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1. Introduction. Recent years have seen the development of a general
theory of the Galois module structure of units in a number field (among
many others see Chinburg [3], Frohlich [7], Burns [2], Weiss [17] and the
references there).

We consider here the case when the number field is a totally real Galois
extension N of Q with Galois group the Klein four group. As a Galois
module, the group V' of units of N modulo {£1} can be of four different
types. T. Kubota [9] gave examples to show that each type occurs infinitely
often but his examples involve fields N with at most four ramified primes
only. In Section 5 we show that among the fields N with exactly r > 3
ramified primes each of the four types occurs infinitely often. In particular,
there are infinitely many real biquadratic fields with Minkowski unit and
arbitrary many > 1 ramified primes. We believe this is the first example of
Minkowski units in noncyclic, totally real extensions with a large number of
ramified primes.

We investigate the arithmetic conditions which characterize each type.
When there are no ideal classes of order four in the class groups of the
quadratic subfields of IV, rational congruence conditions characterize the
module type. Otherwise the problem is much more subtle and involves non-
abelian extensions of the rationals and central class fields. Theorem 7 de-
scribes a family of examples where the field IV has a Minkowski unit exactly
when the central class field of IV is different from its genus field.

We consider in particular the case N = Q(,/p, /q) with p and ¢ primes.
This leads to questions about the 2-part of class groups and the governing
fields of Cohn and Lagarias. In Theorem 5 we give an explicit description
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of the minimal governing field for the divisibility by 8 of the class number
of Q(/pq), where the prime ¢ = 3 (mod4) is fixed and p = 1 (mod4) is
a variable prime. This complements and sharpens some results previously
obtained by Stevenhagen [16] and Morton [12].

2. Units in real biquadratic fields. In this section we recall results
due to S. Kuroda [10] and T. Kubota [9] about units in real biquadratic
fields and we derive from these results a classification of the (possible) Galois
module structure of units modulo torsion.

Let N be a real biquadratic extension of Q. We consider N as a subfield
of R, so it is ordered. The Galois group of N/Q is the Klein 4-group I" =
{1,01,092,03}. Thus N has three real quadratic subfields K;, Ks, K3, which
are the fixed fields of o1, 09, 03 respectively. Write K; = Q(+/4;), where 4A;
is a square-free positive integer. Let Uy = U be the group of units of N and
let U; be the group of units of K;. Let ¢; be the fundamental unit of K; (in
what follows, by the fundamental unit of a real quadratic subfield of R we
mean the one which is larger than 1; in turn ¢ fundamental unit is any unit
which generates the group of units modulo torsion).

By Dirichlet’s unit theorem, the group Viy = V = U/{%1} is a free
abelian group of rank 3. In what follows, we use the same notation for units
and their images in V. By Kubota [9], we have the following possibilities for
a system of fundamental units of U (i.e. Z-basis of V):

Type It (i) e1,¢€2,¢€3, (i) &, 5, en, (iii) /&0, \/Ef, ks

Type I1: (i) \/Ei€j, €5, €k, (1) /EiEjs €45 \/Eks

Type III: \/{51{52, \/{52{53, \/{5361;

Type IV: (i) \/€1€2€3,¢€2,€3 with €, of norm 1 for I = 1,2, 3,
(ii) \/E1€2€3,¢€2, €3 with g/ of norm —1 for [ =1,2,3;

here {i,j,k} = {1,2,3} and in all cases except IV(ii) any &; that appears
under a square root has norm 1.

In order to describe a way to determine the actual case for a given field
N define g; by

é\i:

{5@ if the norm of ¢; is 1,

8? otherwise.

Suppose first that the norm of €; is 1 for at least one i. Then every unit in U is
of the form /7" €5"2€5" for some integers mq, ma, mg. In order to describe
precisely which triples (mq,ma, mg) can occur (and this is equivalent to the
identification of the appropriate case) we need to introduce further notation.

For a real quadratic field M = Q(v/A) (with square-free integer A)
and a norm 1 unit n of M, there is an integer a of M, unique up to sign,
such that a is not divisible by any rational prime and n = a/@, where @ is
the conjugate of a (the existence of a follows from Hilbert’s Theorem 90).
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Define 6(n) = aa. It is easy to see that d(n) is a square-free divisor of the
discriminant of M. In fact, since the ideal (a) generated by a is ambiguous, it
is a product of distinct ramified prime ideals and a principal ideal generated
by a rational integer. Since no rational prime divides a, we see that (a) is a
product of distinct ramified prime ideals, i.e. that aa is a square-free divisor
of the discriminant of M. We may write n = u 4+ wv/A for some rational
numbers u, w. Then §(n) is simply the square-free part of the integer 2u + 2
provided n # —1. In fact, since §(n) is square-free, this follows from the

equalities
—\2 —\ 2
2u+2 = M :(5(77)<a+_a> )
aa aa

Returning to our biquadratic field N such that at least one of the g; has
norm 1, let §; = 0(&;). Then by Kubota [9, Hilfssatz 11], /€] €525 € U
iff 67"105"205" is a square in N. Since 67''d5"205" is an integer, the last
condition is equivalent to 67"'d5205"® being a square in K; for some 3.

In the case when all ¢; have norm —1, we have only two possibilities,
namely I(i) or IV(ii). Write g; = u; + w;y/4;. Consider the four rational
numbers

uiuouz + wiwowszy/ A1 AgAs + uq + ug £ us

where the number of minus signs is odd. According to Kubota, case IV (ii)
occurs iff all four numbers are squares in V.

We now discuss the structure of V as a ZI'-module. Note that V" = {1},
so in particular the trace element ) = 1401 +09+03 annihilates V. In other
words, V' is an A = ZI'/(X)-module. In the remainder of the paragraph we
use additive notation. For each ¢ = 1,2, 3 define a ZI-module A; to be a free
Z module of rank 1 with a generator a; such that o;a; = a; and oja; = —a;
for j # 4. In other words, A; is isomorphic to ZI'/(1 — 0,1 + 04,1 + oy,).
The ZI'-modules B;, i = 1,2,3, are defined as free Z-modules of rank 2
with a basis b;, ¢; such that o;0; = —b;, 0jb; = ¢;, opb; = —c;, where
{i,j,k} = {1,2,3}. Tt is easy to see that B; is isomorphic to ZI'/(X,1+ o;).
Finally, let J be the augmentation ideal of ZI'. Note that all these modules
are in fact A-modules.

We have the following

THEOREM 1. The ZI'-module V is isomorphic to

(1) Ay ® As @ As if 'V is of type T,

(2) Ax @ By if V is of type 1I;

(3) J if V is of type I1I;

(4) A if V is of type IV.

REMARKS. (1) It is easy to see that the ZI-modules A; & Ay & As,
A;®B;,i=1,2,3, J and A are pairwise nonisomorphic. It follows from the
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results of Nazarova [14] that in fact these 6 isomorphism types exhaust all
possibilities for an A-module which is free of rank 3 over Z (see also [5]).

(2) For any pair i,j there is an automorphism f of I' such that the
modules A; ® B; and ZI" ®g (A; ® B;) are isomorphic, where R = ZI" and
ZI' is considered as an R-algebra via f. This means that from the arithmetic
point of view these modules are indistinguishable, which justifies the fact
that all of them constitute the same type.

(3) Recall that a Minkowski unit of a finite Galois extension L of Q is
a unit v which generates the group V of units of L modulo torsion as a
module over the group ring ZI", where I" is the Galois group of L/Q. It is
known that if L is totally real then it has Minkowski unit iff V' is isomorphic
to ZI'/(X) as ZI'-module ([13]). In particular, a real biquadratic field has a
Minkowski unit iff it is of type IV and then ,/e1e2€3 is a Minkowski unit.

Proof of Theorem 1. For type I define a homomorphism f : A1 & As &
Az — V as follows:

e f(a;) =¢; for all 7 in case (i);

o flai) = V& f(aj) =¢j, flar) = e in case (ii);

o flai) = &, flaj) = /&5, flar) = & in case (iii).
It is clear that f is well defined as a homomorphism of Z-modules and
it is surjective, hence it is an isomorphism (since both modules have the
same rank). It is straightforward to check that f is I'-equivariant so it is an
isomorphism of ZI'-modules.

For type 11, define a homomorphism f : Ay & By — V as follows:

o f(br) = VEigj, [(ck) = \/Eigj/ej, flar) = ex in case (i);

o f(bk) = \/Eigj, [(ck) = \/Eigj/€j, flak) = \/Ex in case (ii).

Again, f is well defined and surjective as a homomorphism of Z-modules and
therefore it is an isomorphism. A straightforward verification shows that f
is I'-equivariant.

For type III, define f : J — V by f(1 —0;) = \/gje for i = 1,2,3.
As above, this is a surjective homomorphism of free Z-modules of the same
rank, hence an isomorphism. It is I'-equivariant by trivial verification.

For type IV define an A-module homomorphism f : A — V by f(1) =

VE1€2¢3. Since 0;(\/2162€3) = €;/+/E1€2€3, We see that f is onto. Since both

A and V are free Z-modules of rank 3, f is an isomorphism. =

3. Biquadratic fields with at most three ramified primes. In this
section we focus on the biquadratic extensions N of the form Q(,/p1, /p2),
where p1, po are distinct primes. The quadratic subfields of N are K; =
Q(y/pi), i = 1,2, and K3 = Q(y/p1p2). The cases when neither of the primes
is = 3 (mod4) or both of them are = 3 (mod4) are rather simple and
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they are due to Kubota [9]; we collect the results for completeness. Let
on = (n1,ng,n3), where n; is the norm of a fundamental unit ¢; of K;.
Recall that Vi is the group of units of N modulo torsion.

THEOREM 2 (Kubota [9]). (i) Suppose that N = Q(\/p1,/p2), where
p1 = 1 (mod4), po # 3 (mod4) are primes. Then Vy is of type 1 if
oy = (—=1,=1,41) and of type IV if on = (—1,—1,—1). In the former
case, €1,€2,/€3 18 a basis of V.

(ii) Suppose that N = Q(V'2, \/p1), where p1 = 3 (mod4) is a prime (so
p2 = 2). Then Vi is of type I and has a basis \/1,¢€2,/€3.

(iii) Suppose that N = Q(/p1,+/P2), where p1 = 3 (mod4) and p; = 3
(mod4). Then Vi is of type 11 and has a basis /€122, \/€3,€1.

Proof. By the Brauer class number formula [8, p. 318] we have
hN = 6h1h2h3/4

where e = [U : U1UaUs] € {1,2,4} (recall that U, U; are the groups of units
of N, K respectively) and h; (resp. hy) is the class number of K; (resp. V).

In case (i), the class number h3 is even and hihgy is odd. Since N is an
unramified extension of K3, the Hilbert class field of K3 is contained in the
Hilbert class field of N. Thus h3/2 divides hy. In particular, e # 1. Since
Nei1 = —1 = Neo, we see that Viy is of type IV if Neg = —1 and it is of
type I with basis €1,¢e2, /€3 when Nez = 1 (see the description of possible
systems of fundamental units in Section 2).

In cases (ii) and (iii), the product hihohs is odd, so e = 4. Since oy =
(1,—1,1) in case (ii), we see that in this case Vi is of type I with basis

Finally, case (iii) follows from our discussion in Section 2 and the obser-
vation that modulo squares in N we have d; =2 2 =9 J and d3 = p; (see [9]
for full details and Section 5 for more on the deltas). m

REMARK. Theorem 2 reduces the question of the type of Vi in the
above situation to the determination of the norm of a fundamental unit of
Q(y/p1pz2), where p1 = 1 (mod4) and py # 3 (mod4) are primes. This is
a classical problem for which no satisfactory solution has been found. It is
known however that if either p;y = 5 (mod8) and po = 2 or p; = pa = 1
(mod4) and (p1/p2) = —1 then the norm of a fundamental unit is —1 (see
[4, p. 147]).

Now we discuss the most interesting case when p; = p = 1 (mod4)
and po = ¢ = 3 (mod4). As in the proof of Theorem 2, we see that the
index [U : UyUsUs] > 1. Moreover, oy = (—1,1,1) in this case. We claim
that /2 ¢ N. Otherwise, we would have N = K»(,/22), so only the prime
divisors of 2 may ramify in N/ K5, which is evidently false since the primes of
N over p ramify in N/Ks. These observations combined with the description
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of fundamental systems of units in Section 2 imply that either €1, 2, /€3 or
€1,€2,+/€2¢€3 is a fundamental system of units of U. In the former case, Vy
is of type I and in the latter case it is of type II.

Our next goal is to understand the arithmetic conditions which govern
the type of Viy. We prove the following result.

THEOREM 3. Let N = Q(\/p,/q), where p = 1 (mod4) and ¢ = 3
(mod4) are primes. Then Vi is of type L iff the prime ideal of Q(\/pq) over
p is principal. If this is the case then e1,e2,./€3 is a system of fundamental
units of U. Otherwise, Vi is of type 11 and e1,¢e2,\/e2e3 is a system of
fundamental units. In particular:

(1) if (p/q) =1 and p =5 (mod 8) then Vy is of type I,
(2) if (p/q) = —1 then Vi is of type IL.

REMARK. Kubota [9, pp. 73-74] has obtained a similar result to (1), (2)
using the §-function.

Proof of Theorem 3. The only thing left in order to prove the first part
of the theorem is that \/e3 € N iff the prime ideal p of K3 = Q(,/pq) over
p is principal.

Note that p is principal iff the equation 22 — pqy? = +£p is solvable in
integers x, y, i.e. iff pz2 — qy? = +1 is solvable in integers z, y. Thus if p is
principal and z,y are integers satisfying pz? — qy? = £1 (in fact, —1 is not
possible here) then n = z,/p — y,/q is a unit in N which is not in K3 but
whose square is in K3. It follows that 72 is an odd power of €3, i.e. Vez € N.

Conversely, suppose that \/e3 € N. We may write \/e3 = s + t,/p for
some s,t € K3. Taking squares, we see that st =0, so s = 0 and /g3 = {,/p.
Thus the algebraic integer ,/pes belongs to K3 and has norm 4p hence
generates p.

To prove the last part of the result recall that if either (p/q) = —1 or
p = 5 (mod 8) then the 2-part of the class group of K3 is cyclic of order 2
([4, p. 145]). It follows that N is the Hilbert 2-class field of K3 = Q(,/pq)-
If (p/q) = —1 then (¢/p) = —1 and the equation pz? — gy?> = %1 has no
solutions in integers. Thus p is not principal and we get (2). If (p/q) = 1
then p is not inert in N, so p splits completely in N. If furthermore p = 5
(mod 8) then N is the Hilbert 2-class field of K3, so p is principal by class
field theory. This proves (1). m

The case when (p/q) = 1 and p = 1 (mod8) is much harder essentially
because the class group of K3 contains elements of order 4 (see Section 5)
and so Kubota’s technique to find d3 by genus characters cannot be applied.
In Section 4, we solve the problem (Theorem 5) under the assumption that
the class number of K3 is not divisible by 8. It turns out that our problem
is closely related to governing fields as defined by Cohn and Lagarias.
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The following result is useful for numerical computations:

LEMMA 1. Let p = 1 (mod4) and ¢ = 3 (mod4) be primes. Denote
by p and u + w\/pq the prime over p and the fundamental unit of Q(\/pq)
respectively. Then p is principal iff u is odd. Furthermore, if p =1 (mod 8)
and p is principal then the quartic residue symbol (q/p)s = 1.

Proof. We use the notation introduced above, so Q(\/pq) = K3, €3 =
u + w,/pq, etc. Recall that 03 |2pq is the square-free part of 2(u 4 1) and
that \/e3 € N iff 03 is a square in N. In our situation the last condition
is equivalent to d3 being odd. Thus by Theorem 3, p is principal iff d3 is
odd. If u is even then the square-free part of 2(u + 1) is even, so d3 is even.
Suppose now that u is odd. From u? — pqw? = 1 we conclude that w = 2w
is even and v(v — 1) = pqw?, where v = (u + 1)/2. It is then clear that the
square-free part of 2(u + 1) = 4v is odd.

Recall now that p is principal iff pz? —qy? = 1 is solvable in integers (the
left hand side is = 0,1 (mod 4) so it cannot be —1). In particular, —1 = qy?
(modp). Since —1 is a 4th power modulo p when p = 1 (mod8), we have
(q/p)s = 1iff (y/p) = 1. Write y = 2'2 with 2 odd. Then (y/p) = (z/p) =
(p/2) = (pr*/z) = (L +qy?/2) = (1/2) = 1. =

REMARK. We will have a more conceptual explanation of the equality
(¢/p)a = 1 in the next section.

REMARK. With a little more effort one can see that p is principal iff
03 = p. If p is not principal then either the prime q above 2 is principal and

(B e =@ =L
2pq if (2/p) = —=(2/q) = 1,
or pq is principal and

5 — {219 if (p/q) = (2/q),
2q if (p/q) = —(2/q).

4. Governing fields. In this section we investigate the divisibility by
8 of the class number h(4pq) of the quadratic number field K = Q(,/pq),
where p = 1 (mod4), ¢ = 3 (mod4) are primes. As a corollary we get an
arithmetic criterion for the prime of K over p to be principal if h(4pq) is
not divisible by 8.

As we remarked before, if p =5 (mod38) or if (p/q) = —1 then the 2-part
of the class group of K is cyclic of order 2. Thus we will assume from now on
that p =1 (mod8) and (p/q) = 1. The 2-part Cly of the class group of K is
cyclic of order at least 4. Moreover, the fundamental unit of K has norm 1
and the 2-part of the narrow class group of K equals Z/27Z x Cl,. From the
results of Stevenhagen [16] we know that there is a normal extension of Q,
called a governing field, such that the Artin class of a prime p in this field
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determines whether 8 divides h(4pq) or not. The description of this field
given by Stevenhagen is not sufficient for our purposes, since it is not clear
which Artin classes correspond to divisibility by 8 and which do not. Below
we describe the minimal governing field for the divisibility by 8 of the class
number h(4pq).

For each m let Hom be the unramified extension of K corresponding to
Cly/2™Cls. The field Hs equals K(,/p) = Q(\/p, 1/q)- The following explicit
description of the field Hy is a key step in determining the governing field.

THEOREM 4. Let p =1 (mod8) and ¢ = 3 (mod4) be primes such that
(p/q) = 1. The unique unramified cyclic degree 4 extension Hy of K =

Q(\/pq) equals Ha(\/z) = Q(\/P,\/q,\/2), where z is any totally positive
integer in F' = Q(,/p) whose norm is an odd power of q.

Proof. 1t is a classical result that the Galois group I of H4/Q is dihedral.
We provide a short argument for the convenience of the reader. Note that I’
cannot be abelian. Being a nonabelian group of order 8, I" is either dihedral
or quaternion. Let I} be the subgroup of I' which fixes K. Since Hy/K
is unramified, the inertia group of any ramified prime of H,/Q has trivial
intersection with I';. But in the quaternion group all nontrivial subgroups
contain the center, so I' cannot be quaternion.

It follows that the extension Hy/F is biquadratic. Thus there is a totally
positive algebraic integer z in F' such that Hy = F(,/q,+/2). Let w be any
such integer with minimal possible number of different prime divisors. We
will show that the ideal (w) is a power of a prime ideal over q.

Genus theory tells us that the class number of F' is odd. We claim that
each prime divisor of w occurs in the prime factorization of (w) with an odd
exponent. In fact, suppose (w) = p?*a with p prime and a prime to p. Some
odd power p! = (s) is principal. Thus w’ = w'/s?* is a totally positive integer
with smaller number of prime divisors than w and clearly Hy = F'(/q, V'),
which contradicts our choice of w.

On the other hand, since F'(y/w)/F is unramified at primes not dividing
2q, all prime divisors of w prime to 2q occur in the prime factorization of the
ideal (w) with even exponents, so w does not have any such prime divisors.
In other words, the norm of w has no prime divisors different from 2 and q.

Since (¢/p) =1 = (2/p), the primes 2 and ¢ split in F'. Let q1, g2 be the
primes of F over ¢ and p1,p2 be the primes over 2. Thus (w) = p¢p4qiqd
and we may assume that a > b and ¢ > d. Now (q192)? = (¢)% so if d > 0
then w’ = w/q? is a totally positive integer with fewer prime divisors than w
such that Hy = F(,/q, Vw'), which contradicts our choice of w. Thus d = 0.

Let w be the conjugate of w. Since I" has unique normal subgroup of order
2 and it fixes the normal subfield Hy, the extension F'(y/w)/Q is not normal.
Consequently, F((y/w) # F(v/w). Thus the quadratic subextensions of Hy/F
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are Hy, F(/w) and F(v/W). Note that both p; and p ramify in Hy. Let 3
be a prime of Hy over p;. The inertia group I(*B) of B has order 2, since
H,/K is unramified. Thus the fixed field of I (%) is a quadratic subextension
of Hy/F in which p; is unramified. Consequently, p; is unramified in one
of the fields F(y/w), F(vw). Equivalently, one of the primes p1, po does
not ramify in F(y/w), so one of the integers a, b is even and therefore 0.
Thus b = 0, since a > b. Note now that Q(v/ww) = Q(4/2%¢°) is a quadratic
subfield of Hy so a is even and consequently a = 0. Thus (w) =qf. If c=0
then w would be a unit, which is not possible since the fundamental unit of
F has norm —1. Thus c is odd and therefore the norm of w is an odd power
of q.

Let now z be any totally positive integer in F' whose norm is an odd
power of g. Thus (2) = q7"qy and m + n is odd. It follows that z¢/¢"¢w™ "
is a totally positive unit of F', hence a square in F. Since both ¢ and m —n
are odd, either z/w or z/qw is a square in F. In particular, Hy = Hs(y/w) =
Hy(\/z) since /q is in Hy. =

COROLLARY 1. The prime ideal of K over p splits completely in Hy iff
(¢/p)a = 1.

Proof. By Theorem 4, there is a totally positive integer z in F' such that
Hy = Hy(y/z) and the norm of z is an odd power of ¢. Note that since ¢ is
odd and p = 1 (mod8), we can write z = a + b,/p for some rational integers
a, b. Thus a? — pb® = ¢' for some odd integer ¢.

A prime p over p in K splits completely in Hy iff the residue fields of
the prime ideals over p in Hy are the prime fields of characteristic p, which
is equivalent to z being a square modulo p, i.e. a being a square modulo p.
But a? = ¢! (mod p), so a is a square modulo p iff ¢ is a 4th power modulo
p,ie (g/p)a=1.n

COROLLARY 2. If h(4pq) is not divisible by 8 and (q/p)a = 1 then the
prime ideal of K over p is principal and Vi is of type I for N = Q(\/p, /Q)-

Proof. 1f h(4pq) is not divisible by 8 then Hy is the Hilbert 2-class field
of K. By the previous corollary and the assumption that (¢/p)4 = 1, we see
that the prime ideal p over p in K splits completely in the Hilbert 2-class
field of K and hence in the Hilbert class field of K, since p? is principal.
Thus the ideal p is principal by class field theory. =

COROLLARY 3 (Brown [1]). If either 8| h(4pq) or the prime in K over
p is principal then (q/p)s = 1.

Proof. Let p be the prime ideal of K above p and let Hor be the Hilbert
2-class field of K. Since p? is principal, p splits completely in Hyr—1 and it
splits completely in Hy iff p is principal. Since we assumed that either £ > 3
or p is principal, p splits completely in Hy, so (¢/p)s = 1 by Corollary 1. =
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REMARK. The last corollary was obtained in [1] using the theory of
binary quadratic forms.

We record the following curious corollary, which belongs to a family of
results called reflection theorems. We do not know of any direct proof of this
result.

COROLLARY 4. If 8| h(4pq) then 8| h(—pq).

Proof. Tt is a direct consequence of Corollary 3 and a result of Rédei [15]
which says that 8| h(—pq) iff (—¢/p)a=1. =

Now we can state and prove the main result of this section. First we
define a number field

M = Q(%? C87\/a)7

where (g is a primitive 8th root of 1 and « is a generator of the prime ideal
g of Q(/q) over 2. Note that g is indeed principal, since g*> = (2) and the
class number of Q(,/q) is odd by genus theory. The field M as defined above
seems to depend on the choice of a generator v but it is in fact independent
of such a choice. In fact, we have the following

LEMMA 2. The field My = Q((s,\/a) is a normal extension of Q of
degree 16 which does not depend on the choice of a.. Consequently, M/Q is
a normal extension of degree 32 independent of the choice of a.

Proof. Let (3 be the conjugate of . Thus o = +2 and a/f is a unit.
Since both v/2 and /=2 belong to Q((g), we see that My = Q((g, /&) =

Q(¢s, v/B). Since Q((s, 1/q)/Q is normal of degree 8, it follows that My /Q is
normal of degree 16 and M = M>(/q) is normal over Q of degree 32.

Note that (a/B8)8% = £2, so +a/3 are not squares in Q(,/g). Thus
a/B = £2/3%is an odd power of a fundamental unit of Q(,/g). It follows that
2/3% = n**1 for a fundamental unit 7 and some integer &, i.e. n = 2/n?*32.
Now if o/ is another generator of g then o/ = +n™a = +£2™ma/(n*B)?".

Since /E£2 € My, we see that Vo' € My so My = Q(¢s, \/&) "

Our main result says that M is the minimal governing field for the di-
visibility by 8 of the class number h(4pq). Here we think of ¢ as fixed and
p =1 (mod4) as varying.

THEOREM 5. The class number h(4pq) is divisible by 8 iff p splits com-
pletely in M.

Proof. Note that for p = 1 (mod4) the condition that p = 1 (mod8)
is equivalent to the fact that p splits completely in Q((s). Since 41 h(4pq)
if p =5 (mod8), the theorem is true for primes p = 5 (mod8). So we can
restrict our attention to primes p = 1 (mod 8). Suppose first that 8 | h(4pq).
Then (q/p)s = 1 by Corollary 3, so p splits completely in Q(/q,(g). The
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field Hy is a biquadratic extension of Q(/q) ramified only at the primes
over p. Since the class number of Q(,/q) is odd, class field theory tells us
that the Galois group of the maximal 2-elementary abelian extension of
Q(/q) ramified only at primes over p equals W/ W2Im(E), where W =
(0/p1)* x (Ofp2)* = Z/(p— 1) X Z/(p—1), p1, p2 are the primes of Q(,/q)
over p, and Im(FE) is the image of the units of O in W (here O is the ring of
integers of Q(,/q)). Note that W/W? has order 4, so Im(E) is contained in
W2, Let p be the prime ideal of K over 2. Since p? is principal and 8 | h(4pq),
the ideal p splits completely in Hy. Thus there are four primes in H4 over
2 and therefore the prime g = (a) of Q(,/g) over 2 splits completely in Hy.
Thus g has trivial Artin symbol in W/W?2, so « is in W? (that is, « is a
square mod pO). This implies that p splits completely in M by Kummer’s
criterion [8, Theorem 23].

Conversely, suppose that p splits completely in M. Then it splits com-
pletely in Q(/q,Cg), so (¢/p)4 = 1. Moreover, « is in W2 and therefore g
splits completely in H4. Thus the prime p over 2 splits completely in Hy.
Suppose h(4pq) is not divisible by 8. Then the ideal of K over p is principal
by Corollary 2 and therefore p is not principal (some ambiguous prime ideal
is not principal by genus theory). But then p cannot split completely in the
Hilbert 2-class field of K, which is Hy4, a contradiction. Thus 8 | h(4pq). =

Let My = Q(/q,(g) and recall that My = Q(,/q, (g, /o). Both My, Mo
are normal over Q and [M : M;] = 2. Let ; be the nontrivial automorphism

of M which fixes M;.

COROLLARY 5. The Artin symbol of a prime of M above p equals 11 iff
the class number h(4pq) is not divisible by 8 and the prime of K above p is
principal.

Proof. The Artin symbol of a prime above p equals 71 iff p does not
split completely in M but it splits completely in M;. This is equivalent to
(¢/p)a = 1 and 81h(4pq). By Corollaries 2 and 3 the last conditions are
equivalent to 81h(4pq) and the prime of K over p being principal. =

COROLLARY 6. The Artin symbol of a prime of M above p equals 1o iff
the class number h(4pq) is not divisible by 8 and the prime of K above 2 is
principal.

Proof. The Artin symbol of a prime above p equals 75 iff p does not split
completely in M but it splits completely in Ms. By the first paragraph of
the proof of Theorem 5, this is equivalent to 8fh(4pqg) and the complete
splitting of the prime g of Q(,/g) above 2 in Hy. In the course of the proof
of Theorem 5 we saw that g splits completely in Hy iff the prime p of K
over 2 splits completely in Hy. Since the condition 81 h(4pq) is equivalent to
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H, being the Hilbert 2-class field of K and the prime p splits completely in
the Hilbert 2-class field iff it is principal, the result follows. =

5. Minkowski units and many ramified primes. In this section
we show that there exist biquadratic real fields with Minkowski units and
arbitrarily many ramified primes. T. Kubota showed that there are infinitely
many real biquadratic fields with a Minkowski unit, but in his examples the
number of ramified primes does not exceed 4. We show more generally that
each of the possible four types for Vy can be realized for infinitely many
real biquadratic fields N with exactly r ramified primes for each r > 2.

Let N be a biquadratic number field as in Section 2. Recall that if at
least one of the quadratic subfields of N has fundamental unit of norm 1
then the unit group U of N consists of elements of the form +./]" 525",
where my, mg, ms are such that 6795205 is a square in N. Thus we need
to get a better understanding of the quantities &;.

Let M = Q(vVA) (A square-free) be a real quadratic number field of
discriminant d and let € be the fundamental unit of M. Recall that we
defined € to be ¢ if the norm of € is 1 and €2 otherwise. Also, dy; = 6 is
defined as §(€). A nice description of § can be obtained from genus theory.
We already know that ¢ is a positive square-free integer which is a product of
some of the prime numbers which ramify in M. Note that from the equality
€ = a/a it follows that the ideal (a) is a principal ambiguous ideal generated
by a totally positive element |a|. Thus the product of the prime ideals which
divide ¢ is trivial in the narrow class group of M. Genus theory tells us
that the ramified primes of M generate the subgroup of ambiguous ideal
classes (in the narrow sense) and that there is exactly one relation among
the classes of ramified primes. It follows that this relation involves exactly
the ramified primes which divide 6 = aa. In particular, if the fundamental
unit of M has norm —1, then § = A (since €A is totally positive and the
product of all the ramified primes of M equals (¢A)).

If the fundamental unit has norm 1 the determination of the prime divi-
sors of § is a much more subtle problem. However, if the narrow class group
of M does not have any elements of order 4 then the problem simplifies
significantly, since the natural map from the group of ambiguous classes to
the genus class group is an isomorphism and the triviality of an ideal class in
the genus class group is detected by the genus characters (see [11, Sections
2.2 and 2.3]). As observed by Rédei, the 4-rank of the narrow class group is
determined by the genus characters as well. A convenient way of organizing
the information coming from genus characters is in the form of the so-called
Rédei matrix. Recall that the discriminant d of M can be uniquely written
(up to order of factors) as a product of prime discriminants d = d; ... d;.
Here d; is either one of —4, +8 or d; = (—1)"p; where p; is an odd prime
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such that p; = 1 + 2r; (mod 4). Define
_ { (di/pj) iti# 7,

i —
w (d;/p;) otherwise, where d;d; = d.

Here (d;/p;) is the Kronecker symbol, which coincides with the Legendre
symbol for odd p;. Define a ¢t x t matrix R = (R; ;) over the field Fo by
aij = (—1)%i. We call R the Rédei matriz of M (strictly speaking, it
depends on the order of the factors in the factorization of d). Note that the
column sums of R are all 0. Thus R has rank at most ¢ — 1 and the rank is
exactly ¢ — 1 iff the narrow class group of M has no elements of order 4 ([11,
Theorem 2.17]). Now if the rank of R is exactly ¢ — 1 then there is a unique
vector v # 0 such that Rv = 0, and p; divides § iff the ith coordinate of v
is 1.

It turns out that any matrix which can be a Rédei matrix is in fact a
Rédei matrix for some real quadratic number field. More precisely, we have
the following

LEMMA 3. Let r; € {0,1} be such that 3\_, r; is even. Consider at x t
matric R = (R;j) over the field Fo such that the column sums of R are
0 and R;; = rir; + R;j; for all i # j. Then there are infinitely many real
quadratic fields M with odd discriminant d = py ... ps such that p; — 1 = 2r;
(mod4) and whose Rédei matrix is R.

Proof. Let R = (R;;) and set a;; = (—1)%i. We must find primes
p1,...,p¢ such that p; = 1+ 2r; (mod4) and a;; = ((—1)"pi/p;) =
(=1)""i(p;/p;) for all i > j. In fact, the quadratic reciprocity implies then
that for ¢ < j we have

(=1)"" (pi/ps) = (pj/pi) = (=1)" aji = ai;,

so R is the Rédei matrix of Q(/p1...p¢). We construct the primes p; in-
ductively. For p; we may choose any prime = 1 + 2r; (mod4). Suppose
we already have pi1,...,ps such that p; =1+ 2r; (mod4) (i =1,...,s) and
(=1)""i(p;/pj) = aij foralll < j < i< s. Weneed aprime psy1 = 1427441
(mod4) such that (—1)"st1"7(psy1/pj) = ast1,; for j = 1,...,s. There are
integers m; such that (m;/p;) = (=1)"*"as11 ;. Any prime p which satis-
fies the congruences p = 1 + 21,11 (mod4), p = m; (modp;), j =1,...,s,
can be taken for psyi. By the Chinese Remainder Theorem and Dirichlet’s
theorem there are infinitely many such primes p. =

We are now ready to prove our main result. Note that it follows from
Theorem 2 that if IV is a real biquadratic field with exactly two ramified
primes then Vy is either of type I or of type IV and both types occur for
infinitely many fields N. We prove the following
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THEOREM 6. Lett > 3. Each of the possible four types of Vi occurs for
infinitely many real biquadratic fields N with exactly t ramified primes.

The remainder of this section is devoted to a proof of this theorem.
First we handle type IV, i.e. the case when N has a Minkowski unit.
This happens iff one of the following holds:

e all ¢; have norm 1, and 1, d2, d3 are not squares in L and §10203 is a
square in L;
e all ¢; have norm —1 and the index ¢ = [U : U1UxUs] > 1.

It turns out that when ¢ = 3 and Vj is of type IV then the second
possibility occurs. This case is more delicate than the other cases and will
be covered in Theorem 7 below.

To show the result for ¢ > 4 we concentrate only on the first possibility.
Furthermore, we assume that (A, Ag) = 1, so Az = A1 Ay. To guarantee
that the fundamental units have norm 1 we assume that each A; has at
least one prime divisor = 3 (mod4). It follows that each §; # £1 (it is not
hard to see that d(n) is never +1 for a fundamental unit 7). Thus §;d293
is a square in N iff 516205 = A;m? or 610263 = m? for some i and some
integer m. In order to avoid any problems with divisibility by 2, we assume
further that the A; are odd and =1 (mod4). Thus ¢; | 4; and 1 < §; < A;.
We set 0] = A;/d;. It is easy to see that 610203 is a square in N iff one of the
following equalities holds: d3 = 0]da, or d3 = 0785, or d3 = §104, or d3 = d109.
Note also that since ¢; is a proper divisor of 4A;, neither §; nor d can be a
square in N. Also, if 3 is a square in N then d3 = A; for i = 1 or 2 and
then 010203 cannot be a square in N. It follows that under the assumptions
made N has a Minkowski unit iff 410903 is a square in V.

In order to construct required fields IV, define for each even k a matrix
Rk = (bi’j) over IFQ by Setting bz’+1,z’ = 1, bj,i = (0 for j —1 Z 2, bi’j =1- bjﬂ'
for i < j and b;; chosen so that the column sums of R}, are all 0. It is clear
that the rank of Ry is k — 1. Define vectors v € F§ by vo = (0,1)* and
Viro = (u1,...,ug,0,1)" where (1—wuq,...,1—ug)® = vi. An easy induction
shows that Rpvy = 0.

For each odd k£ > 3 define Ry = Ek_1 + Si, where ﬁk_l = (8 Rko_l ) and
Sk = (siy) with s;; =1if 1 <14,j <2 and s;; = 0 otherwise. Again, it is
straightforward to check that Ry has rank k—1 and if vi_1 = (ug, ..., ux_1)"
then v = (u1,ui, uz,...,u_1)" satisfies Ryvy = 0.

By Lemma 3, for each ¢ > 2 there exist infinitely many discriminants
d = pi...ps with p; = 2t — 1 (mod4) and p; = 3 (mod4) for i > 1 such
that the Rédei matrix of the field K = Q(v/d) equals R;. Note that for
t > 4 the Rédei matrix corresponding to K1 = Q(,/p1...pr—2) equals Ry o
and the Rédei matrix corresponding to K2 = Q(\/pr—1p¢) is (i 8). Consider
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the biquadratic field N = K;Ks. All 3 quadratic subfields of N have Rédei
matrices of maximal possible rank. Moreover, if §; = 0k,, j = 1,2, and
0 = 0k, then d9 = p;, p; divides 61 iff the ith coordinate of v;_1 is 1, and p;
divides ¢ iff the ith coordinate of v; is 1. From our description of v; we see
immediately that 60102 = p1 ... ps_2p?, which is a square in N. Thus N has
a Minkowski unit. This proves the result for type IV and all ¢ > 4. As was
mentioned earlier, the case of ¢ = 3 will be settled in Theorem 7.

In order to handle the remaining three types, we define inductively for
each integer k > 0 a (2k + 1) x (2k + 1) matrix My, over Fa such that:

(1) My is nonsingular;
(2) all diagonal entries of M}, are equal to k + 1 (mod 2);

(3) the column sums of M, are all 1;
(4) if M, = (aiﬂ'), then a;; =1+aj; for all i # 7.

Set My = (1). If My is already defined then denote its first row by

w = (k+1,...), let W be the vector such that w+w = (1,...,1) and define
Mij41 by

ko k+1 w

Mgy =| &k k

wt wt ‘Mk—l—Ik

w

It is clear that My, has properties (2)—(4). To see that it is nonsingular
note that adding the first row to the second gives

k k+1 w
A= 0 1 1
w' wt ‘Mk—l—lk

~

Note that in spite of (4), the addition of 1 to each entry of M} + Ij results
in the matrix M}. Thus adding the second row of A to all other rows results
in

The third column of B is (k4 1,1, w)" so adding the third column to the
first two columns produces

1 1| w
C = 1 0] 1
0 0 M};

and it is clear that C' is invertible, since M }; is.
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Having defined M}, let us introduce for each k > 0 a 2k x 2k matrix Nog

by
M 1|0
S E)

It is clear that Noi has property (4), rank 2k — 1, its column sums are all
0 and Ng(0,...,0,1)" = 0. Finally, we define (2k + 1) x (2k + 1) matrices
Nogy1 by Nogyy = Nog + Sopy1, where Nojp = (0 ]ng) and Soxpt1 = (si)
with s;; = 1if 1 < 4,5 < 2 and s;; = 0 otherwise. It is straightforward
to see that Napy1 has rank 2k and column sums equal to 0. Moreover,
Nojei1(0,...,0,1)t = 0.

By Lemma 3, for any ¢t > 4 there exist infinitely many odd discriminants
d = p1...pt with py = 2t — 1 (mod4) and p; = 3 (mod4) for all i > 1
such that the Rédei matrix of the field K1 = Q(\/E) equals N;. Thus, 6; =
0, = pt- Let | = 3 if t is even and [ = 4 otherwise. Note that the Rédei
matrix of Ko = Q(\/pipis1---pt) is equal to Nyp1 ;. In particular, §; =
0x, = pt. Consider the quartic field N = K; K». Its third quadratic subfield
is K3 = Q(\/p1p2---pi—1), s0 03 = Ok, is a proper, nontrivial divisor of
P1-.-pi—1- It is now clear that the only nontrivial case when §7"05265" is
a square in N is when m1, mo are odd and msg is even. Thus the units of N
modulo torsion are of type II. This takes care of type II when ¢ > 4. Since
Theorem 2 settles the case t = 3, Theorem 6 is proved for type II.

To get units modulo torsion of type III we need to use quadratic fields
whose discriminants are not coprime. Let ¢ > 2 be an integer. As above,
by Lemma 3, there exist odd discriminants d = p;...p; with p; = 2t — 1
(mod4) and p; = 3 (mod4) for all i > 1 such that the Rédei matrix of the
field K7 = Q(\/E) equals Ny. Thus, §; = dx, = pi. There exist infinitely
many primes p; = 3 (mod 4) such that pj # p; for all ¢ and the Rédei matrix
of the field Ky = Q(v/d') equals Ny as well, where d’p; = dp)}. In particular,
dy = 0k, = p}. Consider the field N = K; Ks. The third quadratic subfield
is K3 = Q(\/ptp}) so 63 = 0k, € {pt,p;}. In any case, all three numbers
0;0; are squares in /N and these are the only nontrivial relations among 9;’s
modulo squares. Thus the units of N modulo torsion are of type III and
exactly ¢ + 1 primes ramify in N. Consequently, our result for type III has
been proved.

Finally, to get units modulo torsion of type I it is enough to have no non-
trivial relations modulo squares among §’s. To achieve that start with ¢ > 3
and the matrix N;. As before, there exist odd discriminants d = p1 ... p; with
p1 = 2t — 1 (mod4) and p; = 3 (mod4) for all ¢ > 1 such that the Rédei
matrix of the field K = Q(\/E) equals Ny. Thus, 01 = dx, = p;. There exist
infinitely many pairs of different primes p;_; = 3 (mod4), p; = 3 (mod4)
such that the sets {p,_;,p;} and {p1,...,p:} are disjoint, (p—1/p;_1) = 1,
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(pe—1/p) = 1, (pe/P,—1) = —1, (p+/p}) = 1 and the Rédei matrix of the
field Ky = Q(V/d') equals N; as well, where d'p;_1p; = dp,_,p,. The third

quadratic subfield of N = K K is K3 = Q(\/pt—1ptp;_1p;) so the Rédei
matrix of this field is

S =
O = = O
— o O
S O = =

0

This matrix has rank 3 and R(1,0,0,1)* = 0. Thus §3 = dg, = pr_1p,. It
is now evident that there are no nontrivial relations modulo squares among
6;’s. Thus the units of N modulo torsion are of type I and exactly ¢t 4+ 2
primes ramify in V. This settles the result for type I and ¢ > 5. It remains
to consider the cases when t = 3 or t = 4. The case of ¢t = 3 follows from
our next result, Theorem 7. In order to handle the case ¢ = 4 consider the
matrix

= o O
_ 0 O =
S O = =
—= = O O

This matrix has rank 3 and P(1,1,0,0)" = 0. There exist infinitely many
quadruples p1, p2, p3, p4 of primes congruent to 3 (mod 4) such that the Rédei
matrix of the field K3 = Q(,/p1p2p3pa) is P. Thus 03 = dx, = pip2. Let
K = Q(y/p1p2) and Ko = Q(/p3ps). Thus 61 = 0x, = p1 and d2 = d,
= p3. It follows that the only relation modulo squares among 91, ds, d3 is
03 =2 1. Thus the field N = Q(/p1pz, /P3p4) is of type I(ii).

In order to complete the proof of Theorem 6 it remains to produce in-
finitely many real biquadratic fields with exactly three ramified primes and
having a Minkowski unit or of type I. This follows from the following result,
which to the best of our knowledge has not been noticed before.

THEOREM 7. Let p1, p2 be primes congruent to 1 (mod4) and such that
(p1/p2) = —1. There exist infinitely many primes ¢ = 1 (mod4) such that

the field N = Q(\/p1p2, v/qp1) has a Minkowski unit. Also, the field N is of
type 1(1) for infinitely many primes q.

Proof. We assume that (¢/p;) = —1 for i = 1,2. This guarantees that
all three quadratic subfields of N have fundamental units of norm —1 ([4,
Proposition 19.9]). Thus N has a Minkowski unit iff the index e = [U :
U1U2Us] > 1. Otherwise it is of type I(i). By the Brauer class number
formula [8, p. 318] we have hyy = ehihahs/4. Here hy, hy, ho, hs are the class
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numbers of the fields N, K1 = Q(\/gp1), K2 = Q(\/qp2), K3 = Q(\/p1p2)

respectively. The class numbers h;, i = 1,2, 3, are congruent to 2 (mod4)
by [4, Cor. 19.8]. Thus e > 1 iff 4| hy (recall that e is a divisor of 4). Note
that the field M = Q(/p1,+/P2,/q) is an unramified extension of N of
degree 2. Thus, by class field theory, the class number of NV is divisible by 4
iff the class number hjy; of M is even (since the abelianization of a 2-group
of order at least 4 has again order at least 4). Thus we need primes ¢ such
that M has even (odd) class number. By [6, Theorem 2.15(A)(iv)], M is its
own narrow genus field. Convenient necessary and sufficient conditions for
M to have even class number follow from a result of Frohlich [6, addendum
IT to Theorem 5.6]. In order to recall Frohlich’s criterion we need to set up
some notation. For every odd prime p choose once and for all a primitive
root modulo p and call it u,. For distinct odd primes p,q define [p,¢] by

the congruence uz[,p A = g (modp) (so it is defined only up to a multiple
of p —1). Suppose that both p and g are = 1 (mod4). Then [p,q| = [q, p]
(mod2) by quadratic reciprocity. Let ¢(p,q) = (—1){Pa=laP)/2 (note that
c(p, q) = c(q,p))-

Suppose now that L is a real abelian number field of 2-power degree over
Q whose Galois group is generated by three independent generators and
which is equal to its narrow genus field. Suppose further that exactly three
rational primes p1, p2, p3 ramify in L. Then p; = 1 (mod4) for i = 1,2, 3.
Suppose furthermore that (p;/p;j) = —1, i.e. [p;,p;] is odd for 1 < i <
j < 3. Then Frohlich’s result states that the class number of L is even iff
c(p1,p2)c(p2, p3)c(ps, p1) = 1. Equivalently, L has even class number iff the
number

[p1,p2] + [p2, p1] + [p1, 3] + [P3, 1] + [p2, P3] + [P3, P2]

is congruent to 2 (mod4).
We may apply Frohlich’s criterion to our field M. Suppose that ¢ = 1
(mod4) is a prime such that:

(1) ¢ = p1 (modps);

(2) ¢ = p2 (modp1);

(3) p1p2 is not a 4th power modulo g.

The first two conditions imply that (¢/p1) = —1 = (q/p2), [p1,q] =
[p1,p2] =1 (mod2) and [ps,q| = [p2,p1] = 1 (mod2). The third condition
says that [g,p1] + [¢,p2] = 2 (mod4). Thus M has even class number by
Frohlich’s criterion. If ¢ satisfies conditions (1), (2) and the negation of (3)
then M has odd class number.

It remains to show that there are infinitely many primes ¢ which sat-
isfy conditions (1)—(3) (or (1), (2) and the negation of (3)). This is a con-
sequence of the Chebotarev density theorem. In fact, consider the field
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F = Q(C1, (2,4, ¢/p1p2), where ¢; is a primitive p;th root of unity. It is a
Galois extension of Q and it has an automorphism 7 such that 7(¢;) = ¢~
for i = 1,2 and 7(/p1p2) = —/P1p2. Let ¢ be an odd prime such that 7 is
the Frobenius element of some prime of F' above g. A well known description
of Frobenius elements in cyclotomic fields implies that conditions (1) and
(2) are satisfied. The equality 7(¥/pip2) = —&p1p2 implies condition (3).
The Chebotarev density theorem guarantees that the set of such primes ¢ is
infinite (and has positive density). A similar argument with 7 replaced by
an automorphism which fixes {/pip2 and acts as 7 on (1, (2 gives infinitely
many primes g which satisfy (1), (2) and the negation of (3). Our proof is
therefore complete.

It would be interesting to obtain more precise results about the dis-
tribution of the possible types of units modulo torsion among biquadratic
extensions of Q. It would also be interesting to analyze the units themselves.
In principle, this should not be hard to do and our main reason for not doing
it is that there is not such a simple algebraic classification of module types.

Acknowledgments. Thanks to Griff Elder for describing to the second
author some results on the classification of ZI-modules. We are grateful to
PARI for providing extensive numerical data which led us to some of the
results described in the present work.
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