |m(|w]d|)57

MmEOmon deomon
mo=1
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which has an Euler product
pj nk

(6:3) ID3N |pwfrp|ﬂ

p 4,k>0

H 1 fp[~o™™
SE (L= [p[=#) (1 — [p| =) (1 — [p|(n=D=ns=nw)

_ G(s)¢(nw)¢(ns +nw — (n— 1))
C(s 4+ nw)
1— qlfsfnw

(1 _ ql—s)(l _ ql—nw>(1 _ qn—ns—nw)

1 — qxy” 7 ( )
= p— T
(1= qu)(1 — qy)(1— gramyr) @00

with x =¢7°, y=q7".
It is clear that

(6.4) Za(s,w) = (Ta * f(a)(x, Y)

where

I{; = .7

Compute the convolution in 1’ by means of the 1ntegral in equation ([5.1)),
which we can evaluate using the residue theorem. We find

1
(1 =g tamy™)(1 - gx)’
We can compute Z, similarly: let Kj(z,y) = 1/(1 — 2y). Then

o 1
(6.6) Zo(s,w) = (Tax Ko)(2,9) = T— i

(6.5) Za(s,w) =

Putting this all together,
1 1
6.7)  Zi(s,w) = n
G720 = G ) (1= ga) (1= o) (1= gy)
1
- 1— qn+1xnyn
_l-gy+1—-gr—(1-qy)(1—gx)
(1 =g tamy)(1 — qz)(1 - qy)
_ 1—q*xy
(1 =g lamyn)(1 - gz)(1 - qy)
This establishes ([1.7)).

With the rational function for Z;(s,w), we can use the functional equa-
tions relating Z1 (s, w; d;) and Za(s,w;d;) for 0 < i < n to evaluate Zs(s, w).




Sums of L-functions 67

Expanding the geometric series 1/(1 — qy) and collecting terms with the
exponent on y congruent to ¢ mod n, we arrive at

1_qn+1xyn i o
1—q37 1_qnn ]__qn—i-lxnn’ )
Za(s,0:65) = ( ) ( i_yilgx) i y")
i i 0<i<n.

(1—qz)(1—q"y™)(1 — g tlanyn)’
Using the functional equations relating Z; (s,w,d;) and Z (1 -8, W+s— %, 5i)
and remembering that |7(e')/,/q| = 1, we see that

1_ —S
2-1 =74 lZl(l—s,w—i—s—%;éi), 1=0,
.5.)_ 1 —q°~ .
Zals,w; i) = 2s—1,1/2—s 7(€') 1 .
q ——— Zi(l-s,w+s—3;6), 0<i<n.
V4

With this in hand, Z5 is

1 1=q°
(68) q28 11_7q8_121(1—3,w+3_ %,(50)

n—1 !

1 1/2-s T(€) 1

+Zq25 1q1/2 3721(1—5,104-8—5;57;).
i=1 Vi

When simplified, equation is the rational function for Z5 given in The-
orem
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