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Negative values of cosine sums
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IMRE Z. Ruzsa (Budapest)

1. Introduction. Let A be a finite set of positive integers, |A| = n, and
write
f(z) = Z Ccos az.

Since f(0) > 0 and S(Z)W f(z)dr = 0, we have min f(x) < 0. It is a diffi-
cult question to estimate this minimum uniformly for every set of size n.
Bourgain [2] proved

(1.1) min f(z) < —c e~ c2em)™

with unspecified positive constants ¢y, ¢z, ¢3. In another paper [1] he showed
that one can take c3 = 1/2 under the assumption that A C [1,n2V'°8"]. Our
aim is to prove this without restriction.

THEOREM 1. With the above notations we have

(1.2) min f(x) < —cge” V18"
with a positive absolute constant c4 and c5 = \/(log2)/8.

First we give a reformulation with exponentials, as this form will be more
convenient to work with. We write e(x) = 2™,

THEOREM 2. Let A be a finite set of integers, symmetric about the origin
and not containing 0. Put

f(z) = Z e(ax).

acA
With |A| = n we have
(1.3) min f(z) < —cge”VIen
with a positive absolute constant c4 and c5 = /(log2)/8.
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(The number n and the function f in Theorem 2 are twice the corre-
sponding quantities of Theorem 1.)

In the first stage of the proof (Section 2) we find a regular subset of A
under the assumption that K is small. In the second stage (Section 3) we
show that the existence of a regular subset yields a bound on this minimum.
The synthesis and a comparison to Bourgain’s paper is given in Section 4.

2. From minimum to structure

LEMMA 2.1. Let A be a finite set of integers, symmetric about the origin
and not containing 0. Let

flx) = Z e(ax).

a€A
Write |A] = n, min f(z) = —K and
log N
2.1 k= |—2"
21) [4log K+ 06]
with a suitable absolute constant cg. There are integers (1, ..., 0 and a set

B C Z such that

(2.2) B+{Ze,ﬂ,~:ai€{0,1}} C A
the 2% sums

(2.3) {Zelﬂi -ei €10, 1}}

are all distinct and |B| > /n.

Proof. We shall find inductively integers (1, ..., 8 and sets of integers
By, By, ..., By, with the following properties for every j < k. First, the 2/
numbers Y ) _ €,08,, €, € {0,1}, are all distinct. Next, we always have

J

(2.4) > euB,+B; C A,
v=1

(2.5) |B,| > M; = (4K*) n.

The last property asserts that the function

gg<x) _ Z 627riba:

bEBj

has a decomposition g; = hgj) + héj) + hgj) such that

(2.6) |h§j)(m)\ < f(z)+ K for all z,
(2.7) 1h$)(2)] < L; = ¥ K3t for all

(2.8) 18|l < ny = (8K2)In~ 12
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An important consequence of (2.6) is that
(2.9) In 1l < If + Kl = K
We start with By = A. The above decomposition of go = f will be

W (x) = f(2)" = max(0, f(x)),
h(z) = —f(x)”, Lo=K,

)
Assume now that the set B;, the integers 31, ..., 5; and the functions h(yj)

are given. We are going to find B;;; and the functions h(yj 1o simplify
notation we shall write B, M, g, h,, L, n for B;, Mj;, g;, h(yj), Lj, nj, and
B/, M/, gl, hlu, L/, 17/ fOI‘ Bj—‘,—la Mj+1, gj+17 h(ijrl), Lj+1, 77j+1'

Write |B| = m (> M). We will seek B’ in the form B’ = BN (B — «),
and then put §;41 = a. This guarantees (2.4).

To estimate the size of such an intersection, first observe that

(2.10) > IBN(B—a)|=m?

a€Z

(2.11) Y IBN(B—a)l*=|glli.

Q€7

To estimate this quantity we start with

lg = hall2 > llgllz = [1h2ll2 > llgll2 = Ih2lle = vVm — L,
lg = hally = [[h1 + hally < K+,
by (2.6) and (2.9). By Hoélder’s inequality we have

lg — hall3” o Wm - L)3/?
ha|la >

lg — >
Hg Il )
> Z m3/4K71/2
if we suppose
(2.12) n<cK, L<cVM<cym

with a suitably small positive constant c. This implies
8 7
lglla = llg = halla = llh2lla = 5 m¥ K — L > 3 m* 2

if LVK < em?/*. This assumption follows from the second inequality
of (2.12), since L > K by (2.7).
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By (2.11) we obtain

w

m

5"

(2.13) Y IBA(B-a)’>
a€E

The contribution of terms satisfying [B N (B — a)| < im/K? to this sum
is at most ym?/K? by (2.10), so at least m?®/K? comes from « such that
BN (B —a)| > +m/K?. As each summand is at most m?, we infer that
there are > 2m/K? values of a such that |[BN (B —a)| > 1m/K>.

We shall select our 3; = o from these values. This guarantees the induc-
tive step for (2.5). In order that the sums ij:l e, 0, be distinct, we need
to avoid the at most 3/ numbers of the form

N =

J
> 6.8, 6, €{-1,0,1}.
v=1

If we suppose

; m
2.14 )< —
( ) 3 < SK2’
then we still have > m/(8K?) values of 3 to choose from.
We have to find the decomposition of ¢’ and show properties (2.6)—(2.8).

Write e, (z) = €2™%%. With this notation we can write g’ as a convolution

9 =g+ gea.
If we substitute the decomposition of g into this formula we get an expression
for ¢’ as a sum of 9 convolutions, which will be dealt with in different ways.
First observe that

|hy ® hiea| < |ha]*|hi| < (f+ K)* (f+ K) = f+ K

(in the sense that this inequality holds for every value of the variable). In the
last step we use the fact that f * f = f, which is equivalent to the property
that each coefficient is 0 or 1.

Clearly we can decompose hi * hie, as

hy * hieq = by + hiy,
where |h}| < f + K and |h};| < K? — K. The function hj; will contribute
to hl.
Other contributions to h) come from convolutions involving he and hy
or hz. We have
[(h1 + h3) * hoealloo < [|h1 + hsl1[|h2llc < (K +n)L

and the same estimate holds for ||(h1 + h3)eq * ha||s. So finally
hl2 = hl21 + (hl + hg) * hoeq + (hl + hg)ea * ho
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satisfies
B )loe < (K% — K) 4 2(K + 1)L < 4K L.

This is exactly inequality (2.7) for j + 1.
The other terms make up hj. We have

[[h1 % haealln < [[Pall1llhslly < 7k,
and the same estimate holds for ||hg * h1e,||1. Similarly
lhs * haealls < ||hs]li < n* < nkK.

For the estimation of ||ho*hoe, ||1 we shall use averaging in «. An application
of Parseval’s formula yields

D llhe  hoeall3 = 12z < [lhalls, < L*.
Q€
Since we have at least m/(8K?) values of a to choose from, there is one such
that
|ho % hoeallr < ||ho * hoeqll2s < 3KL2m ™2,

So
5 = hy % hzeq + h3 * hieq + hs * hgeq + ho x hoe,

satisfies
R4l < 3nK + 3K Lm~/2,

By substituting the definition of n and L from (2.8), (2.7) and using the
lower estimate (2.5) for m a simple calculation shows (2.8) for j+ 1. This «
will be our 341, and this ends the induction.

This process goes on as long as conditons (2.12) and (2.14) are satisfied.
Both inequalites of (2.12) lead to a bound for k as given by (2.1), while
(2.14) gives about twice that. The lower bound for |B| is case j = k of (2.5).

3. From structure to minimum. In this section we show a result
that goes in the opposite direction to Lemma 2.1.

LEMMA 3.1. Let A be a finite set of integers, symmetric about the origin
and not containing 0. Put

f(i(}) _ Z eZTriaa:'
acA
Suppose that there are sets S,T of integers, an integer d # 0 and an even
positive integer L such that |S|,|T| > L and S+ T + {0,d} C A. Then
(3.1) min f(z) < —VL/2.

Proof. First we establish the existence of finite sets of integers U, V such
that |U|,|V| > L/2, U -V CA UCAVNA=0and 0 V.
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Assume 0 € T (this can be achieved by shifting S and 7' if necessary),
and write
r; =[(S —jd) N Al
We have 79 > L and r; = 0 for large j, so there is a j such that r; > L/2
> rjp1. Write Ao = AU{0}.

Now if
(3.2) |(jd—=T)NA| < L/2,
then put
U=(S+jd)nA, V=_>Gd-T)\ Ao.
We have
Ul =r; =2 L/2,

V| =|T|—|(jd—T)N A —1>|T| - L/2—1>L/2 -1

and
U-VC(S+jd)—(Gd-T)=5S+TcCA.

If (3.2) does not hold, then we put
U=((d-T)NA, V=(5+{+1)d)\ Ao.
We have |U| > L/2 by the negation of (3.2), and
V=[S -rj+1—1>L/2-1,
U-VcCc@yd-T)—(S+(G+1)d)=—(S+T+d) Cc -A=A.
We define K by min f(z) = — K, and another function h by

1 1
h(z) = Il 1; e(uz) — v 1;/ e(vx).

o 1
We write simply § for { ... dz.
Observe that we know 0 ¢ V, and also 0 ¢ U by U C A, hence { h(z) = 0.
We have {h(z)f(z) = 1since U C A, VN A=0, thus

(3.3) Vh@)(f(z)+ K) =1.
Furthermore
@) = U172 > e((u—u)z)+ V]2 D e((v—2))
u,u’ el v,v' eV
—(UIVD™ D> (el(w—v)z) +e((v —u)z)).
uelU,veV

As always u — v, v —u € A, we see that

Vh@)Pf(z)<1+1-2=0.
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Since clearly
(3.4) V@) = o)t + V| < 4/L,

we have

§In(@)P(f(2) + K) < 4K/L.

(
By Cauchy’s inequality and (3.3) we have

3.
1={h(z)(f(2) (§ +KDU7MﬂM+KD
< (4K/L)1/2K1/2,
that is, K > \/Z/Z as claimed.

1/2

4. Completion of the proof and remarks. We prove Theorem 2.
Let min f(z) = —K. By Lemma 2.1, with k£ defined by (2.1), there are
integers (i,...,0r and a set B such that always ) e;06; + B C A. Put

S=B,
k—1

={ >t}
j=1

and d = (. We have S + T + {0,d} C A and |S| > |T| = 271, so an
application of Lemma 3.1 yields
_ log 2 logn
K >2k=1/2 > — 2.
- =GP 4log K + c¢

After taking the logarithm and rearranging this yields a quadratic inequality
for log K and by a simple calculation we find the bound of the theorem.

CONCLUDING REMARKS. The proof of Lemma 2.1 closely follows Bour-
gain’s argument from [2]. We wrote it in detail, since there is no statement
in his paper which we could immediately apply. He proves the existence of
a more complicated structure, namely a cube with sides of 5 in contrast to
our 2, that is, a set of the form

(4.1) {b—irZaZﬂi e € {0,...,4}}.

This makes the argument more involved and reduces the size of k. This
part of the proof is somewhat simpler in this paper than in Bourgain’s, but
this simplification is due to the fact that we are content with the simpler
structure (2.3) rather than (4.1), and there is no essential new idea here.

The improvement is in the second part, where we can make use of the sim-
pler set (2.3). Though the second part is rather different from the approach
in [2], T acknowledge that it also was motivated by analyzing Bourgain’s
argument.
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We remark that since the reciprocals of the cardinalities occur in (3.4) it
does not help that one of the sets U,V (or S,T) is larger. The assumption
U —V C A could be weakened to a condition asserting that most differences
u — v are in A; however, in this case one can find somewhat smaller subsets
U' cU,V'cCV such that U' — V' C A.

Acknowledgements. I profited much by discussing this problem with
Antal Balog.
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