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On the mean value of L(m,x)L(n,Y) at
positive integers m,n > 1

by

HuaNING Liv and WENPENG ZHANG (Xi’an)

1. Introduction. Let y be a Dirichlet character modulo ¢ > 2, and
L(s, x) be the Dirichlet L-function corresponding to x. S. Louboutin [3] and
the second author [7] proved that

2 $? 1
>R =5 2 (qH (1 ; 5) —3>,
x mod ¢ plg
x(—1)=-1

where ¢(q) is the Euler function. In the case that ¢ = p is prime, this
formula had been proved by H. Walum [6]. Moreover, S. Louboutin [4]
studied the mean value of |L(1,x)|? for odd primitive Dirichlet characters.
M. Katsurada and K. Matsumoto [2] gave some asymptotic formulae for
2y mod g, xtxo [ L(1s X)|?, where o is the principal character modulo q.

Furthermore, S. Louboutin [5] proved the following:

PROPOSITION 1.1. Let ¢ > 2 and k,l > 1 denote integers. Set

ai(q) =] (1 - ]%) and  $(q) = q1(q)-

plg

Then for any k > 1 there exists a polynomial Ri(X) = Z?io rklel of degree
2k with rational coefficients such that for all ¢ > 2 we have

2 2%k 2k
Wq) Z |L(k7X)|2 = m Zrk,lﬁbl(Q)ql_%.
x(=1)=(=1)k =1

However, he did not determine the coefficients ry, ;.
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The main purpose of this paper is to study the mean value of the product
L(m, x)L(n,X) at positive integers m,n > 1, and give an interesting exact
formula, by using the generalized Dedekind sums, Bernoulli polynomials and
Bernoulli numbers:

THEOREM 1.1. Let ¢ > 2 and m,n > 1 be positive integers with m =n
mod 2. Set €, =1 if m=n =1mod2 and €, =0 if m=n =0
mod 2. Then

2 _
q x mod g
x(=1)=(-1)™

—1)(m=n)/2 o \ym+n m+n o €

T (X rmnan @ = S BB a0,
o 1=0

where

n\ ( a+b+1
Tmn,l = m+n l ZZ Bm aBn b( )( )(m—i—n l)7

a=0 b=0 atb+l1
a+b>m+n—I
B, is the Bernoulli number, and (’ZZ’) = a!(n’ﬁa)!.

2. Proof of Theorem 1.1. We define the generalized Dedekind sums

by
q—1 . .
o) =5 (355
Jj=1 e
where By (z) = Y1 () Bia""" is the nth Bernoulli polynomial. First we

establish the connection between s(m,n,q) and the Dirichlet L-functions.

LEMMA 2.1. For integers ¢ > 2 and m,n > 0 with m = n mod 2, we
have

(QWZ)Z:ZZTM ' [3(m7 n, q)—i—% (i #) <i #)]

r=1 s=1

=2 5@ > XEDLEm)Ln ).

x mod d
x(=D=(=1)m=(=1)"

Proof. From Theorem 12.19 of [1] we know that

n! > e(rz) .
— _ <
By, (z) i E s if0 <z <1,

r#£0
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where e(y) = €*™. Then we have

1
(27m)m+" — [i(r+s)
mn! m 7’L q Z Z rmgn Z q
r=—00 $=—00 j=1
r#0 s#0
oo oo oo oo
IRl DD D
T st T0 sk

r+s=0mod q

S )
=) D 2
d\q r=—00 §=—00
r#0  s#0
r+s=0mod g
ged(r,q)=q/d

3 Z 5

d|q r=—00s=—00 d
r#0  s#£0
r4+s=0mod d
ged(r,d)=1

r=1

ISHESY

dm+n

- m+n 12(;5

> (%

xmodd *r=—oo0

r#0

(LD (§R 1
(Z ) (B

r=1 s=1
dm+n
= m+n 1 Z (;5 Z
x mod d
X(*1)=(*1)m=(*1)"

B (i 1+(;1)m><§: 1+(;1)"

r=1 s=1

This proves Lemma 2.1.

REMARK. From Lemma 2.1 we know that s(m,n, q)

Lo (Sror

(5=

s=1

- (i 1+ (;1)m> <§: 1+(;1)">

r=1 s=1

(£ %)

s#0

)

Y(_l)L(W’H X)L(WWY)

)

=0if m#Zn mod 2.

Now we express s(m,n,q) in terms of Bernoulli numbers as follows:

LEMMA 2.2. For integers ¢ > 2 and m,n > 0, we have

m+n
mnq

a=0 b=0
a+b>c

Zchl CZZBm aDn—b

(G

— B, B,,.
a+b+1 men
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Proof. From the properties of Bernoulli polynomials and Bernoulli num-
bers (see Chapter 12 of [1]) we get

anno-En(2)n ()

j=1
m n m n q—1
= Z ( > ( )Bm—aBn—bq_a_b< .](H_b)
a b
a=0 b=0 j=1
UL m n ik
- Z ( ) <b>Bm—zanbq a—b( ]a—i-b) + (q 1)BmBn
a=0b=0 V¢ j=1
a+b>0
m n a+b
m\ [n 1 a+b+1
— B._ B —a—b B a+b+1l—c
S (0) (3)pemisa e (2 (7
a=0 b=0 c=0
a+b> + (q . 1)BmBn
o ()6) &2 fato+1
_ b l—c
- Z Z Bm—aBn-b a _ﬁ b+ 1 Z ( c )ch BB,
a=0 b=0 c=0
m+n m n (m) (n) (a+b+l)
= S b3S B O
c=0 a=0 b=0 a+b+1

This completes the proof of Lemma 2.2.

Now we prove Theorem 1.1. By Lemma 2.1 and the Mo6bius transforma-

tion
6 = Fd) & Fo) =S u(4)ot@
dlgq dlq
we get
qm—i-n
- S RDLim 0L )

x mod ¢
x(=D)=(-1)m=(-1)"

\m-+n
_ (27”) Zu(%)dmﬂl_ls(m, n, d)
dlq

4m!n!

() () 5 ()

r=1 s=1 d\q
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Using Lemma 2.2 we have

%q: " (%) 4™+ Ls(m, n, d)
Sl

dlq

(8 e 55 D,

=i a+b+1
a+b>c

= Z < )%B Jgmn— CZZBm B, b( ) () ()

- b ar a+b+1
a+b>c

—BmBn Y p ()dm+n1

dlq

(e =T 2) e

dlq plg

Noting that

we infer that
1 _ _
— > X(—1)L(m, x)L(n,X)
¢(q) f
x mod ¢
X(—1)=(=1)m=(~1)n

_(@mi)mn 'R by (IO

Amin) ZBC‘J “Gmtn—c( ZZBm aBp_p ~2— S~

=i a+b+1

a+b>c
(2mg)mtn

— ———— B Bndmin-1(q)
4m!nlq

1 (14 (D)™ (=1 + (=)
+ 1q (rz:l S ) (; on ¢m+n—1(Q).
Now setting m =n mod 2, and noting that (—1)"(1+(—1)")=1+(-1)"

i (—1)™ = (=1)(m=)/2 and 2¢(2k) = (—1)k+? (?;k);k By, for any positive
integer k, we immediately get

9 . (_1)(mfn)/2(27.r)m+n
x mod g
x(=D=(=1)™
(S () (3) (e )
l —-m—-n Na/\b/ \m+4n-—1/
<3 oo B zz BBy Wn D enct)

zz—i—bzm—l—n—l
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(_1)(m—n)/2(2ﬂ.)m+n

- BmBn m—+n—
Sminlg Pmtn—1(q)

I %(i #) (i 1+(§+1)n>¢m+n—1(Q)

r=1 s=1

m-+n c
( Z rm,n,l¢l(Q)ql_m_n - % BmBn¢m+n—1(Q)) .
=0

2m!n!

This proves Theorem 1.1.
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