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On the Diophantine equation (2% + C)(y?> + D) = 24
by

PiNGzHI YUAN (Guangzhou) and Jiacur Luo (Zhaoqing)

1. Introduction. Let L > 0 and M be rational integers such that
L —4M > 0 and (L,M) = 1. Let o and 3 be the two roots of the tri-
nomial z2 — v/Lx + M. For a non-negative integer n, the nth term in the
Lehmer sequence {P,} and the associated Lehmer sequence {@Qy} (see [L1])
are defined by

a—g for n odd,
Pn = Pn(Oé, 5) = (:i n
a” —f .
m or n even,
and n -
o +h for n odd,

Qn = Qn(ayﬁ) = a+ 3
a™ 4+ "™ for n even.

Lehmer sequences have many interesting properties and often arise in the
study of Diophantine equations. The arithmetic properties of the numbers
P, can be found in [I11, 25].

Let a,b be positive integers such that ab is not a square. Diophantine
equations of the form
(1.1) aXt—bY? =,
where ¢ € {£1,£2,+4}, have received considerable interest, as we see from
the references [2], [7, 8, 17, 19 22 23]. The study of these equations goes
back to the classical work of Ljunggren [12, 13| [I5] 16], who was able to
prove many sharp results on . The following cases have been considered:
Ljunggren [15] (¢ = —1), [16] (¢ = 4), Luca and Walsh [17] (¢ = —2), Luo
and Yuan [I8] (¢ = +4), Akhtari [I] (¢ = 1) and Yuan and Li [2§] (¢ = 2).

As an application of some results on , Luca and Walsh [I7] proved
the following theorem.
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70 P. Z. Yuan and J. G. Luo

THEOREM LW1 (Theorem 3 in [17]).
1. The equation
(X2+1)(Y?+1)=2"
has no positive integer solutions.
2. The only positive integer solutions of the equation

(X2+1)(Y?-1) =24
are (X,Y,7Z) = (1,3,2),(239,3,26).
3. The equation
(X2-1Hy?-1)=2*
has no positive integer solutions.

In this paper, we will investigate the positive integer solutions (z,y, z)
of the Diophantine equations of the type

(1.2) (2> £ C)(y* £ D) = 24,

where C, D € {1,2,4}. The main purpose is try to completely solve the
remaining eighteen equations of the type (1.2). The main results of the
present paper are as follows. Throughout, [J stands for a square, and (%)

for the Jacobi symbol of A with respect to B, where A and B are coprime
integers.

THEOREM 1.1. Let A > 1 be a positive integer. Then the Diophantine
equation

(1.3) (AX? +1)(AY%2 4+ 1) =274
has no positive integer solutions (X,Y,Z) with X #Y .
THEOREM 1.2.
(1) The only positive integer solutions of the equation
(1.4) (X2 +4)(Y?+4)=2"

are (X,Y,Z) = (1,11,5), (11,1, 5).
(2) The equation

(1.5) (X2 —4)(Y?—4)=2*

has no positive integer solutions.
(3) The equation

(1.6) (X2 -2)(y?-2)=2%

has no positive integer solutions.
(4) The only positive integer solutions of the equation

(1.7) (X2+2)(Y?+2) =24
are (X,Y,7) = (1,5,3),(5,1,3).
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The equation
(X2 +2)(Y?-2)=2*
has no positive integer solutions.
The equation
(X2+2)(Y?+1) =24
has no positive integer solutions.
The equation
(X2-(Y?+1) =24
has no positive integer solutions.
The equation
(X2 4+2)(Y2—4)=24
has no positive integer solutions.
The equation
(X2 4+2)(Y2+4)=24
has no positive integer solutions.
The only positive integer solution to the equation
(X2+2)(v?-1) =24
is (X,Y,Z)=(5,2,3).
The only positive integer solutions to the equation
(X244 (Y2 +1) =24
are (X,Y,7Z) = (11,2,5),(2,239,26), (478,1,26).
The only positive integer solutions of the equation
(X2 +4)(Y2—4)=24
are (X,Y,7Z) = (2,6,4), (478,6,52).
The equation
(X240 (Y2 -1 =24
has no positive integer solutions.
The equation
(X2—4)(Y2+1) =24
has no positive integer solutions.

The equation
(X2 —4)(y?2-1)=2*

has only infinitely many trivial positive solutions (X,Y,Z) =
(2Y,Y,25), where Y, S are positive integers with Y2 — 25% = 1.

71



72 P. Z. Yuan and J. G. Luo

(16) The only positive integer solutions to the equation
(1.19) (X2 —2)(Y%4+4)=2"
are (X,Y,7) = (2,2,2), (2,478, 26).
(17) The equation
(1.20) (X2 -4)(Y?-1)=42 2tX,
has no positive integer solutions.
However, we have not been able to solve the following two equations:
(1.21) (X2 (Y2-4)=2 2|XY,
(1.22) (X2-(v? -1 =24 2|Xx.

We leave this as an open question.

2. The results on the equation az? — by* = c. In this section, we
will list all the related results on equations az? — by* = 42, +4, which will
be used later.

Let a and b be odd positive integers such that the equation

(2.1) aX?-by?=2

is solvable in positive integers (X,Y"). Let (a1,b1) be the minimal positive
solution to (2.1]), and define

_ary/a+ bivb

(2.2) 5

Furthermore, for k£ odd, define

ag\/a + bpV/b

—\/Q .

where (ag, by) are positive integers. It is well known that all positive integer
solutions (X,Y") of are of the form (ag, by).

By investigating the occurrence of squares and certain square classes in
some sets of Lehmer sequences, Luca and Walsh [I7] completely solved the
Diophantine equations of the type

(2.4) azx® —by* = 2.
THEOREM LW2 (Theorem 2 in [I7]).
1. If by is not a square, then equation (2.4) has no solutions.
2. If by is a square and bz is not a square, then (X,Y) = (a1, /b1) is the

only solution of (2.4)).
3. If by and b3 are both squares, then (X,Y) = (a1,v/b1), (a3, vb3) are

the only solutions of (2.4]).

(2.3) of =



On the Diophantine equation (z* + C)(y* £ D) = 2* 73

Recently, by the method similar to that in Luca and Walsh [17], Yuan and
Li [28] confirmed a conjecture of Akhtari, Togbe and Walsh [3] by proving
the following result.

THEOREM YL ([28]). For any positive odd integers a, b, the equation
aX* — bY? = 2 has at most one solution in positive integers, and such

a solution must arise from the minimal solution to the quadratic equation
aX?—-bY?=2.

Let A and B be odd positive integers such that the Diophantine equation
(2.5) Az’ — By’ =4

has solutions in odd, positive integers x,y. Let a1, by be the minimal positive
integer solution. Define

anVA+b.VB _ (alx/ZJr b1\/§>”.

(2.6) 5 5

With these assumptions, Ljunggren [16] showed the following two results by
computing some Jacobi’s symbols of the related Lehmer sequences.

THEOREM Lj. The Diophantine equation Ax* — By?> = 4 has at most
two solutions in positive integers x,y.

1. If ay = h? and Aa} — 3 = k?, there are only two solutions, namely,

x = /a1 = h and x = \/az = hk.
2. If a; = h? and Aa} — 3 # k2, then x = Va1 = h is the only solution.
3. If a1 = 5h* and A%al — 5Aa? + 5 = 5k?, then the only solution is

z = /a5 = 5hk.

Otherwise there are no solutions.

By computing more Jacobi’s symbols of the related Lehmer sequences,
Luo and Yuan [18] proved the following result.

THEOREM LY ([18]).
1. If by is not a square, then the equation
(2.7) Az? — By* =4

has no positive integer solutions except in the case by = 3h% and
Bb? + 3 = 3k?, when y = /by is the only solution of (2.7).

2. If by is a square, then (2.7)) has at most one positive integer solution
other than y = /b1, which is given by either y = \/b3 or y = \/ba, the
latter occurring if and only if a1 and by are both squares and A = 1

and B # 5.
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3. Other lemmas. In this section, we present some other lemmas that
will be used later.

LEMMA 3.1 ([27]). Let D # 2 be a positive non-square integer with 8 t D.
(i) If 2| D, then one and only one of the Diophantine equations
(3.1) kx? —ly* =1

has integer solutions, where (k,l) ranges over all pairs of integers
such that k > 1, kl = D.
(ii) If 21 D, then one and only one of the Diophantine equations

(3.2) ka2 —ly? =1, ka?—1y* =2

has integer solutions, where (k,1) in the former equation ranges over
all pairs of integers such that k > 1,kl = D, and (k,l) in the latter
equation ranges over all pairs of integers such that k > 0, kl = D.

(iii) If 21 D and the Diophantine equation x> — Dy* = 4 has solutions
in odd integers x and y, then one and only one of the Diophantine
equations

(3.3) kx? —ly? =4

has integer solutions, where (k,l) ranges over all pairs of integers

such that k > 1, kl = D.

The following lemma will be used in the proofs.
LEMMA 3.2.

(i) Let k > 1 and | be odd positive integers such that kz* — ly* = 4,
2 t 2y, has positive integer solutions. Then kx? —ly? = 1 has positive
integer solutions.

(ii) Let D be a positive integer such that x> — Dy? = 4, 2t zy, is solvable.
Then one and only one of the Diophantine equations

ka? —ly? =1
has integer solutions, where (k,l) ranges over all pairs of integers
such that k > 1, kl = D.
Proof. Obvious from Lemma 3.1(iii). =
We also need the following ten known results.

LeEmMA 3.3 ([19]). Let p be an odd prime. If (L, M) = (0,3) (mod 4)
and (ﬁ) =1, then the equation P, = px? with x an integer has no solutions.

LEMMA 3.4 ([18])). Let L and M be coprime positive odd integers with
L—4M > 0. If Q, = ku?, k|n, thenn =1, 3, 5. If Q, = 2ku?, k|n, then
n = 3.
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LEMMA 3.5 ([28]). Let p be an odd prime. If (L, M) = (2,3) (mod 4)
and (ﬁ) =1, then the equation P, = pz? with x an integer has no integer
solutions provided that p > 3, and the equation P, = x? has no integer
solutions.

LEMMA 3.6 ([I7]). Let p be an odd prime. If (L, M) = (2,1) (mod 4)
and (ﬁ) = 1, then the equation P, = x? with x an integer has no integer
solutions provided that p > 3, and the equation P, = px? has no integer
solutions.

LEMMA 3.7 ([14]). The only positive integer solutions to the equation
22— oyt = —1
are (z,y) = (1,1),(239,13).

LemMA 3.8 ([6], [26]). Let d > 3 be a non-square such that the Pell
equation
X?—dy?=-1
is solvable in positive integers, and let T = v +uv/d denote its minimal pos-
itive integer solution. Then the only positive integer solution to the equation
X?—dvt=-1
is (X,Y) = (v,/u).
LeMmA 3.9 ([21]).

(i) Let a and b be positive integers, with a non-square, such that the
equation aX? —bY? = 1 is solvable in positive integers. Let (v, w) be
the solution with v minimal, and put T = v\/a + wvb. Let w = n?l
with | odd and square-free. Then the Diophantine equation

(3.4) ar? —byt =1

has at most one solution in positive integers. If a solution (z,y) to
(3.4) exists, then zv/a + y*vVb = 7'

(ii) Let D > 0 be a non-square integer. Define

Ty + UpVD = (Ty + UiVD)",

where T} + UV D is the fundamental solution of the Pell equation

(3.5) X2 -DYy?=1.
Then there are at most two positive integer solutions (X,Y) to the
equation

(3.6) X2 -Dyt=1.

1. If two solutions with Y1 < Yo exist, then Y12 =U; and Y22 = Us,
except when D = 1785 or D = 16 - 1785, in which case Y12 =U;
and Y22 = Uy.
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2. If only one positive integer solution (X,Y") to equation (3.6) exists,
then Y2 = U; where Uy = lv? for some square-free integer 1, and
either | =1,1 =2 orl = p for some prime p=3 (mod 4).
LemMA 3.10 ([20], [9]). Let the fundamental solution of the equation
v2 — du? =1 be a + bV/d. Then the only possible solutions to the equation
X4 —dY? =1 are given by X? = a and X? = 2a® — 1; both solutions occur
in the following cases: d = 1785, 7140, 28560.
LEMMA 3.11 ([5]). Let s, d be positive integers with s > 1. Then the
Diophantine equation
s?Xt—dy?=1

has at most one positive integer solution (X,Y’), which can be given by
X2s5 +VdY = as + bV/d, where as + bv/d is the minimal positive integer
solution of the equation s*T? — dU? = 1.

Let A > 1 and B be positive integers with AB non-square, and let
vV A4+wv/B be the minimal positive integer solution to the equation Az?—
By? = 1. By the result of the first author [29], Bennett, Togbe and Walsh [4]
and Akhtari [I], we have the following lemma.

LeMMA 3.12 ([], [1]). The Diophantine equation
(3.7) Azt —By? =1

has at most two positive integer solutions. Moreover, (3.7)) is solvable if and
only if v is a square; and if 2>/ A +yvVB = (vWA+wVB)*, thenk =1 or
k =p=3 (mod 4) is a prime.

The following lemma is a generalization of an old result (Theorem 7.4.8
in [29]) of the first author.

LEMMA 3.13. Suppose the equation
A(ru*)? — By? =1,

where A > 1, AB is not a square, and r | A, has a solution. Let a; VA+bVB
be its minimal positive integer solution. Then a; = rv? for some positive
mteger v.

Proof. Let (ag, bi) be positive integers such that
(3.8) axVA + b VB = (a1VA + b1 VB)~.
We have a = a1 - & = ru? and ged(ay,ag/a1) |k, r| k. Hence
P, =ap/a1 =m0, a1 =1l r =rire, ril|k.

Now we show that r1l = 1. Assume that this is not so and let p > 2 be a
prime divisor of r1l. Then

(3.9) P/ Pyjp = pv°
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for some positive integer v. This sequence satisfies the hypothesis of Lemma
3.3, therefore (3.9) is impossible, so r1l = 1, as desired. Hence a1 = r[J. u

LEMMA 3.14. Let a and b be odd positive integers such that the equa-
tion (2.1)) is solvable in positive integers (X,Y). Let (a1, by) and (ax, bg) be
defined by (2.2)) and (2.3)), respectively.

(i) If ax = r0, r|aaik, r square-free, then k =1 or 3.
(ii) If by = s, s|bbrk, v square-free, then k =1 or 3.

Proof. First we prove (ii). Since by = by - (by/b1) = rd, s|bbik and
ged(by, b /b1) | k, we have

Py, = b /by = 5110, by = s2l0d, s = 5189, s1l | k.
Let p be the largest prime divisor of k. Since

Py
Pk = Pf . Pk:/p = SllD, ng(Pk/Pk/pa Pk/p) ‘p,
k/p
we have Pk/Pk/p = [ or pU. Applying Lemma 3.6 to
Py o af —ak
Pyp P akle —@h/v

we find that p = 3. Hence k = 3™ for some non-negative integer m. If m > 1,
then the above argument and Lemma 3.6 show that Py = [ and P3 = [,
which implies that the equation ax? — bb?y* = 2 has three positive integer
solutions (x,y) with y = 1, /P53 and /Py, which contradicts Theorem LW?2.
Therefore k =1 or 3.

Next we prove (i). By Lemma 3.5, we get k = 3" for some non-negative
integer m. If m > 1, then a similar argument and Lemma 3.5 show that
Py = 3P0 and P3 = 30, which implies that the equation aa;z* — by? = 2
has two positive integer solutions (z,y) with = 1 and /Py, contradicting
Theorem YL. Therefore Kk =1or 3.

We also need the following two lemmas.
LEMMA 3.15.

(i) The equation
Szt 4+ 522 + 1 = ¢/

has no positive integer solutions.
(ii) The only positive integer solutions of the equation

Szt — 52 + 1 = ¢
are (z,y) = (1,1),(3,19).
Proof. We obtain the results by MAGMA computations. =
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LEMMA 3.16. The only positive integer solution to the system
322 —y? =2,
{ 22 — 22 = 1,
is (z,y,2) = (1,1,1).

Proof. We have 22 + y? = 222 and 2 { zyz. Hence there are integers u, v

such that

z:u2+112, = u? —v% + 2uv.

Substituting this into 222 — 22 = 1 we get
ut + 8ulv + 2u%0? — 8uv? + vt = 1.

By a MAGMA computation, we obtain uv=0, and thus (x,y,2z)=(1,1,1). =

4. Proof of Theorem 1.1. Define
R={p|(AX?+1); ord,(AX? +1) =1 (mod 4)},
S = {p|(AX? +1); ord,(AX?* + 1) = 2 (mod 4)},
Q= {p|(AX? +1); ord,(AX? 4+ 1) = 3 (mod 4)},

and
r:Hp, S:Hp, t:Hp.
pER peS PER
By the above notation and we have
(4.1) rts?(tu3)? — AX? =1, rts?(rud)? — AY? =1

for some positive integers u; and wug. Suppose rts> > 1, and denote by
e = Ty Vrts? + U;v/2 the minimal positive solution of the equation

(4.2) rts’T? — AU? = 1.
Then, by Lemma 3.13 and , we obtain
Ty =t =r,
and so rt = 1 since ged(r,t) = 1. Hence becomes
(4.3) stu — AX? =1, sus— AY? =1,

which has no positive integer solutions with X # Y by Lemma 3.11. There-
fore ([1.3]) has no positive integer solutions with X # Y. u

5. Proof of Theorem 1.2
(1) The equation (X% +4)(Y2 +4) = Z*. We first consider the solution
(X,Y, Z) of (1.4) with 24 XY Define
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R = {p| (X? +4); ord, (X2 +4) = 1 (mod 4},
S ={p|(X?+4); ordy(X*+4) =2 (mod 4)},
Q={p|(X?+4); ordp(X2 +4) =3 (mod 4)},

r:Hp, s:Hp, t:Hp.

peER peS PER

and

Then
(5.1) X244 =rts*(tu?)?, Y244 =rts*(rud)?,  Z = rstujus.

We denote by (77, U;) the minimal positive solution of the equation

(5.2) rts*T? —U? = 4
and let
TivVrts? + Uy
o=
2

For a positive integer k > 1, we define (T, Uy) to be positive integers such
that

TV rts? + Uy &

— =a".

2

It is well known that all odd positive solutions of (5.2)) are of the form
(T,U) = (T}, Uy) for some positive integer k with 3 1 k. With the above
notations, for any positive integer solution (X, Y, Z) to (X?+4)(Y?2+4) = z*
with 2 4 XY, we have X = Uy and Y = U for some integers k and [ and
3t kl, and that
(5.3) Ty =tud, T, =ru3

for some odd positive integers u; and us.
Let d = ged(k,1), k = dki, | = dly. Then 2 t kl. Noting that every prime
divisor of ged(T} /Ty, rtTy) divides k1, we have
T /Ty = ko, kolki.
Now we apply Lemma 3.4 to
Qk, = T T T od o ad
d a4+ o
to deduce that k; € {1,5}. Similarly, /; € {1, 5}.
Since k # [, we may assume that k; = 1 and {; = 5. Hence
Ty = tu%, Ts5q = Tu%.

If t > 1, then t|T5q4/T, since rt square-free, ged(T5q/Tq,7t) | 5, so t =5 and
Tsq = 5u?. Similarly, if 7 > 1, then r = 5. Therefore rt = 5.
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If r =1 and t = 5, then Ty = 5u? and Tsy = u% By a direct computation
we get 5siTF — 582172 + 1 = (up/5u1)?, so sTy = 1 or 3 by Lemma 3.15,
which is impossible since 5| T}.

If r=5andt =1, then Ty = u% and Tsg = 5u%. Similarly, we have
55T} — 5s*T7 + 1 = (uz/u1)?, thus sTy = 1 or 3. If sT; = 3, then s = 3,
Ty=1and 45—4 = Ug, which is impossible. If sT; = 1, then Uy = 1,us = 5
and (X,Y,Z) = (1,11,5).

Next we consider the solution (X,Y, Z) of with 2| XY. Then 2| X
and 2|Y, say X =2X,,Y =2Y1,Z = 27, and we obtain

(XT+1D)(Y2+1) =z
By item 1 of Theorem LW1, the above equation has no positive integer solu-
tions. Therefore, the only positive integer solutions to are (X,Y,7) =
(1,11,5), (11,1, 5).

(2) The equation (X% —4)(Y? —4) = Z*. We first consider the solution
(X,Y,Z) of with 2 1 XY. We retain the definitions of r,s, and ¢ as
given at the beginning of the proof of Theorem 1.2(1), but define them to

be square-free numbers built up from prime divisors of X2 — 4 instead of
X2 +4. We denote by (11, U;) the minimal positive solution of the equation

(5.4) T? — rts?U? = 4
and let
T, + UVrts?
a=—.
2
For a positive integer k > 1, we define (T}, Uy) to be positive integers such

that
Ty + UpVrts?

=a”.
2
Proceeding as before, it follows that there are integers k£ and [ such that
X =T,and Y =T,
(5.5) Uy =tu?, U =rul
for some odd positive integers u; and us.
We may assume that d = ged(k, 1), k = dky, | = 2"11d,2 { kily, u > 0.

Then Uy = ged(Uy, U;) = ¢ with ¢|rt since ged(r,t) = 1. Since

U,

U= Uil “Una,  ged(Ui/Uya, mUsa) = 1,

lid

we have
Upqa = rQ.

Since every prime divisor of ged(Ug,q/Uqg, rtUy) divides k1, we obtain

Uk1d/Ud:nD7 n[k:l.
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Applying Lemma 3.4 to
Upa _ (@)™ 4 (—ah)M
T T el )
we have k € {1,5}. Similarly, | € {1,5}. Since 2 1 UyU;, k # [, we may
assume that k1 = 1 and {1 = 5. Hence

2 2
Ujg=1tuy, Usq=ruj.

If ¢t > 1, then t | Us/U; since rt is square-free, ged(T5/T1,rt) |5, so t = 5 and
Uy = 5u?. Similarly, if » > 1, then » = 5. Thus rt = 5 when rt > 1.

If r = 1and t = 5, then Uy = 5u} and Usy = u3. It follows that
5s1U% + 5s2U2 + 1 = (uz/5uq)?. This yields sUy = 0 by Lemma 3.15, which
is impossible. If 7 = 5 and ¢t = 1, then U; = u} and Usy = 5u3, and
5s1U% + 5s2U2 + 1 = (u2/u1)?. This yields sU; = 0 by Lemma 3.15 again,
which is also impossible.

Next we consider the solution (X,Y, Z) of with X #Y and 2| XY
If 2| X and 2|Y, then X =2X,,Y =2V}, Z = 2Z;, and we obtain

(X - 1(YF - 1) =21

By item 3 of Theorem LW1 the above equation has no positive integer
solutions. If 24 X and 2|Y (the case that 2 1Y and 2| X is similar), say
Y =2Y,, Z = 27, then we obtain

(X2 —4)(Y? - 1) =47, 2tX,

which has no positive integer solutions by Theorem 1.2(17). Hence (1.5)) has
no positive integer solutions.

(3) The equation (X? — 2)(Y? —2) = Z*. Tt is obvious that for any
solution (X,Y,Z) of the equation, we have X # Y and 2 { XY Z. We
retain the definitions for r, s, and ¢ as given at the beginning of the proof of
Theorem 1.2(1), but define them to be square-free numbers built up from
prime divisors of X? — 2 instead of X2 + 4.

From (|1.6) we have
(5.6) X% —rt(tsud)? =2, Y2 —rt(rsud)> =2, Z=rstujug

for some positive integers u; and ug. We denote by (77,U;) the minimal
positive solution of the equation

(5.7) T? — rts’U? =2

and for a positive integer k > 1, we define (T}, Uy) to be positive integers
such that

Ty + UpVrts? <T1 + U1\/rt32>k
V2 a V2 '
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Proceeding as before, it follows that there are integers k£ and [ such that
X =T and Y = T; for some odd integers k£ and [, and

(5.8) Uy =tu?, U =ru
for some positive integers u; and ug. By Lemma 3.14, we have k, [ € {1, 3}.
Since 2 1 UxU;, k # [, we may assume that k =1 and [ = 3. Hence
Uy =tu?, Us=ru.
If t > 1, then ¢ | Us/U; since rt is square-free, gcd(Us /Uy, rt) | 3, so t = 3 and
Uy = 3u?. Similarly, if » > 1, then » = 3. Thus rt = 3 since ged(r,t) = 1.
If r =1 and t = 3, then U; = 3u} and Us = u3. It follows that

2

Uz
18s%ui +1=(— ) ,
SU1+ <3U1>

which is also impossible since 2 { su?. If r = 3 and t = 1, then U; = u? and

Us = 3u3. It follows that
ur \ 2
25%uf +1 = <2) ,
u1
which is impossible since 2 { su?. Hence (1.6 has no positive integer solu-

tions.

(4) The equation (X2 + 2)(Y? +2) = Z*. Tt is obvious that for any
solution (X,Y, Z) of , we have X # Y and 2 1 XY Z. We retain the
definitions for r, s, and t as given at the beginning of the proof of Theo-
rem 1.2(1), but define them to be square-free numbers built up from prime
divisors of X? + 2 instead of X2 + 4.

From we have
(5.9) rt(tsu?)® — X2 =2, rt(rsud)> —Y? =2
for some positive integers u; and ug. We denote by (71,U;) the minimal
positive solution of the equation
(5.10) rts*T? —U? = 2

and for a positive integer k > 1, we define (T}, Uy) to be positive integers
such that

TpVrts? + Uy _ <T1V rts? + U1>k
V2 a V2 '

Proceeding as before, we have X = Uy and T' = U; for some odd integers
k and [, and

(5.11) Ty =tud, T;=ru3

for some positive integers uy and us. Moreover, rt = 3.
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If r =1 and t = 3, then 77 = 3u? and T3 = 3. It follows that

2
18s2ut — 1= 22) |
s ug <3u1

which has no solutions (s, u1, uz).
If r=3and t = 1, then 71 = u? and T3 = 3u3. It follows that

2
25%uf —1 = <u2> .
ul

Combining this with the first equation of (5.9)) we obtain

3s%ui — X? =2, 2s%uf —m?=1,
which has only the positive integer solution (s,u;, X,m) = (1,1,1,1) by
Lemma 3.16. Hence all positive integer solutions of (|1.7) are (X,Y,Z2)
(1,5,3), (5,1,3).

For the proofs of Theorem 1.2(5)—(7), we note that the equations in (5)—
(7) have no solutions (X, Y, Z) with 2| Z, so we only consider the solutions
(X,Y,Z) with 2} Z.

(5) The equation (X2 +2)(Y? —2) = Z%,24 XY. From the equation we
have

X242=du}, Y?*—dui=2, Z=dujus,
which is impossible by Lemma 3.1 since both equations z? — dy? = 2 and
dz? — y?> = 2 would then have solutions.
(6) The equation (X2 +2)(Y2+1) = Z2, 24 X. From the equation we
have
X2—|—2:du%7 du%—Y2:1, Z = duqus,
which is impossible by Lemma 3.1 since both equations dz? — % = 2 and
dz? — y?> = 1 would then have solutions.
(7) The equation (X2 —2)(Y2+1) = Z2, 24 X. From the equation we
have
X?2-2=du?, dui-Y?=1, Z=dujus,
which is impossible by Lemma 3.1 since both equations z? — dy? = 2 and
dz? — y?> = 1 would then have solutions.
(8) The equation (X2 +2)(Y? —4) = Z*. We divide the proof into two
cases.

CASE 1: 24 XY. We consider the following more general equation:
(X24+2)(Y?2—4)=22 2t{XY.
From the above equation we have
(5.12) X242=du}, Y?>—dui=14, Z=dujus.
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It follows from Lemma 3.2(ii) and the second equation of that one of
the equations dj 2 —doy? = 1 with d; > 1 and d1ds = d has a solution, which
is impossible by Lemma 3.1 since both equations di2? — doy? = 1,dy > 1
and dz? — 3% = 2 would then have solutions.

CASE 2: 2| XY. It is easy to see that (1.11) has no integer solutions
when 2| X and 21Y by taking the equation modulo 4.

We first consider the subcase 2| X and 2|Y. Write X = 2X;,Y =
2Y1, Z = 2Z;. Then (|1.11)) becomes
(5.13) (2X2+ 1) (Y2 —1) =27}
We retain the definitions for 7, s, and ¢ but define them to be square-free
numbers built up from prime divisors of 2X? + 1 instead of AX? + 1, as
given at the beginning of the proof of Theorem 1.1. From ([5.13)) we have
(5.14) rts?(tul)? —2XE =1, Y7 —2rts*(ru3)® =1
for some positive integers u1 and ug. From the second equation of ([5.14]) and
Lemma 3.1, we eventually get

rts*(rm?)? —2nt =1

as we did in the proof of Theorem 1.2(4). Hence (2X% + 1)(2n* + 1) = Z3,
which has no positive integer solutions by Theorem 1.1.

Next we deal with the subcase 24 X and 2|Y. Write Y = 2Y3, Z = 2Z7;.
We obtain the equation

(5.15) (X2 +2)(Y2 —1) =471
From (j5.15)), we have
(5.16) rts?(tu?)? — X2 =2, Y —drts*(rud)? =1

for some positive integers uq and us. Similarly, from the second equation of
(5.16) and Lemma 3.1, we finally obtain

rts*(rm*)? —nt =2, 2{n.
Hence (X2 + 2)(n* +2) = Z3, 2 1 Xn, which has only the positive integer
solution (X,n,Z1) = (5,1,3) by Theorem 1.2(4), and thus r = 1, t = 3,
s = 1. Now the second equation of (5.16) becomes Y2 — 12u‘2l = 1, which is
easily seen to have no positive integer solutions by Lemma 3.9.
(9) The equation (X2 +2)(Y2+4) = Z*. We divide the proof into two
cases.

CASE 1: 21 XY. We consider the more general equation
(X242)(Y2+4)=2% 2fXY.
From the above equation we have
(5.17) X242=du}, du3-Y?’=4, Z=duuy.
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It follows from the second equation of (5.17) that the equation dz? — y?
= 1 has a solution, which is impossible by Lemma 3.1 since both equations
dz? — y?> = 2 and dz? — y?> = 1 would then have solutions.

CASE 2: 2| XY. It is easy to see that (1.12)) has no integer solutions
when 2t X or 21Y by taking the equation modulo 16. Hence it suffices to
consider the case 2| X and 2|Y. Write X =2X;, Y =2Y;, Z =2Z;. Then

(1.12) becomes

(5.18) (22X + 1) (Y24 1) =271,
As before, it follows from ([5.18)) that
(5.19) rts?(tud)? —2XE =1, 2rts?(rud)? —YZ =1

for some positive integers u; and wue. This contradicts Lemma 3.1 when
rts > 1. If rst = 1, then the first equation of (5.19) becomes uf —2X? =1,
which has no positive integer solutions by Lemma 3.10.

(10) The equation (X2+2)(Y? —1) = Z*. We divide the proof into two
cases.

CASE 1: 2 1 X. We retain the definitions r, s, and ¢ as given at the
beginning of the proof of Theorem 1.2(4). From (1.13]) we have

(5.20) rts®(tuf)® — X2 =2, Y2 —rts’(ru3)? =1

for some positive integers u; and us. It is easy to see that rts®> # 1. From
the second equation of (5.20]), we have the following two subcases.

SUBCASE 1: 2| uy. Then

Y 4+ 1=2ariu), Y —1=2br3u}, 7riro=2r, 2uszus=us,

and thus arfu3 — br3uj = 1. If a > 1, then both equations rts?z? — y? = 2

and ax? —by? = 1 have solutions, which contradicts Lemma 3.1. Hence a = 1
and r | 9. Continuing the above process for the equation r2uj—rts?riuf = 1,
we finally get

rts*(rm?)? —nt = 2.
SUBCASE 2: 2 {uz. Then
Y +1=arfuj, Y —1=0brauj, rirs=r, usus = us,
and thus arfuj — bruj = 2. If b > 1, then both equations rts?z? — y? = 2
and az? — by? = 2 have solutions, which contradicts Lemma 3.1. Hence
b=1,a =rts?> and r = r1,r = 1, and we also get the equation
rts?(rm?)? —n* = 2.

It follows that (X2 + 2)(n* + 2) = Z{. From the proof of the equation
(X2 +2)(Y?2+2)=Z"wehave X =5, n=1,hence X =5,Y =2, Z = 3.
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Therefore the equation (X2 4 2)(Y?2 —1) = Z* has only the positive integer
solution (X,Y, Z) = (5,2,3) with 21 X.

CASE 2: 2| X. Write X =2X,, Z =2Z;. Then (1.13]) becomes
(5.21) (2X2+1)(Y2—1) =87
The remaining proof is similar to the proof of Case 1 of Theorem 1.2(8).
Thus the Diophantine equation (X2 +2)(Y? — 1) = Z* with 2| X has no
positive integer solutions.

Therefore the equation (X2 + 2)(Y2 — 1) = Z* has only the positive
integer solution (X,Y,Z) = (5,2, 3).

(11) The equation (X2 +4)(Y? +1) = Z*. We divide the proof into two
cases.

CASE 1: 21 X. An argument similar to the one employed for (1.4) shows
that there exist odd integers k and [ such that 3|/ and X = Uy and Y = U,
and

(5.22) Tp = tu?, T) = 2ru

for some positive integers u; and us.

Let d = ged(k, 1), k = dky, I = dly. Then 2 1 k1l;. By a similar method
to the proof of Theorem 1.2(1) and by Lemma 3.4, we have k; € {1,5} and
{1 = 3. We first consider the case k1 = 1. Then

Td = tD, ng = 2rCl.
Since ged(T3q/Ty,t) |3, 7t | T34/Ty and 3 { rts?, we have rt = 1, which is
impossible. Hence
k‘l = 5, ng = 27"|:|, T5d =t

Since ged(Tsq/Ty,rt) |3 and 3 t rt, we have r = 1. Similarly, t = 5. Now
from T; = ged(T3q,T5q) = O, Ts = 50, and r = 1, t = 5, we derive that
534T§1 — 55>’2Td2 + 1 =0, and so sTy = 1 or 3 by Lemma 3.15. If sT; = 1,
then s =1, T, =1, Uy = 1, T3 = 2, T5q = 5, and thus has a
solution (X,Y,Z) = (11,2,5). If sTy; = 3, then s = 3,7y = 1, which is
impossible since 3 1 Z. Therefore has only one positive integer solution
(X,Y,Z) =(11,2,5).

CAsE 2: 2| X. Write X = 2X;, Z = 2Z;. As before we obtain the
equation

(5.23) (XZ+1)(YE+1) =471,
and from (5.23)) we have
(5.24) orts?(tul)? — X2 =1, 2rts?(rud)? —Y? = 1.
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Similarly, by Lemma 3.13, we have rt = 1, and so

(5.25) 2s%uf — Xi =1, 2s%u3-Y?*=1,
which implies that s = 1 by Lemma 3.8. Thus
(5.26) X2 —2uf=-1, Y?-2u3=—1.

It follows from Lemma 3.8 that (X1, Y, u1,us) = (1,239,1,13), (239,1,13,1).
Therefore the only positive integer solutions to the Diophantine equation
(X2 +4)(Y2+1)=Z%are (X,Y, Z) = (11,2,5),(2,239,26), (478, 1,26).
(12) The equation (X% +4)(Y? —4) = Z*. We divide the proof into two
cases.

CASE 1: 24 XY. We define r, s, and ¢ as at the beginning of the proof
of Theorem 1.2(1). We only consider the solution (X,Y,Z) of (1.15) with

24 XY. From (1.15) we have
5.27) rts?(tu?)?— X% = 4, Y2 —rts?(ru)? = 4, Z =rstujus, 21 Z.
1 2

From the second equation of (5.27)) there are positive integers a, b, r1, ra,
ug, u4 such that

Y +2= ar%ué, Y —-2= br%ui, ab = rts2, T =TT, U = U3ly,
hence
(5.28) arfuy — brauj =4, 21{ abrirousuy.
If a,b > 1, then both equations rts?z? — 4> = 1 and az? — by? = 1 with
ab = rts?,a,b > 1 have integer solutions, contradicting Lemma 3.1.
Ifa>1and b=1, then ry =, r9 = 1, and so
(5.29) rts?(rud)® —uj =4, g |us.

If a = 1 and b = rts?, then repeating the above process for the equation
u3 — rts?(ru?)? = 4 we eventually obtain

(5.30) rts*(rm?)? —nt =4, n|us.
Combining (5.30)) or (5.29)) and the first equation of (5.27)) we get
(5.31) (n* +4)(X24+4) =2, 2fXn.

By Theorem 1.2(1), equation ([5.31)) has no positive integer solutions. There-
fore, ([1.15)) has no positive integer solutions with 2t XY

CASE 2: 2| XY. Tt is easy to see that the equation (X2+4)(Y2—4) = Z*
has no integer solutions when 2| X and 2 1Y by taking the equation mod-
ulo 16.

Assume 2| X and 2|Y. Write X = 2X,, Y =2Y;, Z = 2Z;. Then, from
(1.15), we obtain

(5.32) (X2+1)(Y2-1) =2z}
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By Theorem LW1, the above equation has only the positive integer solutions
(X1,Y1,71) = (1,3,2), (239, 3,26).

Next we consider the case 2 { X and 2|Y. Write Y = 2Y}, Z = 2Z7;.
Then
(5.33) (X2 +4) (Y2 —1) =47}

From (/5.33)) we have
rts(tul)? — X2 =4, YP —4drts*(rud)? =1,
Z1 = rstujue, 21 X.

Similarly, from the second equation of (5.34]) and Lemma 3.1, we eventually
obtain

(5.35) rts?(rm?)? —4n* =1 or rts*(rm?)* —n' = 1.

Combining (5.35)) and the first equation of (5.34]) we get
(5.36)  (An*+1)(X?2+4)=23 or (n*+1)(X2+4) =25, 2tX.
By the proof of Theorem 1.2(11), only the first equation in (5.36) has the
positive integer solution (X,n, Z2) = (11,1, 5).

Therefore, (1.15) has only the positive integer solutions (X,Y,Z) =
(2,6,4), (478, 6,52).

(13) The equation (X2 +4)(Y? —1) = Z*. We first consider the solution
(X,Y,Z) of (1.16) with 2 + X. We retain the definitions for r,s, and ¢ as
given at the beginning of the proof of Theorem 1.2(1). Then from (|1.16) we
have
(5.37)  rts*(tud)? - X% =4, Y?-rts(rud)® =1, Z =rstujus.

If 2 f ug, then from the second equation of ([5.37)) there are positive integers
a,b, 1,719, U3, us such that

(5.34)

Y+1= ar%ué, Y-1= br%ui, ab = rts?, r = riry, ug = ugua,
hence
(5.38) arius — brauj =2, 21 abrirausug.

It follows that both equations rts?z? — y> = 1 and az? — by?> = 2,ab =
rts?,2 1 ry have integer solutions, contradicting Lemma 3.1.

If 2| ug, then from the second equation of there are positive inte-
gers a, b, r1, 79, u3, ug such that

Y+1= 2ar%u§, Y -1= 2br%uﬁ, ab = rts?, 2r = rire, us = usua,
hence

(5.39) arful — briuj = 1.
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If a,b > 1, then both equations rts2z? —y? = 1 and az? —by? = 1, ab = rts?,
a,b > 1 have integer solutions, contradicting Lemma 3.1. If a > 1 and b = 1,
then r{ = r,r9 = 1, and so

(5.40) rts?(ru3)?® — duj = 1.

If a = 1 and b = rts?, then repeating the above process for the equation

uj — rts?(ru?)? = 1 we eventually obtain

(5.41) rts®(rm?)? — 4nt = 1.
Combining (5.41)) or (5.40) and the first equation of (5.37) we get
(5.42) (An* +1)(X2+4) =2}, 2t X.

By the proof of Theorem 1.2(11), equation has only the positive inte-
ger solution (X, n, Z;) = (11,1,5). Therefore, has no positive integer
solutions with 21 X.

Next we consider the case 2 || X. Write X = 2X,, Z = 2Z; with X3
odd. From we obtain

(5.43) X241 =2rts*(tud)?, Y2 —1=2rts*(ru3)’
Similarly, from the second equation of (5.43|) and Lemma 2.1, we obtain
(5.44) 2rts?(2ruf)® = uf +1, w3, us € N.

Combining the first equation of (5.43) and equation (5.44) leads to
(ug + 1)(XF +1) = Z3,

which is impossible by Theorem LW1.

Now we consider the case 4| X. Write X = 2X,, Z = 2Z; with X; even.
We obtain

(5.45) X241 =rts?*(tu?)?,  Y?—1=rts?(2rud)2
Similarly, from the second equation of (5.45) and Lemma 3.1, we obtain
(5.46) rts?(rud)® = (2u2)* + 1, w3, uq € N.

Combining the first equation of ((5.45) and equation ([5.46)), we derive
((2uf)? + 1)(XT +1) = Z,

which is impossible by Theorem LW1. Thus the Diophantine equation
(X2 +4)(Y% — 1) = Z* has no positive integer solutions.

(14) The equation (X% — 4)(Y2 + 1) = Z*. We consider the solution
(X,Y,Z) of (1.17) with 2 { X. We retain the definitions for r,s, and ¢ as
given at the beginning of the proof of Theorem 1.2(2). Then

(5.47) X2 4 =rts*(tu?)?, Y24+ 1=rts*(rud)?,  Z = rstujus.
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From the first equation of ([5.47)) there are positive integers a, b, t1, to, us, ug
such that

X+2= at%u%, X -2= bt%ui, ab = rts?, t = tite, us = uguy,
hence
(5.48) atiug — btsug =4, 21 abrirousuy.
If a,b > 1, then both equations rts?z? —y? = 1 and az? —by? = 1, ab = rts?,
have integer solutions, contradicting Lemma 3.1.

Ifa>1and b=1, then ry =7, r9 = 1, and so
(5.49) rts?(rud)® —uj =4, ug|us.

If a = 1 and b = rts?, then repeating the above process for the equation
uj — rts®(ru?)? = 4 we finally obtain

(5.50) rts*(rm?)? —nt =4, n|us.
Combining (5.50) or (5.49)) and the second equation of (5.47) we get
(5.51) (n*+ (Y 4+1)=2¢, 2¢n.

By Theorem 1.2(11), equation has no positive integer solutions. There-
fore, has no positive integer solutions with 2 1 X.

We now consider the case 2 || X. Write X = 2X;, Z = 2Z; with X odd.
We obtain

(5.52) X2 —1=2rts?(tu})?, Y?+1=2rts*(rud)?
From the first equality of and Lemma 3.1 we get
(5.53) X1+ 1 =4rts*(2ru3)?, X1 —1 = 2uj.
Thus

(5.54) 2rts?(2rul)? = uj + 1,

which is impossible by taking the equation modulo 4.
Now we assume that 4| X. Write X = 2X,, Z = 2Z; with X; even. We
obtain

(5.55) X2 -1 =rts*(tu?)?, Y?+1=rts?(2rud)?;
however, the second equation of ([5.55)) is impossible by taking it modulo 4.

Thus the Diophantine equation (X?—4)(Y24-1) = Z* has no positive integer
solutions.

(15) The equation (X? —4)(Y? — 1) = Z*. We first consider the case
2+ X. An argument similar to the one employed in the solution of
shows that there exist positive integers k and [ such that 3|1 and X = Ty,
and Y =1T; and
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(5.56) U, =tu?, U =2ru’
for some positive integers u; and us.
We may assume that d = ged(k,l), k = dky, | = 2%l1d, 2 1 kily, uw > 0.
Then Uy = ged(Uy, U;) = ¢ with ¢|rt since ged(r,t) = 1. Since
U

U, —
: Ul,a

U, ged(Ui/Uuya,mUsa) =1,
we have
U a = 2r0.
Since every prime divisor of ged(Uy, q/Uq, rtUy) divides 11, we obtain
Ua/Ug =m0, m]|l;.
Applying Lemma 3.4 to

we have [; = 3. Similarly, k1 € {1,5}. We first consider the case k1 = 1.
Then

Ud = tD, Ugd = 2r[l.

Since every prime divisor of ged(T34/Ty, rt) divides 3, and rt|T54/Ty (as
ged(r,t) = 1), we have rt = 3, which is impossible since 7% —3s?U?2 = 4 and
2t Ty. Hence

]{71 = 5, ng = 27‘|:|, T5d =t

Since every prime divisor of ged(T54/Ty, rt) divides 3, we have r | 3; similarly,
t]5.

Since sz — rtsQUg =4,21Ty, we have rt #1,3,15,sor =1 and ¢t = 5.
Now from Uy = ged(Usg, Usq) = O, Usq = 500, r = 1, t = 5, we derive that
554U§+582U3 +1 =0, and so sTy = 0 by Lemma 3.15, which is impossible.
Therefore has no positive integer solutions with 2 1 X.

Now we consider the case 2| X. Write X = 2X;, Z = 2Z;. Then (|L.18])
becomes

(5.57) (X2 -1)(Y?-1) =473

We first consider the case 2| X1Y. We may assume that 2|Y and 2  X;.
From (5.57)), there are positive integers u, us such that

(5.58) Y2 -1 =rts*(rup)?, X7 —1=4rts*(tul)?, 21 rtsus.

From the first equation of (5.58]), there exist odd integers m,n,ry, 72, us, ug
such that

(5.59) m(T1u§)2 — n(r2ui)2 =2, mn=rts®, rire =T, usus = us.
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From the second equation of (5.58) and Lemma 3.1, there exist positive
integers t1, to, us, ug such that

(5.60) X +1=2t2u}, X —1=2t2rts’ud, 2|ug, tita =t.
It follows that ¢t; = 1 and
(5.61) us — rts?tPug =1, 2| ug.
From , and Lemma 3.1, we derive
uf 41 =2u?,

which implies that us = 239 and
2392 —1=3.5-7-17-2° = 8rts’ug,
which is impossible.
Finally we consider the case 2 { X1Y. From (5.57)), there are positive
integers w1, us such that
(5.62) Y2 -1 =2rts?(rus)?, X7 —1=2rts*(tu?)?, 21t rtsus.

From the first equation of (5.62)), there exist positive integers m > 1, n, rq,
ro, U3z, U4 such that
(5.63) m(riu3)? — n(roui)® =1, mn = 2rts® or mn = rts*/2,
’ riro =r, uzuUgs = U9.
From the second equation of (5.62)), (5.63) and Lemma 3.1, there exist pos-
itive integers t1, t2, us, ug such that
(5.64) mttus — ntaug =1, tity =t.
Since m > 1, it follows from Lemma 3.13, (5.63|) and (5.64) that rt; = 1,

and so rt |n and m = 2s2. Therefore we have the equation
(5.65) 252us —rtsi(rus)? =1,  2stul — rts3(tud)? =1,
' $189 = s Or 8189 = §/2.

We denote by (71, Up) the minimal positive integer solution of the Pell equa-
tion

(5.66) 25272 — rts3U% = 1

and let € = Ty+/2s] 4+ Uy+/rts3. For a positive integer k > 1, let (T, Uy) be
positive integers given by

T 28% + Uk\/rtsg =k

Assume rt > 1. By Lemma 3.12, we assume that T1/2s? + Uy\/rts3 =

uf/2s7 + ruiy/rts3 and Ty\/2s7 4+ Upy/rts3 = u/2s7 + tud/rts3. Then

Uy = tud = Uy -tud/(ru3). It follows that rt | k, say k = rtl for some positive
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integer [. Observe that k = p = 3 (mod 4) and rt > 1; by Lemma 3.12 again,
we obtain [ = 1 and the equation
252 —psaUt =1, p=3 (mod 4),

which is impossible by taking it modulo 8.
Now we assume that ¢ = 1. Then, by Lemma 3.9, the equation X2 —
252U* = 1 has at most one positive integer solution (X,U), so X; = Y,

up = ug by (5.58)). Obviously, (5.58|) has infinite many trivial solutions
(X1,Y,S,u1,u2) = (Y,Y,S,1,1), where Y2 — 252 = 1.

Therefore the Diophantine equation (X2 —4)(Y?2 —1) = Z* has only the
trivial solutions (X,Y, Z) = (2Y,Y, 295), where Y2 — 252 = 1.

(16) The equation (X% —2)(Y? +4) = Z*. We divide the proof into two
cases.

CASE 1: 21 XY. We consider the more general equation

(X2 —2)(Y2+4)=2% 2¢XY.

From the above equation we have
(5.67) X?42=du}, dui-Y?>=4, Z=dujus.

It follows from the second equation of (5.67) that the equation dz? — y?

= 1 has a solution, which is impossible by Lemma 3.1 since both equations

22 — dy? = 2 and da? — y? = 1 would then have solutions.

CASE 2: 2| XY. Tt is easy to see that the equation (X2 — 2)(Y? + 4)
= Z* has no integer solutions when 2| X and 2 1Y by taking the equation
modulo 4. We consider two subcases.

SUBCASE 1: 2| X and 2|Y. Write X = 2X,,Y = 2V}, Z = 2Z;. We
obtain

(5.68) (2X? - 1) (Y24 1) =27}

We retain the definitions for r, s and ¢ as given at the beginning of the proof
of Theorem 1.1, but define them to be square-free numbers built up from
prime divisors of 2X? — 1 instead of AX? + 1. We obtain

(5.69) 2X7 — rts?(tu?)? =1,
(5.70) 2rts?(rud)? — Y72 =1,

for some positive integers uq, and uo with Z7 = rtsujus. It follows from
Lemma 3.1 that rts?2 = 1. Therefore

(5.71) 2X7 —uj =1,
(5.72) YE - 2uy = —1.

It follows from (5.71)), (5.72) and Lemma 3.7, and a theorem of Ljunggren,
that X7 =1, u; = 1, (Y1,u2) = (1,1), (239, 13).
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SUBCASE 2: 21 X and 2|Y. Write Y = 2Y;, Z = 2Z;. We obtain
(5.73) (X2 —2)(Y? +1) =47}

We retain the definitions for r, s and ¢ as given at the beginning of the
proof of Theorem 1.2(3). We have

(5.74) X% —rts?(tud)? = 2,
(5.75) rts?(2ru3)? — Y3 = 1,

for some positive integers u; and usy. It follows from Lemma 3.1 that rts? = 1.
Therefore

(5.76) X% —uj =2,

which is impossible. Thus the only positive integer solutions of the Diophan-
tine equation (X2 —2)(Y2+4) = Z* are (X,Y, Z) = (2,2,2) and (2,478, 26).

(17) The equation (X2 —4)(Y2—1) = 4Z*. The proof is almost the same
as for (X2 —4)(Y2—1) = Z%, 21 X; we leave the details to the reader.

This completes the proof of Theorem 1.2. =
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