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On the indices of multiquadratic number fields
by

AtTiLA PETHO (Debrecen) and MICHAEL E. POHST (Berlin)

1. Introduction. Let K be an algebraic number field with maximal
order ox. For a € og the Z-module index I(«) = (ox : Z[a]) is also said to
be the index of the element . The greatest common divisor of the indices of
all integral elements of K is called the field index of K. (In older literature,
see Hasse [4] for example, the field index is also referred to as common
inessential discriminant divisor.) Problem 22 in the “Problems” chapter of
Narkiewicz [8] asks for an explicit formula for the exact power of a prime
number p dividing the field index.

The first result in this direction is due to T. Engstrom [2] who showed
in 1930 that for number fields K of degree less than eight the exact power
of a prime p dividing the field index is determined by the decomposition
type of the prime ideal generated by p in K. He explicitly formulated that
dependence. His results were generalized in the 1985 thesis of E. Nart [9]
who developed a p-adic characterization of the field index.

Engstrom also showed that for quartic fields K the field index is of the
form 2°3° with o <2 and 8 < 1. This result was reproved by T. Nakahara [7]
in 1983 for biquadratic fields. Nakahara also showed that the field index
is odd precisely when the discriminant of the field is even. The case of
biquadratic fields was taken up again by Gadl, Peth6 and Pohst [3] who
showed in 1991 that each possible value 2%3% indeed occurs as the field
index of a biquadratic field and presented infinite families of fields having
the pertinent field index.

The results of Engstrom were explicitly extended to fields up to degree 12
by J. Sliwa [13] already in 1982, however only for non-ramified primes p. We
note that our results for non-ramified primes p dividing the field index of
K = Q(v/@, /b, \/c) together with Sliwa’s tables determine the decompo-
sition type of the principal ideal generated by p in terms of arithmetical
properties of the generating elements a, b, c.
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Later G. Nyul [I0] studied the case of multiquadratic number fields K =
K, = Q(y/a1,.-.,/a,) of degree 2" in 2002. He proved that fields K, with
odd discriminant do not have a power integral basis. For » = 3 he showed
non-monogeneity under suitable conditions on the generators. His results
were made more precise by Motoda and Nakahara [5] who showed in 2004
that multiquadratic number fields K, are never monogenic for r > 4. Again
two years later, Motoda, Nakahara and Park [6] proved that the cyclotomic
field K = Q(C24) = Q(v/2,v/—1,+/—3) is the only monogenic multiquadratic
field for r = 3.

In this paper we generalize previous results for multiquadratic number
fields K, of degree 2" in two respects. Starting from a suitable integral
basis of such fields given in [I1I] and [12] we develop two versions of the
corresponding index form, both of which split over Z into a product of 2" —1
factors of degree 2"~! each. Then we solve the problem of Narkiewicz for
r = 3. We emphasize that our method is completely different from previous
ones. In contrast to [3] no computer calculations are needed. Finally, we use
the new method to show that the field index of K. is divisible by any prime
power pF provided that 7 is large enough.

2. Multiquadratic number fields and their index forms. We shall
consider multiquadratic number fields K = K, = Q(y/a1,...,/a,) for
square-free rational integers ai,...,a, which need to be chosen such that
the field K has degree 2". The case r = 1 being trivial and the case r = 2
having been solved by Gaal, Pethé and Pohst [3], we concentrate on r € Z=3
in the remainder of this paper.

In order to make the presentation easier we adopt a normalization of the
generating elements of K/Q introduced by B. Schmal in [I1].

STEP 1. Let p be a fixed prime number and let ¢ € {1,...,r} be minimal
such that p divides a;. If there exists an index i < j < r with p|a; then
we replace the pair (a;,a;) by (ai,a;aj/ged(a;,a)?). For the new genera-
tors, only one of a;,a; will be divisible by p. Repeated application of this
procedure yields elements a,...,a,, only one of which, say aq, is divisible

by p.

STEP 2. After Step 1 we may assume that there is at most one generating
element which is divisible by 2, say a;. Then all generating elements except
maybe a; are odd. We claim that we can alter them in such a way that at
most one odd generator is congruent to 3 modulo 4. Namely, if there exist
a; # aj which are both congruent to 3 modulo 4 we replace the pair (a;, a;)
by (ai, (aia;)/ged(ai, a;)?).

After this procedure we obtain normalized generators.
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LEMMA 2.1 (Schmal). Generating square-free integers ay,...,a, of a
multiquadratic number field K, = Q(y/a1, . ..,/ar) can be chosen subject to
the following conditions: a; = 1 mod 4 for 3 < i < r, and the pair (a1, a2)
belongs to one of three categories:

(i) a1 =1 mod 4, az = 1 mod 4;

(ii) a2 =1 mod 4, a1 = 3,2 mod 4;

(iii) a1 =2 mod 4, az = 3 mod 4.

For this special form of the generators B. Schmal established integral
bases for K,.. We follow his ideas but rather use the notation of Schmitt and
Zimmer [12]. Let n := 2". For each integer j € {1,...,n} there is a unique
2-adic presentation

T
j—1=) a2
i=1

Accordingly, we put
,
(1) vi = H Vai .
i=1

Next we shall make the radicands

e i
bj == H a;
i=1

square-free. For any prime number p we denote by v, the corresponding
exponential valuation, i.e. v,(z) is the exact power of p dividing z for = € Z.
We put

2)  gi=]]pY with p= {

plb;

vp(bj)/2 for v,(b;) even,
(vp(bj) —1)/2  for v,(by) odd.
LEMMA 2.2 (Schmal). An integral basis of K, is given by

1
29; gj

T

[[(vai—a) (<j<2)

i=1
where the aj; are defined in , the g; in and the &; satisfy
1 for a; =1 mod4,

0 fora; =2,3mod 4,

Wy 1=

51=0,<52={ 6= aji— B (j>2)
i=1
with
1 f07" (a17a2) = (27 1)7 (37 1) mod 47 a1 = 1;
Bi=41 for(ar,a2) =(2,3) mod 4, aj1 =1 or ajp =1,

0 else.
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If p1,...,ps denote the different prime numbers dividing ay - - - a,, the dis-
criminant of K = K, becomes

di = (2'p1-ps)?
with
0 for (a1,a2) = (1,1) mod 4, case (i),
=<2 for(ai,az) =(3,1),(2,1) mod 4, case (ii),
3 for (a1,a2) = (2,3) mod 4, case (iii).

EXAMPLE. For r = 3 we improve on the form of that integral basis. We
follow the ideas in the proof of Satz 3.2 in [II]. For abbreviation we write
a=ai, b=as, c = a3 and set

g = ged(a,b), h = ged(a, ¢), k = ged(b, ¢), | = ghk/ged(a, b, ¢)?, f=1/g.
Then we obtain the following Z-basis wi,...,ws for the maximal order og

of K3. (We remark that also in the case r = 2 we need to consider only three
cases instead of five in the earlier paper by K. S. Williams [14].)

(i) (ii) (iii)

(a,b,¢) = (1,1,1) mod 4 a = 3,2 mod 4 (a,b,¢)=(2,3,1) mod 4
(b,¢) = (1,1) mod 4
w1 1 1 1
w3 (1+va)/2 Va Ja
w3 (14 Vb)/2 (1+Vb)/2 Vb
wi|  (Vab/g+Va+Vb+g)/4 (Vab/g ++/a)/2 (Vab/g + a)/2
ws (1402 (1402 (1+v2)/2

we| (Vac/h+/a+ e+ h)/4 (Vac/h +/a)/2 (Vac/h ++/a)/2
wr|  (Voe/k+Vb+e+k)/4A | (Vbe/k+Vb+e+k)/4|  (Vbe/k+Vb)/2
ws | (Vabe/l + f(Va+ Vb+gy/e) | (Vabe/l+ fy/a (Vabe/l + f+/a
+f(Vac+Vbe+vVab/g)+fg) /8| +fvac+ fVab/g) /4 | +f\ac+ fVab/g) /4

Later we shall use the fact that this integral basis is obtained from the
Q-basis
(717 s 7’)/8) = (]-7 \/5’ \/87 \ CLb, \@a \/&7 \/%a \ CLbC)

of (1)) upon multiplication by an upper triangular matrix 7' = (¢;;) € Q8*%:
(3) (wl,...,wg):(71,...,78)7’.

The denominators of the ¢;; are products of a power of 2 with exponent < 3
and a divisor of abc. In particular, the diagonal elements t;; are fractions
with numerator 1. Their product equals the inverse of the index of the order
generated by 71,...,7s in the maximal order o3 of' K3.
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The conjugates of K = K, are denoted by K() = K, ..., K" We define
linear forms

(4) Li(x) =Y zw?  (1<j<n).
i=1
Then the index form I of K becomes
1
(5) I=I(xy...,0n) = —— [ Lux) - L.(x).

Vi

It is a homogeneous polynomial in zg, ..., z, of degree n(n — 1)/2. We will
see that it factors over Z into polynomials of degree n/2. (For r = 1 this is
trivial, for r = 2 it was shown in [3].)

It is well-known that K,/Q is Galois with Galois group G = G, =
Gal(K,/Q) = Cj. More precisely, we have

G:GT:<01>X--'X<0T>

1<v<pu<n

with for j 4
Va; or j #1 o
i(Waj) = L 1<4,5<nr).

Any element ¢ € GG has a presentation
T
o= H o with n; € {0,1}.
i=1

If o is not the identity then it generates a subgroup of order 2 in G. We
choose a suitable system of residue class representatives for G/(o) in the
following way. There is a minimal index k € {1,...,r} with ny = 1. As a
set of residue class representatives we take

T
R = { H o}
i=1
ik
We note that R is a subgroup of G of order n/2. We write R = {1 =
id, pi2, . . ., pin/2} for abbreviation.

niE{O,l},lgigr}.

LEMMA 2.3. Forid # o € G the polynomial

n/2
Fo(x2,... 20) 1= HMi(Ll —o(Ly))
i=1
is in Z[xa, ..., xy]. The index form I of K satisfies
Vi I =[] F..
oceG

oF#id
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Proof. For fixed id # o € G we show that F, is G-invariant. Clearly,
o(F,) = F, since each of an even number of factors of F, is turned into its
negative. It remains to prove that 7(F,) = F; also for all 7 € R. But this
is obvious because R is a group.

We thus obtain n — 1 polynomials F, each being a homogeneous poly-
nomial of degree n/2. Hence, their product is of degree n(n — 1)/2, which
coincides with the degree of I. The lemma will be proved when we show
that any factor L; — L; of I is also a factor of an F;, for o chosen appro-
priately. Let Ti,Tj € G, 7; 75 Tj, subject to L; = Ti(Ll), Lj = Tj(Ll). We
put ¢ =7, '7; and get L; — Lj = (L1 — o(L1)). For 7; € R this is clearly
a factor of F,. If 7; does not belong to R, however, we have o7; € R and
L; — L; becomes a factor of o(Fy;) which was shown to coincide with Fj. m

3. Indices in K3. The Galois group G of K3 is generated by o1, 09, 03.
We recall that o; maps (/a; onto —,/a; and leaves ,/a; invariant for i,j €
{1,2,3} with j # i. The eight automorphisms of G are ordered as follows:
T = id, 7 = 01,73 1= 02,74 = 0102 and 7; = T;_403 for 5 < j < 8.
Consequently, we put K:,E]) =7;(K3) (1 <j5<8).

We recall that the index form I of K3 was introduced in and . It
will turn out useful to rewrite the linear forms L;(x) involved in the form

8
6) Lix) =Yz = @, w0 x = (07, A0 Tx = My(y)
k=1

for y := Tx. We remark that the transfer from x to y (and vice versa) is easy
since T is an upper triangular matrix. But whereas the coordinates of x are
integers, those of y are rationals with well-known bounded denominators.

In this section we will often choose the generators a = a1, b = a2, ¢ = a3
of K3 in a different way which is less suitable for presenting integral bases
but more appropriate for studying primes (and their powers) dividing the
field index of K3. The latter was defined to be the greatest common divisor
of the module indices (o3 : Z[p]) for arbitrary p € o3 satisfying K3 = Q(p).
(We recall that o3 denotes the maximal order of K3.) It is a well known
result of Zylinski [I5] (see also [4} §], for example) that any prime dividing
the field index must be smaller than the degree of that field. Hence, for K3
we just need to discuss the primes 2,3,5,7.

p odd. For a fixed odd prime p we shall consider the index form as a
product of differences of M;(y) (see and (6)). In order to transfer the
results back to the L;(x), the entries of the transformation matrix 7" of
must be coprime to p. This can be achieved in the following way. From
the beginning of the previous section we know that the generating elements
a, b, ¢ can be chosen so that at most one of them is divisible by p. That
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choice obviously guarantees that the numerators and denominators of non-
zero entries of T' are not divisible by p. We emphasize that the determinant
of T is not divisible by p, i.e. p does not divide the index of Z[\/a, v/, /]
in og.

According to our considerations at the beginning of the previous section,
we can choose a, b, ¢ such that

e a,b,c are quadratic residues modulo p (CASE (i));

e a,b are quadratic residues modulo p, but ¢ is not (including the
case p|c) (CASE (ii));

e a is a quadratic residue modulo p, b # x? mod p, and p| ¢ (CASE (iii)).

As outlined above, this choice guarantees that a fixed odd prime num-
ber p neither divides the numerators nor the denominators of the non-zero
entries of T

We briefly describe our strategy for the different cases. The index form
I =1(y) of K satisfies

(7) Vi Iy, oun) = [ (Muly) = Mu(y)).

1<v<u<n

If a, b, c are all squares modulo p then each linear form A;(y) can be mapped
into IE‘IS) by reducing coefficients modulo p and choosing y; € F,, (1 < j < 8).
If ¢, say, is a quadratic non-residue modulo p we need to combine suitable
factors of the right-hand side of in order to remove all terms of I in
which /¢ occurs before we can carry out reduction modulo p. This can be
easily achieved by the action of the Galois group. Since

(Mi(y), ..., Ms(y)" = (ri(vi)<ij<s (i, - -, ys)",

the matrix I = (7;(7;)) is invertible modulo p if p does not divide its
determinant. The latter differs from the square root of the discriminant
of K3 by a factor det(7T). Hence, if p?> does not divide abc the matrix T
is invertible modulo p and for each tuple m = (mq,...,mg)" € Fg we
get unique corresponding values M;(m) and also L;(x). Choosing the m
appropriately we can deduce divisibility conditions for I by powers of p.

Cask (i): a,b,c are quadratic residues modulo p. For p = 7 we choose
m1 = meo mod p with m; #Z mg mod p? and m; #Zmjmodp (2<i<j<8),
for example. (At least two values m; must belong to the same residue class
modulo 7.) This immediately implies that the field index is divisible by 7.
Choosing m; # mo mod 49 we see that the field index is exactly divisible
by 7.

Now let p = 5. Then we distribute the eight values L;(x) into five residue
classes modulo 5. First we assume that each residue class contains at most
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two values. Reordering the linear forms if necessary we get
Li(x) = La(x) mod 5, Lg(x) = L4(x) mod 5, Ls5(x) = Lg(x) mod 5,
implying that the field index is divisible by 53. (We can choose the L;(x)
so that they are pairwise incongruent modulo 5 for ¢ € {1,3,5,7,8} and the
differences L;(x)— L;+1(x) are not divisible by 25 for ¢ € {1,3,5}.) If there is
a residue class containing three values L;(x), however, it is straightforward
that the field index is divisible by 53, too. As we remarked for p = 7 already,
this also shows that the field index is exactly divisible by 5.
Finally, we consider p = 3. If each residue class modulo 3 contains at

most three values L;(x), a suitable ordering yields

Ly(x) = La(x) = L3(x) mod 3,

L4(x) = Ls(x) = Lg(x) mod 3,

L7(x) = Lg(x) mod 3,
with Ly, L4, L7 pairwise incongruent modulo 3. For this choice we clearly
obtain the divisibility of the field index by 37. We can choose the values
so that the differences L;(x) — L;(x) are not divisible by 9 for the indices
1<i<j<3,1<i<j<6,and (i,j) = (7,8). It is easily seen that this di-
visibility is also satisfied if there exist residue classes containing four or more
values. As before, we conclude that the field index is exactly divisible by 37.

CASE (ii): a,b are quadratic residues modulo p.

SUBCASE (ii)(a): ¢ is a quadratic non-residue modulo p. We order the
linear factors of I in a suitable way. We have

Mj = My +VecMy (1<j<4)
with A A
My =Yy and My = yiay?,
i=1 i=1
implying
Myyj =My —vcMy (1<j<4).

We remark that M;; (1 < j < 4) depends only on 1, ..., ys, whereas My;
(1 < j <4) depends only on ys, ..., ys. We combine suitable factors of the
index form I = I(y), namely,

(M; = M) (Miqq — Mj1g) = (My; — Myj)? — c(Ma; — My;)?
for 1 <i<j<4,
(M; = Mjq4)(Mis — Mj) = (My; — Myj)? — o(Myi + Ms;)?
for 1 <i<4,j+4>5 i#j,
Mi — Mi+4 = 2\/EM21' for 1 S 7 S 4.
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For abbreviation we set
Mij = ((My; — My;)? — o(My; — Ma;)*) (M — Maj)? — o(Ma; + My;)?)
for 1 <14 < j <4 and obtain

4
(8) Vi Iy) =2 [[a [ My

i=1 1<i<j<4
The determinants of the coefficient matrices of Miq,...,M14 and of
Moy, ..., Moy, respectively, are not divisible by p, hence they correspond
to invertible endomorphisms of IF;‘,.

For p > 5 we choose non-zero mg; € F), (1 < j < 4) pairwise incongruent

modulo p. We also choose my; € I, (1 < j < 4) pairwise incongruent
modulo p. For this choice there exist y1,...,ys € F, with

Mij=mijmodp and My =mojmodp (1<j<4).

Then the product Mpay - - - Ma4 is not divisible by p. Now we assume that p
divides M;; for some indices 1 <7 < j < 4. This implies
(mqy; — mlj)Q — c(mo; — 5m2j)2 =0 mod p
for e € {£1}. Since ¢ is a quadratic non-residue in this case, the latter would
be possible only for my; = m1; mod p, which we excluded. We conclude that
the field index is divisible neither by 5 nor by 7.
It remains to consider p = 3. For y € IF% with My;(y) = 0 mod 3 the

field index is clearly divisible by 3. If we choose y; € Ff, for i = 1,2 subject
to

(Mi1(y1), (Maz2(y1), (Mis(y1), (Mia(y1)) = (1,1,3,2) mod 9,
(M21(y2), (Ma2(y2), (Ma3(y2), (Ma2s(y2)) = (3,1,2,2) mod 9,

we obtain elements whose index is exactly divisible by 3. Finally, if none
of the Ma;(y) (1 < j < 4) is divisible by 3, their values are congruent to
1 or 2 modulo 3. For any y € F§ there exists a pair (i,j) with My;(y) =
M, ;(y) mod 3. For these indices we obtain either My; = Ms; mod 3 or Ma;+
Ms; = 0 mod 3. In both cases the index I(y) is divisible by 9 (compare ().
Hence, we have proven that the field index is exactly divisible by 3.

SUBCASE (ii)(b): p divides c¢. For prime numbers p > 5 the arguments of
the previous subcase remain valid. We only need to consider p = 3. For any
y € Fg there exists a pair (4, j) with My;(y) = Mi;(y) mod 3 (1 < j < 4).
But then Mij (y) is divisible by 9. If additionally one of the My; is divisible
by 3 then the field index is divisible by 33. If no My; is divisible by 3,
they belong to only two residue classes modulo 3 and—as in the previous
subcase—either Ma;(y) — Ma;(y) or Ma;(y) + Ma;(y) is divisible by 3 for
suitable (4, j). Hence, the field index is divisible by 3% in any case. Finally,
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if we choose y € IF§ subject to
(Mll(}’), (M12(y), (M13(Y)7 (M14(Y)> = (17 47 37 2) mod 97
(Ma21(y), (M22(y), (Ma3(y), (M24(y)) = (1,2,2,2) mod 9,

an easy calculation shows that the field index is exactly divisible by the
third power of 3.

CASE (iii): @ is a quadratic residue modulo p, b is a quadratic non-residue
modulo p, and p divides c. With the notation of the previous case we further
split the M1j7 MQj into

Miy = M1 + Vb Moy, My = Mia1 + Vb Mooy,
Miz = M1z + Vb Moo, Mag = Mgz + Vb Maos,
Mz = Mii1 — Vb Moy,  Mas = Mysr — Vb Moo,
Myq = M1z — Vb Moo, Mag = Migz — Vb Maso.
If we set
M = 4bMa11 Mara((Mi11 — Mi12)? — b(Ma1y — May2)?)
x ((Min1 — Mi12)* — b(Mar1 + Ma12)?)
for abbreviation, then the index form satisfies
(9) I(y) = (M7 — bM3y; ) (Miay — bM350) M* mod p.
Because p > 3 we can choose Mq11 # Mj1o mod p so that the last

two factors of M are not divisible by p. If additionally p does not divide
Mo11 Mo19My91 M112 we even obtain

M # 0 mod p, (M1221 - bM2221) # 0 mod p, (M1222 - bM2222) # 0 mod p.
Putting things together, we have proved the following theorem.

THEOREM 3.1. Let p be one of the primes 3,5,7 and denote by a(p) the
vp-value of the field index of Ks.

1. If a,b,c are quadratic residues modulo p, then

7 if p=3,
alp)=43 if p=5,
1 ifp="T1.

2. If a,b are quadratic residues modulo p, and ¢ is a quadratic non-
residue modulo p, then

1 i p=3,
a(p)=40 if p=35,
0 if p="T.
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3. If a,b are quadratic residues modulo p and p|c, then

a(p)=2 0 if p=25,
0 ifp="T.

4. If a is a quadratic residue modulo p, b is a quadratic-non-residue
modulo p, and p|c, then a(p) = 0.

This finishes the consideration of the odd part of the field index.

p even. Since 2 is certainly not coprime to the non-zero entries of
the transformation matrix 7', we must now work with the integral bases
w1, .. .,ws introduced in the previous section (see Lemma 2.2 and the sub-
sequent example).

This motivates us to distinguish the following main cases:

e b, c are quadratic residues modulo 8 and a = 1,5 mod 8 (CASE (i));
e a=3mod4,b=1,5mod8, c=1mod 8 (CASE (ii));
e a =2mod4 (CasE (iii)).

Each of them must still be split into subcases below.

We note that 1 is the only quadratic residue modulo 2, 4, 8. Hence, it
will be helpful if we can map (parts of) the linear forms considered into
Z/8Z. The next lemma is useful in this context.

Let b, ¢ be congruent to 1 modulo 8. According to Lemma the ring
of integers op of the extension E = Q(v/b, \/c) has an integral basis
Vb+b Vete 1

5 0 W8T T Wi T puwals,
where k denotes the greatest common divisor of b and c.

w1:1, Wy =

LEMMA 3.2. For b,c congruent to 1 modulo 8 there exists a surjective
Z-module homomorphism ¢ from op to Z/8Z. For Lyj(x) == Y&, xing)
and arbitrary (z1,...,z4) € Z/8Z there exist x1,...,x4 € Z salisfying

Y(Lyj(r,.. . wa)) =2 (1<j<4).
Proof. We consider the system of congruences
u+v=1mod8 and wuwv=2dmodS8

for given d € Z. Clearly, exactly one of u,v must be even; assume that
u € 2Z. Then necessarily vo(u) = v2(2d). An easy calculation shows that
there is a unique solution (u,v) for each d. To define a Z-homomorphism
Y : op — Z/8Z we just need to prescribe the images of the basis elements.
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Considering traces and norms of ws, w3 we get
b=1mod8, (b*—b)/4=2d, mod S8,
c=1mod8, (c®—c)/4=2d.modS8.

Let the solutions of these two systems of congruences be (b, bs) and (c1, ¢2)
with odd integers bs, co. We set

lws) =¢<b+ﬁ) — by, w(b_ﬁ) — by,

2 2
¥ (ws) =¢<C+2\/E> = c1, ¢<C_2ﬁ) = ca.

The remaining images are straightforward:
P(1) =1, (ws) =brer/k mod 8.

We remark that 1) is surjective (according to its definition) and compatible
with the action of the Galois group. The matrix M; := (w(w(])))1§i7j§4 has

7

a non-zero determinant in Z/8Z. Hence, for any (z1, ..., 24) € (Z/8Z)* there
exist x1,...,24 € Z such that Y(Lij(z1,...,24)) =z for 1 <j<4. m

CASE (i): b, ¢ are quadratic residues modulo 8.

SUBCASE (i)(a): a is a quadratic residue modulo 8. Here the linear forms
Li(x) (1 < j < 8) can be directly mapped onto (Z/8Z)® since the discrim-
inant of K3 is not divisible by 2 according to Lemma We choose 7 — 1
as the value of the linear form L;(x) (1 < j < 8). Then it is easily seen
that the product on the right-hand side of becomes divisible by 216, (For
example, the differences of Li(x) with the other L;(x) for odd j yield a
factor of 2172+1) If we put more than one L;(x) into the same residue class
the power of 2 in that product obviously increases.

SUBCASE (i)(b): a = 5 mod 8. We take up the ideas of Subcase (ii)(a)
for odd p (see (8)) to split the linear forms Lj(x) of the index form I as
follows. According to Lemmawe put n1 = (a++/a)/2, n2 = (b+vb)/2,
ns = (c+/c)/2 to get

I v an
wi=—[In"" G<ji<?8)
95 =1
where the «j; were defined in and the g; in .
Reordering the conjugates appropriately we can write the linear forms
a-++/a a—+/a .

Lj = L1j + 2\/>L2j and L4+j = Llj + 2\/>L2j (1 <5< 4).
We note that the Lij, Lo; are linear forms in 1,172,713, 7213 and their conju-
gates, with the coefficients being fractions with odd denominators. Also, the
Ly1; (1 <j <4)only depend on 1, ..., x4, whereas the Lo; (1 < j < 4) only



Indices of multiquadratic number fields 405

depend on s, . . ., zg. Combining suitable factors of the index form I = I(x)
we obtain

1
(10) Vi, Ix) =a®[[Lae [ (ZijiLija)

i=1 1<i<j<4
with

a

3 1 2
Liji = ((LM — Ly;) + §(L2i — sz)) 4(L2i — Lyj)?,

~ 1 S
Lijo = ((le‘ — Lyj) + §(L2i - L2j)) - Z(L% + Loj)*.

A simple calculation yields
~ ~ a

Lijo — Lij1 = Z((LQZ‘ — Loj)?* — (La; + Laj)?) = —aLa;Laj.

Hence, Eijl and iijg have different parity if and only if Lo; and L; are both
odd. .
Now we substitute a = 8a: + 5 into L;;1 to get

~ a—1
Liji = (L1 — Ly (L1i — L1j)(Lo; — Laj) — T(Lm’ — Lyj)?

)2
= (L1i = L1j)* + (L1i — L1j)(Lai — Laj) — (20 + 1)(Lai — Laj)*.
We observe that L;j(x) is even exactly if

L1i(x) = L1j(x) mod 2 and Lg;(x) = Loj(x) mod 2,

+
+

and in this case L;j;(x) is at least divisible by 4.
Now we apply the map ¢ of Lemma[3.2]to the linear forms Ly, La;. We
can choose x € Z® such that
(Lgl(x), ... ,LQ4(X)) = (2, 1, 5, 6) mod 8,
(Lll(x)7 s 7L14(X)) = (17 27 37 6) mod 8.

Then H?Zl Lo;(x) is exactly divisible by 4. Also, according to the discussion
above, L;j is odd for (i,4) # (2,3). For (i,j) = (2,3) the values L;;; and

L;j2 have different parities. While Lg3; is still odd we obtain
Loga = (L12 — L13)* 4 (L1 — L13)(Laz — La3)
— (2a + 1)(Las — Lo3)? — (8a + 5) Lag L33 mod 8
=1+4—(2a+1)4%> — 5> mod 8
= —20 mod 8.
Hence, Lass is exactly divisible by 4, and T (x) is exactly divisible by 2*.

It remains to show that I(x) is at least divisible by 2* in all other cases.
If all Lg;-values are odd then there are at least two pairs (i,7) for which
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Ly; and Ly; have the same parity. This implies 16 | I(x). If exactly one
value Ly; is even we can assume that this is Lo;. Among the pairs (i, j) for
2 < i < j < 4 there is at least one for which Lj; and Li; have the same
parity. (If two such pairs exist we necessarily have 2° | I(x).) Again, we can
assume that Lis(x) = L13(x) mod 2. Then Los; (x) is divisible at least by 4.
Now, Loo, Log, [~/241 are all odd and the parity of i241 is different from that
of Loss. Since Logs is even we see that 2% divides T (x). If more than two
values Lo; are even it is obvious that 24 divides I(x).

CASE (ii): a is a quadratic non-residue modulo 4. We observe that the
elements wa, w4, we, wg of the integral basis are of the form wy; = v/awy;
(1 <j <4), where the @Wy; are not necessarily integral. Any occurring de-
nominators are odd, however. We reorder the L; into L1, Ls, Ls, L7, Lo,
Ly, Lg, Lg. Thus we get

Li(x)=Lij+Valy (1<j<4)
with
4 4
Llj = Z xing) and ng = Z $i+4@§j),
i=1 i=1
implying
Liyj =Ly —+valy (1<j<4).
We remark that Li; (1 < j < 4) depends only on z1,...,xz4, whereas Lo;
(1 <j <4) depends only on zs,...,xs. We combine suitable factors of the
index form I = I(x). For abbreviation we set
Lij = ((Lui = L1j)* = a(Lai — Loj)*)(Lni — Lnj)® — a(Lai + Lo;)?)
for 1 <1i < j <4 to obtain

4
(11) Vi, I(x)=2'a® [[ Ls  [] L
i=1 1<i<j<4

SUBCASE (ii)(a): b, ¢ are quadratic residues modulo 8. The determinants
of the coefficient matrices of Li1,...,L14 and of Loy, ..., Loy, respectively,
are not divisible by 2, hence these matrices correspond to invertible endo-
morphisms from Z* onto (Z/8Z)* (cf. Lemma .

If we choose

(L21(X)7 SRR L24(X)) = (27 17 31 6) mod 87

(LH(X), . ,L14(X)) = (1, 2, 3, 6) mod 8,
the products on the right-hand side of contain a factor of 2!, We note
that even values of L;; are necessarily divisible by 2%. Hence, for any other
choice of the L;;(x) (i = 1,2,1 < j < 4) the products on the right-hand
side of are at least divisible by 210,
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We conclude that the field index is exactly divisible by 26. This is because
we have an additional factor of 2% in the square root of the discriminant
of Kg.

SUBCASE (ii)(b): ¢ is a quadratic residue modulo 8 and b =5 mod 8. In
this case the terms of f)ij can be viewed as elements in F := Q(v/b), more
precisely we study them in op/20p, where op denotes the maximal order
of F. Since b = 5 mod 8, the prime 2 stays inert in F. The factor ring
(finite field) op/20p consists of four residue classes represented by 2,1, :=
(1++/b)/2,¢%. If we distribute the values L1;(x) into all four residue classes
in the given order then only the difference L1z — L14 is divisible by 2. If
we also choose all Ly; odd so that their differences are at least divisible
by 2 then exactly one I~/Z~j becomes divisible by exactly 4 and the others stay
odd. Hence, the products on the right-hand side of are exactly divisible
by 22. All other choices of the L;j-values lead at least to that divisibility
condition.

CASE (iii): a is exactly divisible by 2. Again, the index form can be

written as in .

SUBCASE (iii)(a): b, ¢ are quadratic residues modulo 8. If we choose
(L21(X)7 s 7L24(X)) = (17 57 27 6) mod 87
(LH(X), ce ,L14<X)> = (1, 2, 3, 4) mod 8,

the products on the right-hand side of are exactly divisible by 2'°. Any
other choice of the L;j(x) (i = 1,2, 1 < j < 4) yields divisibility by at
least 2'°. Since an additional factor 2* is contained in the square root of the
discriminant in this case, the even part of the field index is 2.

SUBCASE (iii)(b): ¢ is a quadratic residue modulo 8 and b =5 mod 8. We
take up our considerations of Subcase (ii)(b). There are only two new as-
pects: the square root of the discriminant of K3 gets an additional factor 22
and the generating element a is now exactly divisible by 2. Then the same
analysis as in the previous case shows that the field index is always divisible
by 22, and there are elements in K3 for which this index is not divisible
by 23, for example wy + wr.

SUBCASE (iii)(c): ¢ is a quadratic residue modulo 4 and b is a quadratic
non-residue modulo 4. As we know from the introduction, the field Q({24)
has a power integral basis. Hence, we need to show that the field index is
odd and therefore 1.

We conclude as in Subcases (ii)(b) and (iii)(b). But we need to point out
that the second and fourth summands of Ly; are not necessarily algebraic
integers anymore, only their product with /a is.
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We show that the element 1 := ws+ws (notation as in the example in the
previous section) has index not divisible by 2. We have Li; = (14+/c¢)/2 and
Loy = (\/l;/g+ 1)/2. Accordingly, the differences L1;j := L1; — L1; become 0
for (i,7) = (1,2), (3,4) and /c in the remaining four cases. We also calcu-
late Lo;j := La; — Laj. The values are 0 for (4,5) = (1,3),(2,4) and Vb/g
otherwise. From this we obtain, for the factors on the right-hand side of ,

. b\? 1
24a? HLQi = 2442 (1 — 2) 16’

, g
i=1
which is exactly divisible by 24, and
N“{Odd for (Z)]) € {(173)5(174)’(273)?(254)}7
7 | exactly divisible by 4 for (i,7) € {(1,2),(3,4)}.

Since the square root of the discriminant of K3 is exactly divisible by 28,
the index of 7 is odd.
Putting these results together we obtain:

THEOREM 3.3. The 2-part of the field index of K3 is

e 2% for (a,b,¢) = (1,1,1) mod 8;

e 2% for a =5mod 8 and (b,c) = (1,1) mod 8;
e 26 for a = 3 mod 4 and (b, ¢)=(1,1) mod 8;
e 22 for a =3 mod 4 and (b,c) = (5,1) mod 8;
e 26 for a =2mod 4 and (b,c) = (1,1) mod 8;
e 22 for a =2mod 4 and (b,c) = (5,1) mod 8;
e 20 for a =2mod 4 and (b,c) = (3,1) mod 4

REMARK. We note that our results include those of [10] without any
restrictions on the generating elements a, b, c.

4. Field indices of K, for higher r. Let r be a positive integer and
ai,...,a, be integers such that the field K := K, = Q(y/a1,...,/a,) has
degree 2". Let ox denote the maximal order of K as before. The aim of this
section is to prove the following theorem.

THEOREM 4.1. Let p be a prime number and n be a positive integer.
Then there exists No = No(p,n) such that N > Ny implies that the field
index of Ky is divisible by p".

Proof. Case of p odd. Let p be an odd prime. We denote by (5) the
Legendre symbol. As we showed in Section 3, Subsection “p odd”, we need
to discuss three cases for K,:

1. (%) =1foralli=1,...,7;

2. (%) = —1 or p divides a7 and ( ) lforalli=2,...,r;

3. ap is divisible by p, (%2) =-1 and (;Z) =1foralli=3,...,r
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In case (%) =1 (1 <i<r)wefix b; € F, such that b? = a;. Then
we define 1(e\/a;) = eb; for all allowed indices, where ¢ = £1. One can
extend 1 in a straightforward way to a homomorphism % : og — F,. See
the discussion about the correspondence between the linear forms L;(x) and
M;(y) in Section 3.

CASE 1. We choose r so large that 2" > p"*1. Let y € Z?". Because
Y(M;(y)) € I, for all j =1,...,2", there exists u € F), which appears as
the value of at least 2" /p > p™ linear forms. Let J = {j | ¢(M;(y)) = u}.
Then M;, (y) — M;,(y) is divisible by p for all ji, jo € J, with j; < ja. The
number of such pairs of indices is |J|(|J| —1)/2 > |J| > p™. Thus p" divides
I, (M(y)) for all y € Z*', i.e. p" divides the index of all integral elements
of K,.

CASE 2. Now we write

M;(y) = My;(y) + a1 Maj(y)  (j=1,...,2"7 1),
Mj o-1(y) = Myj(y) — Va1 Maj(y) (5 =1,...,2"7").
We put
(12)  Myj = ((My;— M) —ay (Ma;— Ma;)?) ((Myi— My;)*—ay (Ma;+ Mo;)?)

for 1 <i < j <271 Then we get as before

2'r—1
Vi, Ik, (y) = a0 [ Mz J] M
Jj=1 1<i<j<aor-1

We choose r so large that 2"t > p"*2. Because (My;(y)) € Fp for all
j=1,...,2"71 there exists u € F, which appears as the value of at least
271 /p linear forms. Let J; = {j | ¥(My;(y)) = u}. As ¥(Ma;(y)) € F,
for all j € J; (actually for all j = 1,...,2"!) there exists v € F, which
appears as the value of at least |J;|/p > 2"~ /p? linear forms. Let Jo = {J |
¥(Ma;(y)) = v}. Then (M — M) = (M — Maj) = 0 for all 4, j € Jo,
i < j. This means that the exponent of p in Ik, (y) is at least

2| 12|(| 2| = 1)/2 > 277 /p® > "

CAsE 3. Now we have to split the linear forms My , Ms; further. We
write

Myj(y) = Mu(y) + Vaz Migi(y)  (j=1,...,2"7%),
Maj(y) = Moyj(y) + Vaz Maoj(y)  (j=1,...,2"7%),
M, jior—2(y) = Mi1;(y) — Vaz Migi(y)  (j=1,...,2"7?),
My jior-2(y) = Mayj(y) — Vaz Mazj(y)  (j=1,...,2"72).
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Then we obtain

MijMi,j-i-QT*? = (((M11; — M11;) — vaz(May; — Mayj))* — a1 Aq)
x (((Mi1; — M) + vaz(Ma1; — Mayj))* — a1 Az)
= ((M11; — Mi1j)? — ag(May; — Ma1;)*)* — a1 43,

with integers A;, Ao, A of K.

Now we repeat the argument of the previous cases. Firstly, there is a
J1 C{1,...,2"2} such that |J;| > 2"~2/p and the values ¢»(Mi1;)(y) are the
same for all ¢ € J;. Then there exists Jo C J; such that |J2| > |J1|/p and the
values 1(Ma1;)(y) are the same for all ¢ € J;. Consequently, MiijHPQ
is divisible by p. Thus the exponent of p in Ik, (y) is at least

2 J2(|J2] = 1)/2 > 272 /p* > p".
Hence, for 2772 > p"*2 the field index is divisible by p™.

Case of p even. The case p = 2 is dealt with similarly. The generalization
from r = 3 to higher exponents r follows an analogous pattern to that for
odd p. Since the number of subcases to be considered is 7 (as for r = 3) the
proof requires arguments as in the previous section. We therefore omit the
details. m

However, we still give an explicit proof in the most interesting case a1 = 2
mod 4, ag = 3mod 4, a; = 1 mod4 (i = 3,...,7) and p = 2. We consider
it most interesting since the result below also shows that the field index is
even for r > 3. For the proof we will introduce some new ideas particularly
for this case. We shall use the linear forms L; from and the integral basis
w1, ...,wsr of Lemma [2.2

LEMMA 4.2. Letr > 4. For a; =2 mod 4, ao = 3 mod 4, ag = 1 mod 4
and a; = 1 mod 8 (4 <i <) the field index of K, is divisible by 2" 2.

We remark that the lemma implies that the field index of K, is even for
r > 3 and tends to infinity for large values of r.

Proof. By Lemma [2.2] the vo-value of the square root of the discriminant
is 2" in this case. Similar to our considerations at the beginning of Section 2
we can further normalize the generators when we consider p = 2. It is easy
to see that we can additionally choose a1, ..., a, subject to a; = 1 mod 8 for
r > 4.

We shall show the result by induction on r.

Although the result of the lemma is not true for » = 3 we need that case
for our induction hypothesis. We recall part of the results from the previous
section, but we need a more precise premise for the induction step. We make
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use of the basis given in Lemma [2.2] but in a different ordering:

wy =1, wo = y/as — as,
Jasg —a 1
w3 = 732 &) Wy = T(\/az —az)(y/a3z — az),
g4
1
W5 = /a1 — ay, we = 5(\/611—001)(\/@—@2),
1 1 £
w7:—(\/a1—a1)(\/a3—a3), wg = — (\/ai—ai).
297 Ags 5

We note that the elements g; are odd natural numbers. The conjugates are
chosen in the order

ida 02,03,0203,01,0102,0103,010203.
We decompose the linear forms L;(x) of (4] into
Lj(x) = Lij+ Laj  (1<j<4)
with
Llj = Z.’Eing) and ng = Z$4+’iwé(lj—2i‘
i=1 i=1
We note that Loj = igj(w/al —ap)/2, implying

—y/a1 — a1 = .
Lyyj=Lij+ %Lm‘ (1<j<4).

A straightforward calculation shows that for (i,j) = (1,2),(3,4) the differ-
ences L1; — L1; are multiples of 2, and those of Lg; — Lo; are multiples of
v/2 by algebraic integers. That property remains valid for all pairs (i,) in

J3:=1{(1,2),(1,6),(5,2),(5,6),(3,4),(3,8),(7,4),(7,8)}.
Also, we put
J3 = {(i,441) |1 <i<4}
and observe that the values Lj — Ly for (4,44 j) € Js are multiples of 2
by algebraic integers. Hence, the index form multiplied by the square root
of the discriminant of K3 is divisible at least by 2414 = 28,

Now we carry out the induction step. We put & := 2"~2 and we assume
that on level r—1 we have an integral basis wy, . . ., wa,. These basis elements
are ordered in such a way that the index form decomposes into two linear
forms, say

r—1 r—1 r—1
(13) L§~ )= ng )+ ng )
such that
(14) Y iV ez, LYY L8V e V21
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for each of the 2"~! pairs of indices (4,5) € J,_1. According to Lemma
there exists an integral basis on level r in the form

Wy - - ey Wy
Var —ap 1

2 Gkp
with odd integers gy ,. (We consider r > 4, which implies a, = 1 mod 8.)
(r)

On level r the index form L i

W2ktp = W (1<p<2kK)

decomposes as

-1 Ap — Qp ~(r—1 .
(15) L =Yy 7*/72 "LV <<
where the coefficients of the basis elements in Lgr_l) and in f/g-r_l) just differ
by the rational factors 1/g. ,. The conjugates are ordered so the first 2x
correspond to (o1,...,0,-1) = G,_1 and the last 2k correspond to o, G,_1.
This means that

(r) (r=1) . —r — ar (1) ot
(16) Lyl =Ly )+ ==L (1<j<2 by,

Now we let (i,7) € Jr—1, i.e. Lgr_l) - Lg-r_l) € v2Z. Then also LET) S

J
and Lg;) i Lgﬁ) » have this property. Therefore we get 2" pairs of indices
for which the corresponding differences of linear forms are divisible by v/2.

By induction hypothesis, on level » — 1 we have the 2"~2 differences
L(rfl) _L(lrfl)
J

(2

((i,9) € jr_l) which are multiples of 2. On level r we therefore
obtain twice as many such differences, namely LET) — L( ") and Lg H) i Lg ,2 45

It is now straightforward how to update the informatlon from level r — 1
to level r. We have explicitly constructed J,. from J,_; containing twice as
many, i.e. 2", pairs (i,7) for which and are satisfied on level r.
Each of the corresponding differences of linear forms is divisible by /2.
Also from the pairs (i,j) € Jy—1 on level r — 1 we have obtained twice as
many, i.e. 2"~1 pairs (i,5) and (2x + 7,2k + j) forming J, for which the
corresponding differences of linear forms are divisible by 2. We still remark
that J,_1 N J,_1 = 0 implies J, N J, = 0.

Hence, the vp-value of the product of all these differences is 271 +2"~1 =
2" which equals the vp-value of the square root of the discriminant of K,.. To
prove the lemma we still need to exhibit additional factors of 2 in the product
of differences of linear forms. They come from the fact that a, = 1 mod 8,

i.e. the norm of (\/a, — a,)/2 is even.

We consider the products P;; := (Ll(.T) L(T))(Lé72+l L(J{)ﬂ) for (i,7)
€ Jr—1. We already know that P;; is an integral multiple of 2. We shall
prove that it is even an integral multiple of 21/2. Obviously, we have 271
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factors P;;. By f we conclude that
Py=2v2A + (LY Y — L{Y)?
—/Qr — Gy r— r— F(r—1 F(r—1
O - A - 1)

5 2 2j
\/E— ar - (r—1 r—1)y /7 (r—1 z(r—1

+ T(Léz /- Léj )>(L;i ) - Lg]’ ))
CL% —Qr  =(r—1 (r—1

+ T(Léi ) - Léj ))2’

hence
r—1 r—1 r—1 r—1 F(r—1 F(r—1
(17) Pij = 2\/§A2+(Lgi )_ng ))(Léi )_Léj )_GT(Léi )_Léi )))

with algebraic integers Aq, Ao. Since a, is odd and the coefficients of the
basis elements in L, L differ only by odd fractions, the last factor on the
right-hand side of is divisible by 2. Therefore P;; is an integral multiple
of 21/2. Since we have 2" ! such pairs (i, 5), (2k+14, 2k+7) in J,., the vo-value
of those products is 2"~ + 272, Together with the contribution of the 2"~!
r) _ Lg-r) ((i,7) € J,) this proves the lemma. =

factors L,
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