ACTA ARITHMETICA
133.4 (2008)

Linear forms in two logarithms and interpolation
determinants 11

by

MiICHEL LAURENT (Marseille)

Dédié o Wolfgang Schmidt, a l’occasion de son soizante quinziéme
anniversaire. Avec beaucoup d’admiration pour I’cuvre accomplie

1. Introduction and results. We improve our previous results [4, 5]
on linear forms in two logarithms of complex algebraic numbers by intro-
ducing a new ingredient in the theory. Since the underlying idea has a wider
scope than its present application, let us start with some comments on the
techniques employed in effective diophantine approximation for bounding
from below the absolute value of some non-vanishing quantity, say A. When
using the method of auxiliary functions, one needs to require that | A|, which
has to be viewed as an error term, should be much smaller than the abso-
lute value of all non-zero values of the auxiliary function which occur in the
proof. More flexibility is permitted when we use the method of interpolation
determinants. Larger values of |/A| may then be admissible. We introduce an
additional positive parameter p which takes into account the relative mag-
nitude of |A| compared with the various interpolation determinants occur-
ring in the proof. Our previous work [4], as well as the subsequent papers
[5, 6], correspond to the case u = 1. However, values p < 1 are possible. The
goal of the paper is to employ this idea in the context of [4], which leads to
a significant reduction of the numerical constants obtained. The same plan
could as well be applied to closely related topics, such as linear forms in one
logarithm [7, 8], or more generally the theory of linear forms in any number
of logarithms [9], and could also be adapted to the p-adic theory [2, 1].

We have kept the framework of the papers [4, 5, 6]. We first give a rather
general statement involving all parameters of the construction (Theorem 1).
Next, we specialize these parameters (Theorem 2) to obtain totally explicit
results. The application of Theorem 2 finally produces lower bounds for |A|,
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326 M. Laurent

which are formulated in the usual style of the theory of linear forms in
logarithms. We have preserved the notations of the corresponding statements
in [5, 6], referring mainly to [5] for the points which remain unchanged.

For any algebraic number « of degree d over Q, we define as usual the
absolute logarithmic height of o by the formula

d
1 .
h(a) = g(1og jaf + > log max(1, \a(l)|)>,
=1

where a is the leading coefficient of the minimal polynomial of o over Z, and
the a(®’s are the conjugates of « in the field C of complex numbers.

Let a1, as be two non-zero algebraic numbers, viewed as elements of C,
and let loga; and logas be any determinations of their logarithms. We
consider the linear form

A =bylogas — by logay,

where b and by are positive integers. Without loss of generality, we suppose
that |aq], |az| > 1. Put

D= [Q(Ozl, 042) : @]/[]R(al, ag) : R]
THEOREM 1. Let K be an integer > 2, and L, R1, Ro, S1, So be positive
integers. Let o and p be real numbers with o > 1 and 1/3 < p < 1. Put

1 N

R=Ri+Ry—1, S=Si+S—1, N=KL g=5-1mc
K1

14 2p— P (R=1)ba+ (S —1)by /(KK

o=—""" b= 5 (kl_[lk:> .

Let a1, as be positive real numbers such that
a; > ollog a;| — log || + 2Dh(ey;)
fori=1,2. Suppose that
1) Card{aja3; 0 <r < R;,0<s< S5} >L,
Card{rba +sb;; 0 <1r < Rp, 0<s< Sy} > (K —1)L
and

(2) K(oL-1)logo— (D+1)log N
— D(K —1)logb — gL(Ray 4+ Sas) > e(N),
where
e(N) = 2log(NIN NN 4 (e — 1)) /N.
Then

LSIA/2b2) [ peLRIAL/(2b1)
A > o #EE with A = Amax{ LSe Lfe }

2by ’ 2by
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We now consider specifically the case of multiplicatively independent
algebraic numbers a1, as. We specialize the values of the above parameters
K, L, Ry, Ry, 51,52 to obtain a more concrete result.

THEOREM 2. Let a1, a2, h, 0 and p be real numbers with o > 1 and 1/3 <
pw<1. Set

1420 — u? 1
0:7_’_““, + -,
2 o

1

1 1
—2( 1414+ —= ], 6= /14— +-—.
“ <+ +4H2>’ tame tom

Consider the linear form A = bylogas — bylogay, where by and by are

positive integers. Suppose that oy and ao are multiplicatively independent.

Put D = [Q(a1,a2) : Q]/[R(a1, a2) : R], and assume that
b1

b
3) h> max{D(log(a + ;) Tlogh + 1.75) +0.06, \,
2 1

(4) a; > max{1, g|log a;| — log |ej| + 2Dh(e;)} (i =1,2),
(5) aipag 2 )\2.
Then

22 A ) A\
log|A] > -C|h+ =) ajaa —Vwh | h+ =) =log| C'| h+ =] aiaz
g g g

with
po(w 1 w2 8AWAPYA 41 1\ Aw)?
o e Y e A e o L=
o\6 2\ 9  3JajaaHY/? 3\a1 a2

Cowb
r_
C' = N

REMARK. The constant 1.75 occurring in (3) may be reduced if we as-
sume that h is large enough. Its asymptotic value is equal to 3/2+1og(3/4) =
1.21..., as can be easily seen from the computations in Section 3.2.2 below.
The interested reader is directed to [6], where this remark is expanded.

> >

A=ologp, H=

Dlog?2
2 )

For fixed values of the parameters p and p, the leading coefficient C'

tends to
16 16 16p

930~ 9(log0)®  (1+2p — p?)*
when h tends to infinity. The first factor (16/9)(log o)~ already occurred
in Théoreme 2 of [5], while the second is equal to 1 for ¢ = 1. When h is

large, the optimal values for p are thus close to 0.63... where the factor
16p/(1 + 2 — p2)*, viewed as a function of y, has a local minimum with
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value 0.83.... Tables 2 and 3 in Section 4 illustrate the convergence of i to
0.63... as h grows.

In order to make the comparison with the results in [5, 6] more apparent,
we give analogues of Corollaires 1 and 2 of [5]. Set

b n bo
" DlogAs DlogA;’

where A; and Ay are real numbers > 1 such that

log A; > max{h(«;), loga;|/D,1/D} (i =1,2).

b/

For m = 10,12,...,30, define coefficients C; = C1(m) and Cy = Ca(m)
by the following table.

Table 1. Main constants

m 10 12 14 16 18 20 22 24 26 28 30
Ci 323 299 282 269 260 252 245 240 235 231 228
Cy 252 234 221 211 203 197 19.2 188 184 181 179

COROLLARY 1. Suppose that a1 and ag are multiplicatively independent.
Then

log|A| > —C, D*(max{logb’ 4+ 0.21,m/D,1})?log A; log A,
for each pair (m,Ci(m)) from Table 1.

COROLLARY 2. Suppose moreover that the numbers oy, as,log ay, log as
are real and positive. Then

log |A| > —CyD*(max{log b’ + 0.38,m/D,1})?log A log A
for each pair (m,Ca(m)) from Table 1.

A look at the analogous Tableaux 1 and 2 on pages 319-320 of [5] reveals
that, for each m, the corresponding constants C1(m) and C2(m) have actu-
ally been reduced by about twenty percent. Notice, however, that a direct
application of Theorem 2 will usually provide a better result when dealing
with a specific linear form.

To conclude the introduction, let us mention that Theorem 1 can also
be applied to the case of multiplicatively dependent numbers a7 and s,
leading for instance to a sharpening of Théoreme 3 in [5].

Acknowledgements. I am pleased to express my gratitude to Paul
Voutier for his numerous suggestions and comments. Thank you Paul for
your thorough and constructive criticism.
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2. Proof of Theorem 1. We follow the proof of the corresponding
Théoreme 1 in [5, Section 4] (!). We need a new analytic estimate, while
the other parts of the proof remain unchanged. All the notations employed
here are consistent with those of [5].

Let M be the KL x RS matrix whose entries are

<Tb2 + Sbl) Ir s
k QG

where (k,1) (0 <k < K, 0<1< L) is the row index and (r,s) (0 < r < R,
0 < s < 5) the column index. By [5, Lemme 5], under the assumption (1),
the rank of M is N = K L. Let A be a non-zero N x N minor of M. After
numbering the rows and columns of A, we can write

A = det ( (ij? + Sjbl) alfrjalgsj)
ki 1<i,j<N

for some integer sequences (k;, l;)1<i<ny and (74, 5;)1<j<n-

2.1. Arithmetical lower bound. Under the assumptions of Theorem 1,
Lemme 6 of [5] provides us with the following lower bound for |A|.

LEMMA 1. Put

1 N
My=(L—1)(r1 4 +7r5)/2, Mo=(L—1)(s1+-+sn5)/2

Then

D—-1
log|A] > — TNlogN—i— (M + G1)log |ay| + (Ma + Go) log ||

—2DG1h(an) — 2DGsh(as) — % (D — 1)(K — 1)N logb.

2.2. Analytic upper bound. Let us now state our new analytic estimate

which essentially reduces to Lemme 7 of [5] when p = 1.

LEMMA 2. Let ¢ and p be real numbers. Assume that o >1,1/3 < p <1
and

(6) 1A < o PN,
Put o = (14 2u — u?)/2. Then
‘A’ < Q_(UNQ_N)/2N<6N 4 (6 _ 1)N)(N')(Qb)(K_1)N/2

X o |M1 |a2|MzeQ(G1\10ga1|+G2llog az])

(*) Notice that the stronger assumptions K > 3 and L > 2 made in [5, Théoreme 1]
are unnecessary in our present proof. They ensure the lower bound N > 6, which is used
in Section 4.5 of [5], but not here. Compare with the earlier Theorem 3 in [4].
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The proof of Lemma 2 rests on a refinement of the analytic argument
introduced in [4, Lemma 6]. The determinant A may be written as an in-
terpolation determinant (also called alternant) of N analytic functions in
two variables, say = and y, evaluated at N points (zj,y;) (1 < j < N).
Condition (6) means that the supremum of the |y;|’s is small. To estimate
such a determinant, we use the device given in the remark on p. 194 of [4].
One has to expand the interpolation determinant into power series of the
2N variables z;,y; (1 < j < N), and next estimate the non-zero summands.
Compared with the previous Lemma 6 of [4], we make use here of the whole
power series expansion of A, instead of the truncated series to order one in
the variables y1,...,yn.

2.2.1. A combinatorial lemma. To prove Lemma 2, we begin with the
following result.

LEMMA 3. Let £ be a positive integer, let vi,...,vy be a sequence of
positive integers and let p be a real number with 1/3 < p < 1. Put 0 =
(14 2u—p?)/2 and N = Zi:l V. Then

14 14 2
4% oN*— N
(4 oy otk

k=1

Proof. Consider the polynomial

P(zy,...,7¢) = ;(émi) +M(é(k‘ — 1)$k)7

together with the simplex S C R consisting of the points z = (X1,...,20)
which satisfy
1

Zxkzl and x>0 (1<k<Y).

k=1
Since (v1/N,...,vy/N) belongs to S, it clearly suffices to show that P(z) >
o/2 for any x = (x1,...,x¢) in S.

Let £ = (§1,...,&) be a point in S where P reaches its minimal value

on S. Observe first that

12622620,

since otherwise, permuting coordinates & < &; with ¢ < j would produce
a point & for which P(¢’) is smaller. We remark now that for any index k
with 2 < k < ¢ and any real number y in the interval —¢, < y < &, the
point (&1 —y,...,& + vy,...) obtained from ¢ by modifying only the first

and kth coordinates lies in S. Since P attains its minimal value on § at &,
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the partial derivative

oP oP 0

—§1+5k+(k—1)ﬁ6:—6751 § +875k(§):@P(gl_y""’£k+y"")

y=0
is always > 0 since & > 0, and moreover it vanishes whenever & > 0.
Consequently, for any index k& with 1 < k < /, either £ = 0, or & =
&1 —(k—1)u > 0. Let m < £ be the greatest integer k for which & > 0. The
relation > ;% ; & = 1 then implies

m-+1

G b (W rekem

Writing now &, > 0, we see that ;4 < 2/(m(m —1)). Since we have assumed
that 4 > 1/3, it follows that m < 2. For m = 1, we have { = (1,0,...) and
P(§) =1/2> 0/2. For m = 2, we find

(1t p 1—p _1+2,u7,u2_g
§—<2 "5 ,0,...) and P(§)—74 =5 .

2.2.2. Expanding the interpolation determinant A. Permuting possibly
ay with ao and by with by, we may assume that

b1|log 1| < bo|log aal.
We shall then prove the required upper bound for |A[, assuming that
(7) A" < 07N,

where A" := (LSA/(2by))eXSI41/(2b2)  Lemma 2 will obviously follow.

As in [4, Lemma 6] and in [5, Lemme 7|, we first express A as an in-
terpolation determinant. Put § = by /be. For any complex number 7, linear
combinations of rows enable us to write

A=d by ki Liri  Lisi
= det k—i!(rj—l—sjﬂ—n) ay Tay ).
We choose n = ((R—1) + (S —1))/2. It is also convenient to center the
exponents ¢; around their average value (L — 1)/2. We get

A = Olfllwl aé\42 det(]{?' (7'] + 8]/8 _ n)kzai"ﬂ"] aé\lm) ,
0.

where \; = ¢;— (L —1)/2 (1 <i < N). From the relation log s = Blog vy +
A/ba, we may write

ai\ﬂ“jagisj _ ai\i(errSjﬁ*ﬂ)e)\iSjA/bzai\m.
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Noting that Zfi 1 Ai = 0, we finally obtain the formula

bhi (s Ben) X s
A= adhadt det(k (rj + 5,8 —m)Fiay iFe’ ")ekzsﬂ/@)

= o104 det(pi ()N 12),

with
k;

b
@i(x):k?'xkai‘a’ and zj=r;+s;8—n (1<4,j<N).

Thus, al_MlaZ_ M2 A has just been written as the interpolation determinant
of the N functions ¢;(x)e*¥ (1 < i < N), evaluated at the N points
(2j,8i4/b2) (1 <j < N).
We now expand each factor
ey /\iS‘A b2 i
sl = 3 ( Jni/! )
n; >0

into a power series in s;4/by. By the multilinearity of the determinant, we

get the formula
=" Z Z An,

n12>0 ny>0

where we have set
Ais; A /by
n=(ny,...,ny) and A, =det (goi(zj) (”/‘2)>

- un
Let m1,...,my be the distinct values taken by the n;’s in the N-tuple n.
These values are numbered in order of increasing magnitude, m; < - - - < my.
For each integer k with 1 < k < ¢, we denote by I; the subset of indices 7
for which n; = my, and by v = Card I} the number of repetitions of the
value my, in the sequence n.

LEMMA 4. For any N-tuple n = (n1,...,nyN) of non-negative integers
and any real number ¢ > 1, we have the upper bound

LS[ANZ=m T -
A, < 020~ Tk (1 )< 2b|2|> = (1:[1nv> 1

with
2 = N!(ob)K—IN/2go(Grllog aa|+Gallog az])

Proof. We consider the analytic function

An() = det <¢i(xzj) (i 4/b)™ bQ)m)

of the complex variable z. Obviously A, = A,(1).
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Let us first show that A,(x) has a zero at the origin z = 0 with multi-
plicity greater than or equal to Zi 1 (” ) For that purpose, expand each
©i(T) = 3550 Pishs z" into Taylor’s series about the origin and substitute

wi(T25) = X p.>0Pih (zzj)" in the determinant A,(z). As above, we use
the multilinearity of the determinant to find that

= 5 ([ da( )

(h1,...hn)ENN i=1

Observe that the summand det( "(XisjA/b2)™ /n;!) vanishes when h; = hy
for some pair of indices i # ¢/ belonglng to the same subset I, since in that
case rows i and ¢ in the matrix are proportional. It follows that for any
non-zero term in the above sum,

{ vip—1
Shey S ey ()
k=1 h=0 k=0
We now expand the determlnant Ay (). On bounding |A;s;| < LS/2 for
any 1 <1i,5 < N, we obtain the estimate

N A ing N _
]An(a:)|§N!m§x{Hgoi(sz(i))‘}<L§b|2 \) i (H”i!) '
i=1 =1

where 7 runs over all substitutions of {1,..., N}. For any such 7, the upper
bound

N

[ lei(@zem)l < (l2]p) DN expfjal (G1 + 5G2)[log aa |}

i=1
has been established in the proofs of Lemma 8 in [4] and of Lemme 7 in
[5] (?). The assumption fS|logai| < [log ae| then implies that

max |A,(z)] < Q(LS’/”) - 1nl<ﬁni!>_1.
i=1

|z[<e 2by
The required upper bound finally follows from the usual Schwarz lemma. u

2.2.3. Proof of Lemma 2. Recall that we have associated to each N-
tuple n of non-negative integers the two sequences mq, ..., myand vy, ..., V.
Notice that there are exactly (Vlf\f ’w) N-tuples n giving rise to the same
couple of sequences (v1,...,v) and (my,...,my) satisfying vy > 1 for 1 <
kEk<tlivn+--+vy=Nand 0 < m; < --- < my, since the number of
ordered partitions {1,...,N} = Hi:l I, with Card I, = v, 1 < k </, is
equal to the multinomial coefficient (Vl N ’VZ).

(?) Beware that the b in [4] corresponds to 2b in [5].
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Let us indicate by E,@ a sum over all N-tuples n for which at least one

of the n; vanishes (equivalently m; = 0), and by Y. the sum over the
complementary set of N-tuples n for which m; > 1. Our purpose now is to
bound Z’Q | Ay, | and zg | Ay

Let n be an N-tuple for which m; = 0. When ¢ = 1, we have n =

o,..., ) When ¢ > 2, write my, = k — 1+ m) for 2 < k < ¢, so that
0 <mh < --- <my. Then we have
l
3= 3k Yo
k=2 k=2
and
V4
an = H my!)k > H . l_I(mQJ)”’C
k=2 k=2

Plugging the above estimates into the upper bound furnished by Lemma 4,
we find

Z/|Aﬂ| < ng(g)

+Qi{ >

=2 ~v1+-4rvpy=N
vi21,..,0p2>1

((Vﬂ )0~ Tkt (1) (L8] A| 2b) Shea k=1
Hk=2( — 1)

S (LS|A\/2bz>Ei—zm%”k>}.

4
0<m,<-<m), Hk:Q(m;g!)Vk

We roughly bound the last sum as follows:

£ /
Z (LS|A|/2b2)Zk:2mkl/k N e(LS|A|/2[)2)Z£=2 Ui

e —
0§m’2§~--§m2 Hk:Q (m?ﬁ)'/k

(LS|A]/2b2) 35—y (k=1)vi,
<e

We finally obtain the estimate (3)

Sladey, ¥

(=1 i+ dry=N [Trmo(k — 1)lw

~(oN2-N)/2 ) Z Z (ul,N,W)
)ll’k

l=1 vi+-~vy=N Hk 2(

N - e* s Z, k—1)v,
(, V) e i () 4Tz

(3) When ¢ = 1, the sums and products taken over k in the empty interval 2 < k </
have to be replaced by 0 and 1 respectively.
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N 1 N
1 2
<o éz:; + kzzz o) <¢ e,

using here the upper bound (7) for |A”| combined with Lemma 3.

As for the second sum Y7 | A, |, which is a residual term, we use similar
arguments. We now start with the decomposition my, = k+mj forl <k </,
where 0 < m/ < --- < mj. Replacing in the above display k — 1 by k and
my, by mj, where the index k runs from 1 to ¢, we obtain in that case the
upper bound

S14] < 0~V NN (e — 1),

the factor (e — 1) arising from the estimate Zizl 1/k! < e—1 used in the
last step. Since

/ "
A1 < fon a2 (314l + 37 A ).
n n
the proof of Lemma 2 is now complete. =
2.3. Completion of the proof. Suppose finally that the assumptions (1)

and (2) of Theorem 1 are satisfied and that (6) holds. Then Lemmas 1 and 2
provide us with the following estimate for log |A|:

(D —1)Nlog N

9 + (Ml + Gl) log |Oél| + (MQ + Gg) log ‘052| — QDGlh(Oél)

1
—2DGsh(ag) — §(D —1)(K —1)Nlogb < log |A]
1
< log(N(e™ + (e = 1)™)(N1)) + 5 (K — 1) N log(eb) + M log [
1
+ 0G1llog ai| + Ms log [as| + 0Gallog ao| — 3 (oN? = N)logo.

The terms in M7 and My cancel. Replace now 7 and G by their values.
After division by N/2, we get the opposite of (2). Therefore (6) cannot hold
under the assumptions (1) and (2), and Theorem 1 is proved.

3. Proof of Theorem 2. For the most part, we follow the proof of
the corresponding Theorem 2 in [5] and in [6]. Notice however that we have
slightly modified the definition of the parameter L. This new choice leads
to smaller constants, even in the setting of [5, 6] where y = 1. Compared
with [5, 6], we have also split the proof into successive steps, which hopefully
should clarify its structure.
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3.1. The parameters. We define L to be the unique integer belonging to
the interval

1 1 1 1
1/%H:H+\/H2+Z—§<L§H—H/H2+1+§:\/M9H.

Set now
A L 1/1 1 L
U=AL—-h—==XNL-H), V= W == <_|_+2 )7
o 3\ar a2 a1az
B 1+ vz K V2 W+V V2+ 4w
\2Uu U 2U2 wVuz " U
Hence
V2 w
—_ _ _ 47
vk + TR

is the positive root of the polynomlal UX? - VX — W. Put finally

K =1+ |kLayas], Ry =1+|\/Lazja1], Ry=1+|/(K —1)Las/a1],
Slzl—i—L\/Lal/agJ, SQZl—l-L\/(K—l)Lal/aQJ.

With the noteworthy exception of L, these parameters were already em-
ployed in [5, 6] (*). The present choice of L is motivated by the estimate
(11) below. We have selected an interval (8) of length 1 along which the
function x + 22/(x — H) is as small as possible, in order to minimize the
value of the coefficient C' depending mainly on the quantity L?/(L — H).

For later use, we now estimate various expressions involving these param-
eters in terms of the data a1, as, h, o, u. Here, the quantity H = h/A+ 1/o0
plays an important role. Note that our assumptions imply that H > 2, since
h>X(by (3)) and 0 <o < 1.

Using the formulas

w 1 1 1 1
o=l 1+ — — Vel =1+ /1 —
0 + +4H2 Vi and wb + +4H2 + Yk

we first deduce from the lower bound H > 2 the inequalities
val / 1
(9) 3+T7§ ‘;<\/w9§5+4\/77_

We now estimate quantities of the form L*/(L — H) for exponents «
which are half integers.

LEMMA 5. For any half integer o # 2, we have
(10) wa/29—|a/2—1|Ha—1 < La/(L - H) < wa/29|a/2—l\Ha—1.

(*) More precisely, the parameters K, Ry, Rz, S1, So are defined in [5, 6] by the same
formulas, but with slightly larger values of the parameter k.
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When o = 2, we have

L2 1
(11) 4H§L_H§2<H—|—\/H2—|—4>:wH.

Proof. Let us show that the function x +— x/(z — H) decreases in the
interval (8) when o < 3/2 and increases when a > 5/2. Differentiating gives

9 2 Ya(z—H)—x)
orx—H (x — H)?

For any o > 5/2 and any « in (8), we bound from below

) 3 5 3 jw 5
“Hy-z>2@-H)—a2=22—~H>2/“H-2H
ale—H)—wzg@-H—w=ge—gH=55H-5
S H(—11+ 3v17)
- 8
since \/w/0 > (3++/17) /4 by (9). The function x +— x%/(x — H) is therefore
increasing in (8) when a > 5/2. When o < 3/2, we bound from above

1 1
a(x—H)—xSg(x—H)—x:fa:—§H§§\/w6H—§H

2 2 2
H(- V1
S (7—+’7> < 0’
8
since Vwl < (54 +/17)/4 by (9), to conclude that the function strictly
decreases in that case.

>0,

Therefore we find the estimate

sgtafan) gt _ H A+ VITFTA—1/2) 1
VH2+1/4-1/2 ~ L-H
< (H+H?+1/441/2)~
N VH?2+1/4+41/2
for any o > 5/2, while the reverse inequalities, obtained by exchanging the

upper and lower bounds, hold true when « < 3/2. The estimate (10) is thus
verified for any half integer a # 2.

_ wa/?ea/Q—lHoe—l

When o = 2, the function z + 22/(x — H) attains its minimal value
in (8) at * = 2H, and reaches its maximal value at the extremities H +
VH?+1/4+1/2 of the interval. The estimate (11) is thus verified. =

We now proceed to show that L > 4 and K > 8, hence N > 32. The
lower bound L > 4 immediately follows from (8), since H > 2. As for K,
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using the definitions of k£, V and W, we can write

32 /atas
\V ]’CLCLlCLQ = #

1 [ L3/2\? 4L 8 L3/2
+ 2\/(3(]) aias + g ﬁ(al +CL2) + ng

On combining (10) (for @« = 3/2 and o = 1) with the lower bounds a; +ay >
2 /a1az > 2\ deduced from (5), we find that
A2 \/w3/2H SUIAH2  81/2

ViLaaz 2 =com—+ 5\ ggiz t g T g

Observe that the right hand side of the above inequality, when viewed as a
function of H, may be written as a composed function

1 w 1 1 w 8 w 8 Jw
6\/H“\/;+2 9HW\/;+3\/H“\/;+3\/;

where the two functions

w 1 1
Ho=2H+V4H2 11 and /2 =1+44/14+ 0 — —
w + +1 an I Ry Y

increase in the range H > 2. It follows that v/kLajas is greater than or equal
to the value of the above expression at H = 2. We find that v/kLaiao > 2.66.
Hence K =1+ |kLajaz] > 8.

3.2. An intermediate lower bound. Our goal is to establish the estimate

A\ A
(12) log |A'| > —C<h + ) araz — vVwl (h + ),
o o
assuming that
b b
(13) v = (1 + 2> > 2u\o LkL? - ged(by, by).
a2 ai

The lower bound (12) will be furnished by Theorem 1, and thus we have to
verify conditions (1) and (2).

3.2.1. Condition (1). Let us first record the lower bound

VL L? 4H
14 kL> —=——7—-—2>—
(14) VEL> U 3XL-H) ™ 3\’
deduced from the obvious estimate vk > V/U and (11). Put

= and b*:i
1 ged(by, ba) 27 ged(by, ba)
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Our assumption (13) implies that

bt > pho "VEL- /(K —1)Lag/a;
or
b5 > pro WL - /(K —1)Lay /as,

since K — 1 < kLajas. Note that /o > 3/7. Then (14) gives uho~'Vk L >
4H/7 > 1, since H > 2. We then deduce from the estimates Ry — 1 <

V(K —1)Laz/a; and Sy —1 < /(K — 1)Lay/ay that

by{>R2—1 or b§>52—1.
We infer that there is no linear relation rbs 4+ sb; = 0 with integer coefficients
(r,s) satisfying 0 < |r| < Ry — 1 and 0 < |s| < S — 1. Otherwise, b} would

divide r and b3 would divide s, in contradiction with the above lower bounds.
It follows that

Card{rbg +5b1; 0<r< Ry, 0<s< SQ} = RyS59

and, by the choice of Ry and So, we have RySs > (K — 1)L. Moreover, since
a1 and a9 are multiplicatively independent,

Card{afa5; 0 <r < R;,0<s< S1}=R:15 > L.
This ends the verification of condition (1).

3.2.2. Condition (2). We follow the arguments of [5, Section 5.3] which
remain mostly valid, since we deal here with the same parameters K, R;, Ra,
S1,59. However, due to our new choice of L, some slight modifications are
needed.

Let us quote the estimate

<1+\/K—1>\/I? by by
b= 2K — )Wk <az+a1>
3 log(2n(K —1)/\/e) log K
XeXp{z_ K1 +6K(K—1)}

from [5, p. 307, line 16]. The inequality vk > V/U, together with (9), (10),
implies the lower bound

VEk > 14 - L > 1 jw > L\/ﬁ
U 3XL—-H) 3\ 12X\
Combining the preceding two estimates gives

 log(2rK/Ve)

logb < log(A\b") 1

+ f(K)
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with

(1+\/a:—1)\/5> N leogaz 3

x—1 (a:—1)+§

flz) = log(
6 log(xz/(z — 1))
+lo + .
& (3 + m> r—1
Observe that f(x) is a decreasing function for x > 1 (see [5, p. 308] for
details). Since K > 8, it follows that f(K) < f(8) < 1.75. Then we deduce
from (3) the upper bound

h—0.06 log(2rK/\/e)
D K-1 '
Next, we quote the upper bound

1 2
(16) gL(Ra1 + Saz) < 3 L3\ /(K — 1)ajas + 3 L2\ /atas
1 L3/2\/a1a2
+ 2 L{ar +ag) — ———V—=
g Lot e) = o =)

provided by Lemme 9 of [5], noting that its proof is valid for any integer
L > 1. The estimates (15) and (16) imply that the left hand side of (2) is
bounded from below by @ + @, where

L3 /(K -1
@:AKL—K<h+)\>— ( ; 10z
g

B 2L3/2 Jatas B L(ay + a2)
3

(15) logb <

9

3
L3/2\/a1a2 2K
O=006K-1)+h+ ———F—+ DI —
=1 6(1+vVE — 1) Og<\/é>

—(D+1)log(KL).
We proceed to show that @ > 0 and © > £(N). Then condition (2) will

obviously follow. The inequality @ > 0 is the main constraint, which justifies
our definition of k. On combining (8) and (9), we first notice that

AL2A<3+4\E>H2h+)\.
o

Then the estimate kLajas < K <1+ kLajas shows that

2 2L3/2
&> kLajay </\L . )\> B \/%L3a1a2 3\/a1a2 B L(a13+ as)

o

= Lajag(kU — VEV — W) =0,

as required.
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As for © > ¢(N), we use again the estimate h > D(log(A\b")+1.75)+0.06
to bound from below © > Oy (D — 1) + O1, where

2
Og = log(\b") +1.75 —log L + log<\/ﬂé>,
1,3/2
01 =0.06K —log K — 2log L + L yamas
6(1+VvK—1)

2
+ log(Ab") + 1.75 + log< :
Ve

It is therefore sufficient to prove that @y > 0 and ©; > &(N), since D > 1.
Combining (13) and (14) gives
32
=21

Bounding L < (5+ \/ﬁ)H/Zl, by (8) and (9), and plugging the lower bound
(17) into Oy, we find

(17) N >25 A2kL2 > - 0 \2pr? > 32 g2,

32 2 5+ V17
Og > log H +log| — ) +1.75 + log T — log SRl > 3,
Ve 4
since H > 2.
We now prove the inequality @1 > e(N). First, combining (17) and (3)
gives

32H?
h> D<log< 51 ) + 1.75) +0.06 > 3.6,

since H > 2 and D > 1. Recalling that L > 4 and using (5), (8) and (9), we
obtain the lower bound

L2 Jatas > 20\ > 2\/7[—[/\ > 2\/;h > 2<3+ f) 3.6 > 12.

Then we insert the lower bound (17) and the preceding one into @;. On
bounding L < (54 +/17)H/4, we find

5+ V17 p
01 > 0.06K — log K — 2 log<+4\ﬁ> + log(\/7;>

32 2
+ 1o + 1754 ——————.
g<2l> 1+VvEK -1

An elementary numerical verification shows that the right hand side is > 0.4
for any K > 8. Thus, it suffices to prove (IN) < 0.4. For that purpose, we
use Feller’s version [3, Chapter 2] of Stirling’s formula

NI < /27 NN+L/2=N+1/(12N)
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which is valid for any integer N > 1. It implies the upper bound

Ny <2 310 N+710 (2m) + —— +log14 (=2 )
R AP BUET) T 1oN T8 p '

Observe that the right hand side is a decreasing function of N for N > e,
whose value at N = 32 is < 0.4. Since N > 32, it follows that e(N) < 0.4
and condition (2) is verified.

3.2.3. The coefficient C. Conditions (1) and (2) having been verified,
Theorem 1 provides us with the lower bound

log |A'| > —p(log o) KL = —pXo KL

From the definition of K, we obviously obtain KL < L + kL?ajas, and we
now proceed to estimate the two terms of the sum.
Using the definitions of \/E V and W, we can write

L2 8 1 IL%2 4/1 1\ L?
18 KL= — iy R
( ) f 6U + \/( > 3 \/a102 U + <a1 + ag) U
Then, putting U = A\(L — H) and using the upper bounds provided by (10)

and (11), we find
L? = (VkL)?

g (wH+1\/<wH>2+8w5/491/4H3/2+4(1+1>wH>2

—\U6XA 2 3\ 3\/araz A 3\a; as/) A

= INoCH? = =N oC(h 4+ N/o)2
We thus obtain the main estimate
(19) prokL%aiay < C(h+ \/o)?aias.
It follows that

log |A'| > —pAo 'L — pro 'kL%ajas
> —Vwl (h+ M o) — C(h+ N o)ayas,

since, by (8),
pAo 'L < AL < AWwl H = Vwb (h + o).
The proof of the intermediate lower bound (12) is now complete.

3.3. The coefficient C'. In this section we record various estimates in-
volving the coefficient C’. Their proofs being all related, we have collected
them here regardless of their forthcoming applications.

First, notice that C’ may be expressed in the form

, w3/201/2 1 w39 8Aw9/465/4 4 11\ w2
(20) C'=5|——+3 — :
A 6 2 3\ /a109 H1/2 H

a2
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Multiplying (18) by L, we can write
103 1 [(L3)° 8 L2 4(1 1)\ILA
VEL? ==+ /(=] + —+-l=+= )7
6 U 2 3U 3\/a1a2 U 3 ay a9 U

Now, putting U = A\(L — H) and applying (10) with o = 3,4,9/2, we deduce
from (20) the estimates

w3/20_1/2H2 L3
< k L?
3\ C3NL-H) © vk
W3/201/2 2
< -
=76
1 \/w39H4 8 WIMPMHT? 4 ( 11 >w20H3
2 )

(21)

oX ' 3/aias ) T3
= \N2C'H? = C'(h+ \]o)*

Using (4), (5) and the upper bound for L in (8), it follows that

w3/20=1/2 A2 max{1, \?} . w3/20-1/2 g _wHL 2wl

3\ - 3 — 30 — 307

since H > 2. We shall use the above lower bound in the form

30 3 4 2
22 L<ZVkL*aa <<> Vk L?aqas,
(22) = 2w 2 =9 \s vt 1

the last inequality following from (9). Using again (21), (4) and (5), we
bound from below

ap  az

\/%L2a1a2 >

W3/20-1/2 2 b W22
z 7 >z 7 77
) max{1,\“} > 3

since w > 4, H > 2 and \/w/0 > (3 4+ /17)/4 by (9).
We shall need an upper bound for the ratio C’/C. For that purpose,
write

¢ | owt
c | BuC
o w 1 [w? 8Aw5/491/4 4/ 1 1\ w\ !
=Vl | =+ —FF——+|—F+— | = ] .
T <6 + 2¢ 0 "3 aa HZ 3<a1 * a2> i >
Ignoring the second and third terms under the radical, we obtain the bound

c’ o /6
(24) C'_S,u w< ’

since o/p < 7/3 and \/0/w < 4/(3 +/17) by (9).

2

(23) C'(h+ X o)*aras > > e
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3.4. From A" to A. Observe that Vw8 (h-+X/c) > Dlog2, since vwt > 2
and h > D(log2)/2 by (3). Recalling (23), we may therefore assume without
loss of generality that

(25) log|A| < —C(h+ M o)?ajas — Dlog2 —2 < —C(h + A\ o)?aras — 2.6.
Then we show that
(26) |A'| < |AIC! (h+ No)*ayas.
To do that, we bound
R=Ri+Ry—1<1++/Laz/a; + /(K —1)Laz/ay
<1+ (1/V7+1)Vk Las,
since K > 8. Recall that a; > 1 by (4). It follows from (22) and (21) that

1 3 4 |
LR<L+ +1 \FL2a<<< ) )fLaa
- (ﬁ ) ? 34+ V17 V7 1
< 1.86Vk L?ajas < 1.86C" (h + M o)%ayas.

The same upper bound holds for LS. We thus obtain the estimate
(27) max{LS, LR} < 1.86C"(h+ \/o)?a1as.

Notice the lower bound
AH\?
C(h+ M o)ajaz > H MeL2ajas > = )\ max{1, \?}
o 773\
_ 16 max{1, \?}
- 21 A

deduced from the inequalities (19), (14), (4), (5) and H > 2. Now, using

(24), (25) and the above lower bound, we first deduce from (27) that
LS|A| LR|A|

ax ,

2by 2b;

H? >3,

} S 18(23 . 4 C(h + )\/U)ZalaQe*C(h+/\/0)2a1a2*2.6

< 12¢756

)

since the function x — xe™* is decreasing for > 1. Applying again (27), it
follows that

LSeLSIA/(262) [ RLRIAI/(2b1)
max{ T

} < 0.53max{LS, LR}

S C/(h + /\/0)2a1a2,
so that (26) is established.
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Combination of (12) and (26) then gives the required lower bound
log |A| > —C(h 4 \/o)2a1as — Vwb (h+ /o)
—log(C'(h + \/o)?araz),
if we assume that (13) is satisfied.

3.5. Liouville inequality. It remains to deal with the case b’ <
2uXo 1k L? - ged(by, be). Alternatively, we can write this inequality in the

form
%

b b3
L4 22 <ouo kLA

ag al
Recall the lower bound vwf (h + A/o) > Dlog2 and the estimate (19).
Applying the Liouville inequality in the form of [9, Exercise 3.7.b, p. 109]
gives

log |A| > log |b5 log aie — b] log 1| > —b] Dh(a1) — b5Dh(ag) — D log 2
1

by b}
> = (1 + 2>a1a2 — Dlog2 > —,u)\o_lk:Lzalag — Dlog?2
2 a9 al

> —C(h+ M\ o)arag — Vb (h+ \/o).
Then the required lower bound
log |A| > —C(h+ M o)2aras — Vwb (h + N o) —log(C'(h + N o)?araz)
obviously follows from (23). This ends the proof of Theorem 2.

4. The corollaries. The recipe for applying Theorem 2 is simple. Ob-
serve that for fixed ¢ and p, the coefficients C' and C’ are decreasing func-
tions of the parameters h, a1, ao, since w and 6 are decreasing functions of H,
hence of h. Consequently, if h, a; and ay are bounded from below, then C
and C’ will be bounded from above.

We may extend the preceding observation in the following way. Rewrite
the lower bound provided by Theorem 2 in the form

log|A| > —C"h*ayas,

where
- A2 Vil log(C"(h + A/o)?araz)
(28) ¢7 = (1 i ha) (C TN T (i Ao)ara >

We now show that C” is a decreasing function of h, a1, as, for any values of
u and p. It suffices to verify that the term

_log(C'(h+ X/o)?ara2)

" (h+ N o)2aray
is itself decreasing, since the other two terms C' and Vw8 (h+\/0) " (ajaz) ™!
are clearly decreasing, as is the factor (1 + A\/(ho))2. For that purpose, we
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use (21) to write

3/21/2 2
C'(h + M o) aras = = e
6
1 [w30H*a2a3 N 8w9/405/4H7/2a?/2a3/2 N 4 (a1 + )w20H3
- —ajaz(a; +a :
2 9A2 3\ g BT TR

This formula shows that C’(h + A/o)?ajas is an increasing function of
h,a1,as, since wH and #H are increasing functions of H. Note that the
function x + z/logx decreases for z > e and that C'(h + \/0)%a1az2 > €2,
by (23). It follows that the composed function

log(C'(h + \/o)?araz)
C'(h+ N o)%aray
is a decreasing function of h, a1, as and that it takes positive values. Multi-
plying the above ratio by the decreasing function C’, we obtain T', which is
therefore a decreasing function as announced.
We are now ready to prove Corollaries 1 and 2. Recall the notations used
in those corollaries. For each m € {10,...,30}, choose u and g according to
the following table:

Table 2. Parameters for Corollary 1

10 12 14 16 18 20 22 24 26 28 30
s 0.54 054 0.55 0.56 0.56 0.56 0.57 0.57 0.57 0.57 0.58
0 5.9 6.0 6.1 6.2 6.3 6.3 6.4 6.4 6.4 6.5 6.5

Fix m € {10,...,30}. To deduce Corollary 1 from Theorem 2, we make
use of the parameters p and g given by Table 2, together with

h = max{D(logb' + 0.21),m, D},
a1 =(0+2)Dlog A1, az = (o+2)Dlog As.
It follows that
(29) h>m, a1 >0+2, az>o0+2.
A numerical computation shows that
D(log(A\b") +1.75) + 0.06 < D(log b’ — log(o + 2) + log A + 1.81)
< D(logb' 4+ 0.21)
for any pair (u, 0) provided by Table 2. Condition (3) is therefore satisfied.
Recall that |aq], |ag| > 1. Then the trivial upper bounds
(30) ollog ;| — log |;| + 2Dh(e;) < ollog ;| + 2Dh(;)
<(0+2)DlogA; (i=1,2)
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show that the parameters a; and as satisfy condition (4). Finally, condition
(5) follows from the obvious inequalities

aras > (0 +2)* > (log 0)* > (log 0)’0® = A%,
since 0 < ¢ < 1. Thus, Theorem 2 gives the lower bound
log |A| > —C"h%aqas
= —C"(0+ 2)?°D*(max{log b’ + 0.21,m/D,1})*log A; log As.
Now recall the lower bounds (29). Since C” is a decreasing function of
h, a1, as, it follows that C”(o + 2)2 < C1, where C;/(o + 2)? is the con-
stant obtained on substituting the values h = m,a; = 0+ 2,a2 = p+ 2 into

the expression (28) giving C”. A numerical computation then gives rise to
the constants C(m) listed in Table 1. We thus obtain the desired estimate

log|A| > —Cy D*(max{log’ + 0.21,m/D,1})*log A; log As.
Of course, the values (u, ¢) given by Table 2 have been determined in
order that the constants C1(m) should be minimal. The computations were

performed using Mathematica.
As for the real case, the proof is similar. We apply Theorem 2 with

h = max{D(logb’ + 0.38),m, D},
a1 = (¢+1)Dlog A1, az = (¢+1)Dlog Az,
and with ¢ and g given by the following table:

Table 3. Parameters for Corollary 2

10 12 14 16 18 20 22 24 26 28 30
pu 052 053 054 055 055 056 056 056 057 057 0.57
0 5.0 5.1 5.2 5.2 5.3 5.3 5.4 5.4 5.4 5.4 5.5

Since log o and log ap are positive real numbers, we can replace (30) by
the sharper estimate

ollog a;| —log |avi| +2Dh(ev;) = (0—1) log a; +2Dh(a;) < (o+1)Dlog A; = a;
for ¢ = 1,2. We now use the lower bounds
h>m, a1 >0+1, as>p0+1.

Then the preceding arguments give rise to the constants Co(m) listed in
Table 1.
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