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On the mean value of L(m,χ)L(n, χ) at

positive integers m,n ≥ 1

by

Huaning Liu and Wenpeng Zhang (Xi’an)

1. Introduction. Let χ be a Dirichlet character modulo q ≥ 2, and
L(s, χ) be the Dirichlet L-function corresponding to χ. S. Louboutin [3] and
the second author [7] proved that

∑

χ mod q

χ(−1)=−1

|L(1, χ)|2 =
π2

12
·
φ2(q)

q2

(

q
∏

p|q

(

1 +
1

p

)

− 3

)

,

where φ(q) is the Euler function. In the case that q = p is prime, this
formula had been proved by H. Walum [6]. Moreover, S. Louboutin [4]
studied the mean value of |L(1, χ)|2 for odd primitive Dirichlet characters.
M. Katsurada and K. Matsumoto [2] gave some asymptotic formulae for
∑

χ mod q, χ 6=χ0
|L(1, χ)|2, where χ0 is the principal character modulo q.

Furthermore, S. Louboutin [5] proved the following:

Proposition 1.1. Let q > 2 and k, l ≥ 1 denote integers. Set

φl(q) =
∏

p|q

(

1 −
1

pl

)

and φ(q) = qφ1(q).

Then for any k ≥ 1 there exists a polynomial Rk(X) =
∑2k

l=0 rk,lX
l of degree

2k with rational coefficients such that for all q > 2 we have

2

φ(q)

∑

χ(−1)=(−1)k

|L(k, χ)|2 =
π2k

2((k − 1)!)2

2k
∑

l=1

rk,lφl(q)q
l−2k.

However, he did not determine the coefficients rk,l.
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The main purpose of this paper is to study the mean value of the product
L(m, χ)L(n, χ) at positive integers m, n ≥ 1, and give an interesting exact
formula, by using the generalized Dedekind sums, Bernoulli polynomials and
Bernoulli numbers:

Theorem 1.1. Let q ≥ 2 and m, n ≥ 1 be positive integers with m ≡ n

mod 2. Set εm,n = 1 if m ≡ n ≡ 1 mod 2 and εm,n = 0 if m ≡ n ≡ 0
mod 2. Then

2

φ(q)

∑

χ mod q
χ(−1)=(−1)m

L(m, χ)L(n, χ)

=
(−1)(m−n)/2(2π)m+n

2m!n!

( m+n
∑

l=0

rm,n,lφl(q)q
l−m−n −

εm,n

q
BmBnφm+n−1(q)

)

,

where

rm,n,l = Bm+n−l

m
∑

a=0

n
∑

b=0
a+b≥m+n−l

Bm−aBn−b

(

m
a

)(

n
b

)(

a+b+1
m+n−l

)

a + b + 1
,

Bm is the Bernoulli number , and
(m

a

)

= m!
a!(m−a)! .

2. Proof of Theorem 1.1. We define the generalized Dedekind sums
by

s(m, n, q) =

q−1
∑

j=1

Bm

(

j

q

)

Bn

(

j

q

)

,

where Bn(x) =
∑n

i=0

(

n
i

)

Bix
n−i is the nth Bernoulli polynomial. First we

establish the connection between s(m, n, q) and the Dirichlet L-functions.

Lemma 2.1. For integers q ≥ 2 and m, n > 0 with m ≡ n mod 2, we

have

(2πi)m+nqm+n−1

4m!n!

[

s(m, n, q)+
m!n!

(2πi)m+n

( ∞
∑

r=1

1+(−1)m

rm

)( ∞
∑

s=1

1+(−1)n

sn

)]

=
∑

d|q

dm+n

φ(d)

∑

χ mod d
χ(−1)=(−1)m=(−1)n

χ(−1)L(m, χ)L(n, χ).

Proof. From Theorem 12.19 of [1] we know that

Bn(x) = −
n!

(2πi)n

∞
∑

r=−∞
r 6=0

e(rx)

rn
if 0 < x ≤ 1,
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where e(y) = e2πiy. Then we have

(2πi)m+n

m!n!
s(m, n, q) =

∞
∑

r=−∞
r 6=0

∞
∑

s=−∞
s6=0

1

rmsn

q−1
∑

j=1

e

(

j(r + s)

q

)

= q

∞
∑

r=−∞
r 6=0

∞
∑

s=−∞
s6=0

r+s≡0mod q

1

rmsn
−

∞
∑

r=−∞
r 6=0

∞
∑

s=−∞
s6=0

1

rmsn

= q
∑

d|q

∞
∑

r=−∞
r 6=0

∞
∑

s=−∞
s6=0

r+s≡0mod q
gcd(r,q)=q/d

1

rmsn
−

( ∞
∑

r=1

1 + (−1)m

rm

)( ∞
∑

s=1

1 + (−1)n

sn

)

= q
∑

d|q

∞
∑

r=−∞
r 6=0

∞
∑

s=−∞
s6=0

r+s≡0mod d
gcd(r,d)=1

1
(

r · q
d

)m(

s · q
d

)n −

( ∞
∑

r=1

1 + (−1)m

rm

)( ∞
∑

s=1

1 + (−1)n

sn

)

=
1

qm+n−1

∑

d|q

dm+n

φ(d)

∑

χ mod d

( ∞
∑

r=−∞
r 6=0

χ(r)

rm

)( ∞
∑

s=−∞
s6=0

χ(−s)

sn

)

−

( ∞
∑

r=1

1 + (−1)m

rm

)( ∞
∑

s=1

1 + (−1)n

sn

)

=
4

qm+n−1

∑

d|q

dm+n

φ(d)

∑

χ mod d
χ(−1)=(−1)m=(−1)n

χ(−1)L(m, χ)L(n, χ)

−

( ∞
∑

r=1

1 + (−1)m

rm

)( ∞
∑

s=1

1 + (−1)n

sn

)

.

This proves Lemma 2.1.

Remark. From Lemma 2.1 we know that s(m, n, q) = 0 if m 6≡ n mod 2.

Now we express s(m, n, q) in terms of Bernoulli numbers as follows:

Lemma 2.2. For integers q ≥ 2 and m, n > 0, we have

s(m, n, q) =
m+n
∑

c=0

Bcq
1−c

m
∑

a=0

n
∑

b=0
a+b≥c

Bm−aBn−b

(

m
a

)(

n
b

)(

a+b+1
c

)

a + b + 1
− BmBn.
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Proof. From the properties of Bernoulli polynomials and Bernoulli num-
bers (see Chapter 12 of [1]) we get

s(m, n, q) =

q−1
∑

j=1

Bm

(

j

q

)

Bn

(

j

q

)

=

q−1
∑

j=1

[ m
∑

a=0

(

m

a

)

Bm−aj
aq−a

][ n
∑

b=0

(

n

b

)

Bn−bj
bq−b

]

=
m

∑

a=0

n
∑

b=0

(

m

a

)(

n

b

)

Bm−aBn−bq
−a−b

(

q−1
∑

j=1

ja+b
)

=
m

∑

a=0

n
∑

b=0
a+b>0

(

m

a

)(

n

b

)

Bm−aBn−bq
−a−b

(

q−1
∑

j=1

ja+b
)

+ (q − 1)BmBn

=
m

∑

a=0

n
∑

b=0
a+b>0

(

m

a

)(

n

b

)

Bm−aBn−bq
−a−b

(

1

a+ b+1

a+b
∑

c=0

(

a+ b+1

c

)

Bcq
a+b+1−c

)

+ (q − 1)BmBn

=
m

∑

a=0

n
∑

b=0

Bm−aBn−b

(m
a

)(n
b

)

a + b + 1

a+b
∑

c=0

(

a + b + 1

c

)

Bcq
1−c − BmBn

=
m+n
∑

c=0

Bcq
1−c

m
∑

a=0

n
∑

b=0
a+b≥c

Bm−aBn−b

(

m
a

)(

n
b

)(

a+b+1
c

)

a + b + 1
− BmBn.

This completes the proof of Lemma 2.2.

Now we prove Theorem 1.1. By Lemma 2.1 and the Möbius transforma-
tion

G(q) =
∑

d|q

F (d) ⇔ F (q) =
∑

d|q

µ

(

q

d

)

G(d)

we get

qm+n

φ(q)

∑

χ mod q
χ(−1)=(−1)m=(−1)n

χ(−1)L(m, χ)L(n, χ)

=
(2πi)m+n

4m!n!

∑

d|q

µ

(

q

d

)

dm+n−1s(m, n, d)

+
1

4

( ∞
∑

r=1

1 + (−1)m

rm

)( ∞
∑

s=1

1 + (−1)n

sn

)

∑

d|q

µ

(

q

d

)

dm+n−1.
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Using Lemma 2.2 we have

∑

d|q

µ

(

q

d

)

dm+n−1s(m, n, d)

=
∑

d|q

µ

(

q

d

)

dm+n−1

×

[ m+n
∑

c=0

Bcd
1−c

m
∑

a=0

n
∑

b=0
a+b≥c

Bm−aBn−b

(m
a

)(n
b

)(a+b+1
c

)

a + b + 1
− BmBn

]

=
∑

d|q

µ

(

q

d

) m+n
∑

c=0

Bcd
m+n−c

m
∑

a=0

n
∑

b=0
a+b≥c

Bm−aBn−b

(

m
a

)(

n
b

)(

a+b+1
c

)

a + b + 1

− BmBn

∑

d|q

µ

(

q

d

)

dm+n−1.

Noting that
∑

d|q

µ

(

q

d

)

dc = qc
∏

p|q

(

1 −
1

pc

)

= qcφc(q),

we infer that
1

φ(q)

∑

χ mod q
χ(−1)=(−1)m=(−1)n

χ(−1)L(m, χ)L(n, χ)

=
(2πi)m+n

4m!n!

m+n
∑

c=0

Bcq
−cφm+n−c(q)

m
∑

a=0

n
∑

b=0
a+b≥c

Bm−aBn−b

(m
a

)(n
b

)(a+b+1
c

)

a + b + 1

−
(2πi)m+n

4m!n!q
BmBnφm+n−1(q)

+
1

4q

( ∞
∑

r=1

1 + (−1)m

rm

)( ∞
∑

s=1

1 + (−1)n

sn

)

φm+n−1(q).

Now setting m≡ n mod 2, and noting that (−1)m(1+(−1)m)=1+(−1)m,

im+n(−1)m = (−1)(m−n)/2, and 2ζ(2k) = (−1)k+1 (2π)2k

(2k)! B2k for any positive

integer k, we immediately get

2

φ(q)

∑

χ mod q
χ(−1)=(−1)m

L(m, χ)L(n, χ) =
(−1)(m−n)/2(2π)m+n

2m!n!

×
m+n
∑

l=0

φl(q)q
l−m−n

[

Bm+n−l

m
∑

a=0

n
∑

b=0
a+b≥m+n−l

Bm−aBn−b

(

m
a

)(

n
b

)(

a+b+1
m+n−l

)

a + b + 1

]
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−
(−1)(m−n)/2(2π)m+n

2m!n!q
BmBnφm+n−1(q)

+
1

2q

( ∞
∑

r=1

1 + (−1)m

rm

)( ∞
∑

s=1

1 + (−1)n

sn

)

φm+n−1(q)

=
(−1)(m−n)/2(2π)m+n

2m!n!

(m+n
∑

l=0

rm,n,lφl(q)q
l−m−n−

εm,n

q
BmBnφm+n−1(q)

)

.

This proves Theorem 1.1.
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