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Polynomial extension of Fleck’s congruence
by

Zu1-WEel SunN (Nanjing)

1. Introduction. As usual, we let (”é) =1 and

(i) :x(m—n--l-d(x—kﬂ)

for every k =1,2,....

For convenience, we also set ("Z) = 0 for any negative integer k.
Let p be a prime and r be an integer. In 1913, A. Fleck (cf. Dickson
[D, p. 274]) discovered that

(1.1) Z <Z> (=1)* = 0 (mod pl(»=1/ (=11

k=r (mod p)

foralln € ZT = {1,2,...}, where || is the well-known floor function. Sums
of the form Zkzr (mod m) (Z) or Zkzr (mod m) (Z)(_l)k <W1th m e Z+) have
various applications in number theory and combinatorics (see, e.g., [SS], [H]
and [S02]).

In 1977, by a very complicated method, C. S. Weisman [W] extended
Fleck’s congruence to prime power moduli in the following way:

(1.2) 3 <Z>(_1)k — 0 (mod pln—7" /e

k=r (mod p®)

where a,n € N ={0,1,2,...} and n > p®~!, and ¢ denotes Euler’s totient
function. Unaware of Fleck’s previous work, Weisman was motivated by
studying the relation between two different ways (Mahler’s and van der
Put’s) to express a p-adically continuous function.

Quite recently, in his lecture notes on Fontaine’s rings and p-adic L-
functions given at Irvine (Spring, 2005), D. Wan got the following new ex-
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tension of Fleck’s congruence:

(1.3) > <Z>(—1)k<(k _l’”)/p> = 0 (mod pl(»=1P=D/@-D]),

k=r (mod p)

where I,n € N and n > Ip. Wan was led to this when trying to understand
a sharp estimate for the -operator in Fontaine’s theory of (¢, I')-modules.

For a prime p, we let Q, and Z, denote the field of p-adic numbers
and the ring of p-adic integers respectively; the p-adic order of w € Q, is
defined by ord,(w) = sup{a € Z : w/p* € Z,} (whence ord,(0) = +o0).
Throughout this paper, the Kronecker symbol d,, , with m,n € N equals 1
or 0 according as m = n or not.

Clearly both Weisman’s and Wan’s extensions of Fleck’s congruence fol-
low from the special case @« = 3 of the following theorem, which we will
establish by a combinatorial approach.

THEOREM 1.1. Let p be a prime, and let f(x) € Qp[z], degf <1l €N
and f(a) € Zy for all a € Z. Provided that o, f € N and o > 3, we have

(1.4) Z (Z) (_1)kf<{kp_arJ) epl("*pw_lfl)/w(p“ﬂ*(lfl)afBZp

k=r (mod p”?)

for all integers n > p*~! and r; moreover, we can substitute dgo for the

first 1 in (1.4) if « is greater than one.

By Theorem 1.1 in the case « = 3 =r =0, if f(z) € Z[z] and f(z) # 0,
then for any integer n > deg f + 1 we have > ;_ (7)(—=1)*f(k) = 0 since
the sum is divisible by all primes. In fact, a known identity due to L. Euler
(cf. [LW, pp. 90-91]) states that

zn: <n>(_1)kkl _ { (=)™n! ifl=n€eN,
= \k 0 if0<i<n.

Now we derive more consequences of Theorem 1.1.

COROLLARY 1.1. Let p be a prime, m € Z* and o = ord,(m). Let
I,neNand r € Z. Then

(1.5) ordp( 3 (Z)(—U’fBl(k;r))

k=r (mod p®)
2 \‘TL _ pozfl — l(5a70 + 50‘71)J _ l()[’
e(p*)

where By(x) is the Bernoulli polynomial of degree l.
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a—1

Proof. (1.5) holds trivially if n < p®~1. Below we suppose n > p

When [ = 0, (1.5) reduces to Weisman’s congruence (1.2). In the case
a = 0, if the lower bound in (1.5) is nonnegative (i.e., [ < n) then the
summation in (1.5) vanishes by Euler’s identity.

Now we assume la # 0, and let B; = B;(0) be the ith Bernoulli number.
Note that mg = m/p® is relatively prime to p. For any a € Z we have
Bi(a/mo) — B € Zy, because

(o)) - (i) ) -0

by [S03, Corollary 1.3]. Applying Theorem 1.1 with f(z) = Bj(x/mo) — B,
and 0 = «a, we get

(5, (D)eon() ) o[

k=r (mod p®)

where X' =3, 0dpe) (%) (=1)*. Recall that pB; € Z, by the von Staudt—
Clausen theorem (cf. [IR, pp. 233-236]). This, together with (1.2), shows
that

a—1 a—1
n—op n—op —léalJ
ord,(B;Y) >ord,(X)—-1> | ————| -1 > ~ | — la.
p(B1X) 2 ordy(2) _{ o(p) J _{ o(p)

So the desired (1.5) follows. m
COROLLARY 1.2. Let p be a prime, and let f(z) € Qplz], deg f=1>0

and f(a) € Zy for all a € Z. Let o € N and r € Z. Then, for any integer
n > p*~1, we have

(1.6) ou@,(2&%(Z)(—lﬁ(k—-npaxf({ké;rJ>>

> {n —prt— 1800 + 0a,1)
B (™)

where (k —r,p®) is the greatest common divisor of k —r and p®.

J—U—Da—L

Proof. Let g(1) = p and g(p®) = p —1if 0 < B < a. By Theorem 1.1,
the p-adic order of
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is at least

L {n ! = (B + 0a)
¢(p*)
We note in passing that in the case a > 1,

ord, (9(p°)) + {” - p:&;)_ 5J = {%J ‘

|- - a.

Now, since

Y gldd=p+ D> (-Dd= > ldp=(k—rp"p,
d|(k—r,p®) 1<d|(k—r,p®) d|(k—r,p®)
by the above the sum in (1.6) has p-adic order at least v — 1. m

COROLLARY 1.3. Let p be a prime, and let o, 3,a,n,r be integers for
which

a>1, a>p>0, a= 1(modp®), n>p* ' r<p’
Then

(1.7) > (Z) (—1)Fqlt=)/p"]

k=r (mod pP)
! — 0 (mod pl(n=p" " =05.0)/e(p™) ] +a=5)

Proof. When a = 1, (1.7) holds by Theorem 1.1 in the case [ = 0. So it
suffices to show that

n ) /e
D= Z <k> (_1)k(at(k )/p*] _ 1)
k=r (mod pP)
is divisible by p* where

_ a1 )

)\:{n P ﬂ’OJ—I—a—ﬁ.
e(p)
Write a = 1 + p®*b with b € Z. Then

p- Y <Z>(_1)k 5 (L(k—;)/p“J>(pab)z

k=r (mod pP) 0<I< | (k1) /p=]
_ layl Y, Kk [(k —1)/p*]
- > povt > <k>( 1) < l :
0<I< | (n—r)/p>] k=r (mod p?)

For each 0 < I < [(n —r)/p®], applying Theorem 1.1 with f(z) = (7) we
find that

Therefore D = 0 (mod p*). This concludes the proof. m
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Let a € Z be congruent to 1 modulo a prime p. By induction, a?” = 1
(mod p®*1) for any a € N. Let n,7 € Z and n > p®~ 1. If a > 2, then by
Corollary 1.3 in the case § = a we have

(1.8) Z (Z) (—a)* = 0 (mod pl(—P"" /™)),
k=r (mod p®)

By the binomial theorem, (1.8) is also valid with o = 0. We remark that
(1.8) also holds when « = 1, as pointed out by Fleck (cf. [D, p. 274]).

In the next section we will provide some lemmas. Section 3 is devoted to
the proof of Theorem 1.1.

2. Some lemmas. Let us recall the following well-known convolution
identity of Chu and Vandermonde (see, e.g., [GKP, (5.27)]):

"z y T4y
= f Nn=0,12,....
S ()2 =(70") wranm=orz

This can be seen by comparing the power series expansions of (1+¢)*(14¢)Y
and (14 ¢)*+Y.

LEMMA 2.1. Let f(x) be a function from Z to a field, and let m,n € Z+.
Then for any r € Z we have

S e ([5]) = x (et

k=7 (mod m)
where F =r+m—1 and Af(x) = f(z+1) — f(x).
Proof. By the Chu—Vandermonde identity, for any A € N we have

S (3)-vr = <—1>hi0 () () = (")

Thereforkezo ) -
2 () ([5]) - A
where
o= (o
L(k=r)/m]=j
SN O o [

0<k<(j+1)ym+r 0<k<jm+r

_ (_1)(j+1)m+r1( n—1 > _ (_1)jm+r1( n—1 >

G+1)m+r—1 jm+r—1
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(Note that (";1) # 0 only for i € {0,...,n —1}.) So we have

2 ()es([5)

e PR 1

JEZ

N (N 1)

jEZ

- > (")enr () ()

k=7 (mod m)

_ oy (n;1>(_1)k1Af<k;LF>'

k=7 (mod m)

This proves the desired identity. m

It is interesting to compare the identity in Lemma 2.1 with the following
observation:

(5 () - )

k=r (mod m)

which appeared in the author’s proof of [S03, Lemma 3.1].

LEMMA 2.2. Let p be a prime and « be a positive integer. Then, for any
E=0,1,...,0(p"), we have

(w(p“)> _ {(—M (modp) if p°~" [k,

k 0 (mod p) otherwise.

Proof. Let k = ko +kip+ -+ ko_1p* ! be the p-adic expansion of k,
where ko, k1,...,koa—1 € {0,...,p—1}. By a well-known theorem of E. Lucas
(Seev €.g., [HS])v

<so(pa)> _ (Eogj<a_10p7 +(p- 1)20“1)

k > o<jca1 kip! + ka—1p*T!

(Z;D 0<jl:£1 <ISJ> (mod p).
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If p*~ !4k, then k; > 0 for some j < a — 1, and hence (Sp(ia)) =0
(mod p). When p*~! |k, we have k; = 0 for all j < a — 1, and thus

e(P*)\ _ (p—1 p—s
()= () 5 e
a-l 0<s<ka_1
= (—1)ke—t = (=1)P" ket = (=1)* (mod p).
This completes the proof. m

3. Proof of Theorem 1.1. We use induction on w;(«, ) := l(a+1)+4.

In the case wi(a,3) = 0 (i.e., I = B = 0), the desired result is trivial
because Yo (1)(=1)" = (1 —1)" =0for all n € ZT.

Let w be a positive integer, and assume that the desired result holds
whenever w;(a, ) < w. Now we deal with the case w;(«, §) = w.

CASE 1: # = 0. In this case, [ is positive. Let n € N, n > p®~ !, r € Z
and 7 =r 4+ p® — 1. By Lemma 2.1,

o EQe()
LT, e ()

k=7 (mod p®)
Clearly Af(z) is a polynomial of degree at most {—1, and Af(a) € Z, for all
a € Z. Also, wj_1(a, ) < wy(a,0) = w. In view of (3.1) and the induction
hypothesis,

oy (32 () (|54]))

N

(Note that this is trivial if n — 1 < p®~1.) Similarly, when o > 1, by (3.1)
and the induction hypothesis we have

o (2 (e ([5)

V‘l P° 1_5‘*0J —(l-2a—a

{ 500J—(l—1)a—0.
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CASE 2: 0 < f < a. If I =0 (i.e., f(x) is constant), then w;(3,3) =
wi(a, ) = w and it suffices to handle the case o = (. In fact, when [ = 0,
n > p®~! and r € Z, provided that

n k—r n—pf-1 s
3 <k>(_1)kf<p—5> e plt=p" /")) 7

k=r (mod pf)

we have

k— N
> (Z)(—l)qu paTJ> e pl=p* /e - (0-Da=pz,

k=r (mod p?)

because
a—1

n—pl~t n-— n
T e e, o Pz
0<s<a—p3
Below we simply let (I — 1)+ 3 >0 (i.e., a =3 if [ =0).

Let us use induction on n > p®~'. The desired result is trivial when
n — pa—l < gD(pa) — pa _ pa—l.

Below we let n > p® and assume that the desired result holds for smaller
values of n not less than p®~!. Note that n’ = n — ¢(p”) < n and also
n/ Z n— gp(pa) Z pa—l_

Let r be any integer, and set

(3.2) S= 2 (Z)(_l)qukp_‘*rJ)'

k=r (mod pP)
By the Chu—Vandermonde identity,

NI SIS Y () P RO

k= r(modpﬁ) Jj=0

E )z, ()

Jj=0 k=r (mod pP)
e(p?) 3
PP j
= > (F) s,
PR

where
(3.3) S, = kET-j%OdPB) (Z) (—1)’“f({%J )

For any j = 0,1,...,(p%), by the induction hypothesis we have

/_ a—1 (504
OrdP(Sj) 2’7: \‘n pgp(po‘) : ’IJ _(l_l)a_/67
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and Lemma 2.2 yields

<s0(pf3)> _ { (=1)7 (modp) if p"~t]j,
J ~ 10 (modp) if pP=14j.

Thus, if v > 0 then

p—1

p—1
B—
5= 8 (S) 0 5 = s o,
=0

7=0
Observe that

Sors- % (5272

k=r (mod pf—1)

where jj, is the unique integer in {0,...,p — 1} with p® |k — (r — p®~1j).
For k = r (mod p”~1), clearly
k=—r+p” g k=0 —p"p—-1—jr) Vf —T”J

p° B p° p°

where 7' = r — p(p?). Therefore Z?;é Sps-1; = S', where

e T (el

k=r’ (mod pP—1)

From the above it follows that

-1
y n—p* " — 1041
ord,(S — S Z’y—l-lz{ 7J—l—1a—ﬁ.
P( ) 9O(Z)a) ( )

Let lp =1lif « =1, and Iy = min{l,0p_1,0} if &« > 1. As wy(a, 5 — 1) <
wi(a, ) = w, by the induction hypothesis we have

ondy () > | "ES=R - Da- (91

[y e

(Note that if &« > 1 = d3_1, then 3 =1 < o and hence n' — 1 + p(p*) >
n' +¢(p’) =n.)
Combining the above we finally obtain

ord,(S) = ord,((S — §') + §) > L” - p;zpa_) l‘s‘“J —(-1a- 8.

Since dg,0 = 0, this concludes the induction step in Case 2.

The proof of Theorem 1.1 is now complete. m
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