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The mean square of the divisor function
by

CHAOHUA JIA (Beijing) and AYYADURAI SANKARANARAYANAN (Mumbai)

1. Introduction. Let d(n) be the divisor function. In 1916, S. Ramanu-
jan [9] stated without proof that

(11) (1) +d*(2)+d°3) + -+ d*(n)
= An(logn)i’) + Bn(logn)2 + C’nlogn+ Dn + O(n3/5+6);

here
12y —-3 36,

2 - F (2)7

A= B

1
2’ T
where v is Euler’s constant, C, D are more complicated constants, € is
a sufficiently small positive constant. S. Ramanujan [9] also stated that,
assuming the Riemann Hypothesis (RH), the error term in (1.1) can be

improved to O(n'/?*¢).

Write
(1.2) E(x) = Z d*(n) — zP(log z),
n<x
where

P(z) = Az® + B2® + Cz + D.

Then the statement of Ramanujan is that

(1.3) E(x) = O(z*/**),
and assuming the RH,
(1.4) E(z) = O(z'/#*%).

In 1922, B. M. Wilson [13] proved (1.4) unconditionally. By a general
theorem of M. Kiihleitner and W. G. Nowak (see [5 5.4]), we know

(1.5) E(z) = Q(z7/%).
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Let d4(n) be the general divisor function which is the number of repre-
sentations of n = d1d2d3d4 In 1973, assuming

1
Z ds4(n z(log z)® + <2fy - 2> z(log z)? 4 azlogz + bz + O(z%),

n<lz
where v is Euler’s constant, a, b are constants, and « is a constant strictly
less than 1/2, D. Suryanarayana and R. Sitaramachandra Rao [10] proved
(1.6) E(z) = O(z"/? exp(—c(log 2)3/* (log log ) ~1/?)),
where c is a positive constant.

By Vinogradov’s estimate, if 7/2 < ¢t < T, then

1
< (log T)*3(log log T)'/3.

So it is not difficult to prove
(1.7) E(z) = O(z'?(log z)'"/3 (log log z)'/3).
The direct application of the RH (or even the quasi-RH) would produce
(1.8) E(z) = O(z'/*(log z)° log log ).
In 2003, K. Ramachandra and A. Sankaranarayanan [§] proved (1.8) without
any assumption and put forward the following conjecture.

CONJECTURE (Ramachandra—Sankaranarayanan). Assuming the RH, we
have
(1.9) E(z) = O(z'/?).

For the average situation, in 2005, H. Maier and A. Sankaranarayanan [7]

proved
2X

(1.10) % S F*(z)dx < X exp(—c(log X)3/5(10g log )()*1/5)7
X

where c is a positive constant.

In this paper, we prove the following theorem.

THEOREM. If E(x) is defined in (1.2), then unconditionally
(1.11) E(z) = O(z'/*(log z)°).

Throughout this paper, we assume that ¢ is a sufficiently small positive
constant and that T is sufficiently large.

2. Some lemmas

LEMMA 1 (Borel-Carathéodory; see [I1} Section 5.5]). Suppose that f(z)
is holomorphic in the disk |z — 2| < R and that in the circle z = zy + Re'
(0<6<2m),

Re(f(2)) < M.
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Then in the disk |z — zo| < r (< R), we have
2r R+r
< M .
£ < M+ T ey
LEMMA 2 (Hadamard; see [11, Section 5.3]). Suppose that f(z) is holo-
morphic in the disk |z — 29| < Rs, and Ry < Ry < Rs. Write

Mj= max |f(z)l, j=123

|z—z0|=R;
Then
log (7;) log(72)
log My < Ri -log My + Y log M5.
log ;) log(7})
LeEMMA 3 ([12, (2.15.2), p. 33]). For a >0 and x > 0, we have
1 a+1i00
- F it d — —.'13‘
5l asioo (s)x™*ds=e

LEMMA 4 ([12, (4.12.2), p. 78]). For —1 <o <2 and |t| > 1, we have
I(o +it) < [t]7 7272,
LEMMA 5 ([12, Lemma 3.12, p. 60]). For Re(s) > 1, let

)=y 2

ns ’

n=1

where a(n) = O(¥(n)), ¥(n) is non-decreasing, and as o — 17,

> o)

If ¢ > 1, x is not an integer, and N is the integer nearest to x, then

c+iT

éa(n) _ % STf(s)“””S ds + 0<T(Cl’cl)a)

< 2xxlog$>+0(%)'
p. 5]). ForRe( ) > 1, we have
> - tod

LEMMA 7 ([12, (2.12.2), p. 29]). For Re(s) >1/2 and |s — 1| > 1, we
have

LeEMMA 6 ([12, (1.2.10),

¢(s) = O([s])-
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LeEmMA 8 ([12, (3.11.8), p. 60]). For o > 1 and t > 1, we have

o

C(o +it)

LEMMA 9 ([12, Theorem 5.5, p. 99]). Fort > 1, we have
C(1/2 +it) = O(t/%F%).

REMARK. The bounds stated in Lemmas 8 and 9 suffice for our purpose,
though better upper bounds are known.

LEMMA 10. For1/2<o<1+4c¢€ andt > 1, we have
(o +it) = O(t3(1=o)te),

Proof. This follows from Lemma 9 and the explanation in Chapter 5
of [12].

LeMMA 11 ([12, (7.6.1), p. 147]). We have

= O(logt).

T
Vlc(/2 +it)*dt = O(T (log T)*).
1
LEMMA 12 (Huxley [3]). Foro > 1/2, let N(o,T,2T) denote the number
of zeros p = B+ iy of ((s) which satisfy 8> o and T <~y < 2T. Then
N(0,T,2T) < T's (1-o)+e,
LEMMA 13 ([4, Lemma 1]). For Re(z) > 0, we have

Ve (/2 + it)? dt = 2me™™/* > d(1) exp(2mile’®) + f(2),
0 =1

where f(z) is holomorphic in |z| < 4e.

Define
R I S UL
(2.1) D( k) ; E (lk>
LEMMA 14 (Estermann [IL (21), (34), (32), (29) and (19)]). Suppose that

(h,k) = 1. The function D(s;h/k) is meromorphic in the whole plane with
only one pole of order 2 at s = 1. In the neighborhood of s =1,

h 1 1 2 1
D<5’k)_k'(s—1)2+k(7_1°gk)'(5—1)+""

where v is Fuler’s constant. At s =0, we have

D(O; Z) -1 azklﬂ(a,k) S, k)e(ab),

0<b<k/2

Eal s
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where hh = 1 (mod k),

1 .
Bla, k) =< 1—e(—a/k) if 1<a<k,
1/2 if a=F,

and when 0 < b < k/2,
0 <n(b k) <1/b.

Moreover, D(s;h/k) satisfies the functional equation

D(s; Z) = 2G?(s)k' % (D <1 — 5 Z) - cos(m)D<1 — 5 —Z))

where
G(s) = 2m)* ' (1 — s).
LEMMA 15. If (m1,m2) = (n1,n2) =1, then
(minf, man3) = (m1,n3)(me, ni).

Proof. We have

) 9 9 mi 2 UD)
miny, meons) = (my,n T 2y 2 g )
(man?, myn3) = (m, 2)<<m1,n5> v 2<m1,n%>)

Since

we have

2
my 2 UP) > _ ( 2 U > 2
———n],My——= | = | ni,me—"—5< | = (n7,m2).
((mlan%) ! (mlan%) ! (mlan%) ( ! )
Thus, the conclusion of Lemma 15 follows.

LEMMA 16. If a is a positive integer, then
Y (m,a) < Md(a).
M<m<2¢M
Proof. We have

Z (m,a):%a:d Z 1:Zd Z 1

M<m<2:M M<m<2M dla  M/d<my<2°M/d
(m,a)=d (m1,a/d)=1

<Y d > 1<<Zd-%:Md(a).
dla

M/d<m1<2:M/d dla
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LEMMA 17. Suppose that 0 < A < B < 2q and b is a positive integer.

Then
Z e(lZ) < (l,q)1/2q1/2+5b5.

A<a<B
(a,q)=1
(a,b)=1

Here @ is the integer such that aa = 1 (mod q).

Proof. By Lemma 3 of [4], for 0 < A < B < 2q, we have

> e(lcql) < (I,q)" 2"t

A<a<B
(a7Q):1
Hence
a a a
2 ()= T, (3 wa)e(if) - Sua 3 (i)
A<a<B q A<a<B “d|(a,b) q dlb A<a<B q
(a,9)=1 (a,9)=1 (a,q)=1
((l,b)=1 d|a
dt
= Z w(d) Z e <l>
d|b AJd<t<B/d q
(dt,q)=1
= Z w(d) Z e(ldt>
d|b A/d<t<B/d q
(d,g9)=1 (t.9)=1
< ) |u(d)|(id, q)'2qM e
djb
(d,g)=1
< (l,q)1/2q1/2+62 1< (l,q)1/2q1/2+6b€.
dlb

Thus, Lemma 17 is proved.

3. An asymptotic expression of (1 + it). Let

pr=p1+i, p2=PL2+iv2, ..., pr=PBs+iv
be all zeros of ((s) which satisfy 8 > 1—4e,T <~ < 2T. By Lemma 12,
(3.1) J=N(1—4¢e,T,2T) < T!e.
We write

D={s=o0+it:1—4e <o, T<t<2T}
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and
J
Ul = U(VJ - (1Og T)IOaFYj + (log T)lo)a
j=1
J
Uy = [ (v = 2(og T)'°, ~; + 2(log 7)),
(3.2) =

(v — 3(log )", ~; + 3(log T)'7),

&
I
C~

<.
Il
—

(v — 4(log )", ~; + 4(log T)'7).

S
I
C~

<.
Il
—-

After removing all domains of the form {s = o +it: 1 -4 <o < 1,
t € Uy} from D, we denote the remaining domain as D;. Then D; is a
connected domain in which ((s) # 0 so that we can define a holomorphic
function log ((s) in D;. For Re(s) > 1, Euler’s product formula produces

(3.3) log((s) = — Z]og<1 _ p15> _ Z Z m;ms _ Z A;(g”)7

p m=1 n=2

where
_ An)
~ logn’

Al (TL)

After removing all domains of the form {s = o +it:1—4e <o, t € Uy}
from D, we denote the remaining domain as Ds. Now Lemma 1 can be
applied. Take f(z) = log((z). For s = 0 +it € Dy, 1 —2¢ < 0 < 2, let
the center of the circles be zyg = 2 + it, the radius of the bigger circle be
R = 2—(1—4e) = 1+44e¢, the radius of the smaller circle be r = 2—(1-2¢) =
1+ 2e. On the bigger circle, by Lemma 7,

Re(log ¢(2)) = log |¢(2)] < C'log T,
where C' is a positive constant. Thus, for s in the smaller circle, Lemma 1
yields
2r R+

-ClogT + ——
—r 8 +R—r

llog ¢(s)] < B |log ¢(2 + it)| < logT.
For Re(s) > 2, it is easy to see that
log ¢(s) = O(1).

Hence, for s = o + it € Dy, 0 > 1 — 2¢, we have

(3.4) llog ((s)| < logT.
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After removing all domains of the form {s =0 +it:1—4e <o, t € Us}
from D, then limiting ¢ > 1—2¢, we denote the resulting domain as D3. Now
Lemma 2 can be applied. Take f(z) =log((z). For s =0 +it € D3, 1 —¢ <
o < 1+-¢, let the center of the circles be zg = 2+it, R3 = 2—(1—2¢) = 1+2¢,
Ry=2—-(1-¢)=14¢e, Ri=2—-(14+¢)=1—¢c. By (34), M3 < logT.
It is obvious that M; = O(1). Lemma 2 yields

log () log (1£5)
log My < ——2 2 L log My + ——52 . log Mj
log () log ()
2e + O(g?) 2
<O(1) + 310D loglogT = O(1) + 3t O(e) | loglogT

3
< —loglogT.
4
Hence, for s= o +it € D3, 1 — e <0 <1+ ¢, we have
log ¢(s)] < (log T)*/*.
For Re(s) > 1+ ¢, it is obvious that 1/{(s) = O(1). Thus, for s = o + it

€ D3, 0 > 1—¢, we have

1
3.5 —— < exp((log T 3/4y,
(35) o5 < exp((loz )
After removing all domains of the form {s =o +it:1—4e <o, t € Uy}
from D, then limiting ¢ > 1 — ¢, we denote the resulting domain as Dy4. For
s € Dy, u>0, [v| < (logT)3, we have

(3.6) < exp((log T)%/).

C(s+u+iv)

For s=1+it € Dy, w=u+1v, X > 1, we have

1 1
— { (W) X" dw
2M e lZgogye ¢ T W)
_ 1 — #(n) w
=5 S T - I(w) XY dw

u=¢,|v|<(log T)3 n=1

:gﬂg) QLm S F(@(f)wdw.

u=¢, [v|<(log T')3
By Lemma 4, if |v| > 1, then on the vertical line u = €, we have

F(w) < |U|8_1/2€_W|U‘/2.
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* | I'(w) (X)w dw

271 ) n
u=e, [v|>(log T)?
X\° X\°
< <> [ 1) e < <> o e 2
n . n )
u=¢e, [v|>(log T3 |v|>(log T')3
X € [ee] X €
<(2) 3 e (5 (o).
n n 2
(log T)?
By Lemma 3,

2wt Y n
E—100
Therefore
1 1
™ — - 'w)X%d
2mi S C(s+w) (w) v

u=¢, [v]<(log T)3

R (ORI E))
(

n
o0

Z ”nZ) X L0 <X6 exp <—72T(10g T)3>> :

n=1

We move the line of integration to Re(w) = —e. At w = 0, I'(w) has
a pole of order 1 with residue 1. Hence, the residue of - I'w)X™ at

CGstw)
w = 01is 1/¢(s). On two horizontal lines, by (3.6),

1 1
— S —— () X" dw
2mi —e<u<e,|v|=(logT)3 C(S + w)
)
< X exp((log 7)) | e 3087 gy < X exp(—(log T)?).
—&
Integration on Re(w) = —¢ yields
1 1
— S —I'(w) X" dw
2mi =t [o|< 1o T3 C(s +w)
< X exp((log T)%/*) | |I'(w)| |dw)

u=—z, |v|<(log T)?
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< Xep(logD)¥ (| 10@w)| [dul

U=-—E¢, |’U|§1

N g D (w)]|duw)
u=—¢,1<v|<(log T)3
) dw
< X% exp((log T)3/4)( S ||w|‘

u=—e, j|<1
o |v|—6—1/2e—w/2dv)
1<]v|<(log T)?
< X Cexp((log T)3%).
Combining all of the above, we get (with s =1 + it)

1 — () _.x 3
3.7 — = ——e M + O(X®exp(—(logT
(37) e (X° exp(~ (10 T)"))
+O(XCexp((log T)/4)).
Therefore we obtain an asymptotic expression of ((1 + it) as follows.

PROPOSITION 1. Suppose that T <t <2T,t ¢ Uy and

(3.8) X = exp(i(log T)3/4>.
Then
(39) m = Z n1+it€ + 0(1)

4. A mean value estimate for ((s). In this section we prove

PRrROPOSITION 2. If k is any given positive number, then
T

S C(1/2 + it)|*

0 i) dt < T(logT)*.

1
Firstly we prove Proposition 3 below. We use essentially the method of
Iwaniec [4] but with some modification and refinement.
PROPOSITION 3. Suppose that N < TY/'~¢ and that a(n) = O(N~1+¢)
for N <n <2°N. Then
T

| a2+t

T/2

-

N<n<2¢N




The mean square of the divisor function 191

Proof. By the discussion in Section 2 of [4], we estimate

log T > | e /Tic1/2 +it)
rgmlogT+O(1) 0
1P a(n)|?
“, > || 2 g
E?”<mS2€_25’f‘ N<n§2£N
Write
1 a(n)\ |? b(k)|?
( Z m1/2+it>( Z n2it> - Z it
M<m<2¢s M N<n<2¢N K<k<8K
= > bRbR)(h/K),
K<kh<8K
where M = 25", M <« TY?, K = MN?, and
a(n)
b(k) = ; e
MEE N
N<n<2¢N
In the following we shall estimate
T . b(k) |2
1) Ve T+ N |t
0 K<k<8K
= > b(k)b(h) | em W/ T os MDY C(1/2 4 it) 2 dt.
K<k,h<8 K 0
Let
1
(4.2) 2= ilog<z>

and note that

o < & +
A=

for K < k,h <8 K. By Lemma 13,

h
log<k> ’ < 4e

(4.3) oSoffztyg(1/2Jrz't)y%ht
0 o0
= 2me’/ D (/)2 Y " d(1) exp(2mil (h/k)e'T) + O(1)
=1
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= 2me'/ 1) (b ) k)1/? id(l)e(lZ) exp(2mil(h/k) (€T —1)) + O(1)
=1

= 2me’/ 1) (b k)12 f: d(l)e (zZ) exp(2milz) + O(1),
=1

where
h

(4.4) T = %(ei/T —1).

The contribution of the term O(1) to (4.1) is

o > Ibk)b(n))

K<kh<8cK

< Y 1 Y Y ) Y fam)

M<mi<2eM "Y' M<mge<2:M ™Mo N<n <2eN N<ng<2¢eN

1 1 0 T
<M Z 1—¢ Z Nl-—e <KMN™ <L N1-8"
N<n1<2¢N N<na<2¢N

(4.5) s (a:; Z) _ gd(l)e (zZ) exp(2ril).

Write
(4.6) 3 = —2miz = 4n(h/k)sin(1/(27))e"/ 1),

By the discussion in Section 3 of [4], we know

(4.7) S(a:; Z) - HESHOOD(s; Z)F(s)a—s ds,

where
D S'E = 3 d(l)e lﬁ
k) — s k)

In the following we write

(4.8) Kt =
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We move the line of integration from Re(s) = 1+ ¢ to Re(s) = —¢, and get
1+e+ioco
h 1 h* s
10 5(mk) o, J, e oo

—e+ioc0
h*
= D(s; w)F(s)gsds + Ry(T; h, k) + Ro(T; h, k)

= R(T;h,k) + Ri(T; h, k) + Ro(T; h, k),

—£—100

where

1 —e+1i00 B*
4.10 R(T;h, k) = — D|(s;— |I' —4d
( ) ( 3 1Yy ) o _E§ioo <87 k*> (3)5 S,

Ry(T;h,k) and Ro(T; h, k) are residues of D(s;h*/k*)[(s)37* coming from
the poles at s = 1 and s = 0 respectively.

By the discussion in Section 3 of [4] and by Lemma 14, we know that

1 TlogT
(4.11) Ry(T;h, k) = e (v —logs —2log k™) <« Z*g ,
(4.12)  Ro(T:;h,k) = D(O; Z)
1 1 & 7
:E_Ezﬁ(a,k ) Z n(b, k )e(abk*)
a=1 0<b<k* /2

Now we consider the contribution of Ry (T';h, k), R(T;h, k) and Ro(T;h, k)
to (4.1).

1. The contribution of Ri(T;h,k). We note that h/k < 1 for K < h, k
< 8 K. Therefore the contribution of Ry (T';h, k) is

(413) < > [p(k)b(B)| [Ry(T; b, E)|
K<k,h<8 K

< X ) k)

K<k,h<8 K

<«TlgT Y 3 DS "Wf;g'.

M<mi<2eM M<m<2:M N<ni<2eN N<ny<2:N T

a(ng 1
| (1/2)’ ' Q(mln%’an%)
My miny
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1
MN2—25

W#,z 3 oY (mnd,mand)

M<mi1<26M M<mo<2tM N<n1<26N N<no<2¢N

TlogT
= Wi—zs Z Z Z Z (min?, mon3).

M<mi1<26M M<ma<28M N<ni<26N N<ng<2¢N

<L TlogT -

By Lemmas 15 and 16,

Z Z Z Z (mln%, mgn%)

M<mi1<26M M<mo<26M N<n1<26N N<no<28N

-y ¥ o> XY Y (minfimen)

d<2eM M<mi1<2¢M M<mo<2°M r<2¢N N<ni<2¢N N<ngs<2¢N
(m1,m2)=d (n1,n2)=r

=2 d > > 2
d<2¢eM  M/d<m/<2¢M/d M/d<m}{<2°M/d r<2¢N
(my,mj)=1

/12 /12
X E E (miny’, myny)
N/r<n|<2¢N/r N/r<n{<2°N/r
(nyn5)=1

=24 > > X
d<2°M  M/d<m/ <2 M/d M/d<m,<2°M/d r<2°N
(mfy,m5)=1

/ 2 / 2
x E E (mi,ng ) (my, ny)
N/r<n|<26N/r N/r<nj<2°N/r
(nh.ny)=1

<2 d D PO DS

d<2¢M  M/d<m)<2:M/d M/d<m{<2¢M/d r<2¢N

<Y Y (mh,nf)(mh,n?)

N/r<n{<2¢N/r N/r<nf,<2¢N/r

=Y dy * > > (mhng)

d<2eM  r<2N  N/r<n,<2°N/r M/d<m/,<2¢M/d

x ) >, (myn?)

N/r<n|<2¢N/r M/d<m,<2¢M/d

«YayY 2 ¥ %d(n’f) 3 %-d(n’f)

d<2¢M r<2°N  N/r<nf,<2¢N/r N/r<n|<2¢N/r
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1
2 nr2e 2
I CD YLD S SED SR
d<2¢M r<2°N  N/r<n|<2°N/r N/r<nl,<2°N/r
< M?N*1og(2M) > r*(N/r)* < M*N*"* log(2M).
r<2¢N

Hence, the contribution of Ry (T;h, k) is

TlogT

T(log T)?
< M2N4—2¢

- M2N31#og(2M) < NI

2. The contribution of R(T;h,k). By the functional equation in Lem-
ma 14, we get

—&+100 "
(4.14) R(T;h,k):% | D(;h>F(s)5_Sds

T3 s
—E—100
1 —e+100 h*
—_ 2 2 k*(l*?S) D 1 e
2 —a§ioo ¢ (S) ; ke
h* _
— cos(ms)D (1 — 8 —k*>)F(s)3 Sds
oo d(l) 1 —&-+1i00 ) 15
=Ky — - — 2G :
; T loo ) Ty

X <e <ZZ> - cOS(Ws)@(—lZ:))F(S) <47r sin<21T> ei/@T))_s ds

. e d(l) 1 —&+100 I s
P o ) VD

. < (zZ) - cosm)e(_zg‘)) s,
where
(4.15) U(s, T) = 2G*(s)I(s) <47r sm<21T>ez'/<2T>)_

The contribution of R(T'; h, k) is

<<‘ S b(k)b(h)(Z)l/QR<T;h,k>';

K<k h<8 K
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here

1/2
(w16) Y b(k)b()(Z) R(T:h, k)

K<k,h<8 K

b(k) —— .= d(l
NP RO

K<k<8 K K<h<8 K =1

1 —e+ioc0

X o ) § U(s,T)(h*lk*)s<e (zZ) — Cos(ﬂs)e<—le;>) ds

(B B )

<k<8*K K<h<8 K

b(k k* h*
—cos(ms) Z Z k:(l/; ’ b(h)h1/2 (h*k*)s ¢ <_lk*>) s

K<k<8 K K<h<8 K

0o —e+io00o
=L 0 T QUL ) — cos(ms)Q(-1 ) ds.

211 .
=1 —£—100

where

b(k) k* h*
417 QU = > > k(l/g.b( )h1/2-(h*k*)se<lk*>

K<k<8°K K<h<8 K
_ 1 I
SID D S CrO s = ()
K<h<8°K K<h<8K (k*h*)s=1/ k
For s = —e + it, by the discussion in Section 5 of [4],

(4.18)  U(s,T)l* <« (?)E(\t\ 4 1)1/%+e exp((l - 37r> \t\>,

(4.19)  U(s, T)I* cos(ns) < <€)€(|t| + 1)/t exp((l - ”) |t|>.
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In the following we shall estimate Q(l, s) for s = —¢ + it:

(4200 QU= 3 % ) - i ;suzohv

K<k<8K K<h<8 K
(k)% (R
S D SCUOR L= (Y
K<k<8 K K<h<8K
_ m (h/d)
St s> (1)
d<8°K K<k<8 K K<h§85K e k/d
(k,h)=d
)SECEND SD SUD S
d<8¢ K N<ni <268 N N<ng<2¢N M<m1<2¢M

a(ns) a(ny) 1 ( (m1n1/d)>
X : ell
M<mgz<2€M mé/Q m}/g (mlmw%n%)s_l/g m2n2/d

(mlnf Jngn%) d

-y Y ki

nn
d<8 K N<n1§2€NN<n2§25N( 1752

1 (min3/d)
DYDY e (1)
M<mi<26M M<ma<2°M (mlmQ) m2n2/d
(minf,man3)=d

ZdQs—l Z Z W-B(l,s,m,nz,d),

d<8c K N<n1<26N N<ng<2:N

where
(4.21)  B(l,s,n1,n2,d)

1 idfd)
o S S (s )
mim
M<ma<2eM M<my<2¢M 172 22
d|man2 (m1n2,man)=d

We shall estimate

Z e<l(m1”%/d)>

2
M<mi<M; many/d
(min2,mand)=d

for M < My <2°M. Let (m1,d)=d;. Write d=d;ds. We see (d2, m1/d1) =1
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Hence d | min?, so dy | n?, therefore dy < 4°N?. By Lemma 17,
1 1
( (mm?/d)>
> e\
mans/d

M<mq <My
(m1n%,m2n%):d
2
(mini/d)
oy x (il
moan
d1|d M<m1§M1 2 2
(m%,d)=d21
A

(X (i)
2
dy|d NM/dy<m), <M Jdy many/d
(m’l,dz)ZI
(m,man3/d)=1
(n2/d2,man3/d)=1

- = (2,6 wm)

d1|d M/d1<m/1§M1/d1
(n2/d2,man3/d)=1 (m} ,manZ/d)=1
(m},d2)=1
- Z , ﬁ mgn% 1/2 m2n% 1/2—l-sdE
dy)’ d d 2

d|d
(n3/d2,man3/d)=1

2\ 1/2 2\ 1/2+¢
anQ Z m2n2
dild

1/2 1/2
<<<Zl)(zjmz”%> <MC§V2> "

di|d

1/2 1/2
()T e

where we note do < 4°N?, hence M;/dy < 2man3/d.
By the above estimate and partial summation, for s = —e + it, we have

PR

M<mq1<2¢°M
2\ 1/2 MN2 1/24¢
< (|t + 1) M® (l, mZ”?) ( ) 2.

(m n% ,mgn% )=d
d d




The mean square of the divisor function

By Lemma 16 we get
B(las7n17n2ad)

MN2 1/24¢ 2\ 1/2
<<(|t|+1)< y > M2€d2s Z <l,m2n2>

d
M<ma<2°M

d|m2n§

Y (Lm)(n3)

M<mo<2¢M

MN?2 1/2+¢
< (|t] + 1)< )

M1+25d28(l,n%)1/2ls/4.
By Lemma 16 again,

1

Q. s) < (|t + 1)(MN2)1/2+5M1+25dZ e

<8 K

<SS Jaln)alng) N0+ (1, n3) e

N<n;<2°N N<no<2¢N
< (’t’ + 1)M3/2+35N2+8s Z (ng, l)l€/4
N<ng<2N
< (’t’ + 1)M3/2+38N3+88l8/2'

Consequently, the contribution of R(T'; h, k) is

<<i@ Z : O§(|t|—|—1)3/2+€ex L_E |t| dt~M3/2+36N3+85le/2
1\ P\\aor 2

—00
o
d(l)
e A r3/2+3e nr3+8¢ e A r3/2+3e nr3+8¢
< T°M N le+€/2<<TM N <
=1

3. The contribution of Ro(T;h,k). Using Lemma 14, (4.12) and the es-
timates in item 2, we see that the contribution of Ro(T'; h, k) is

< \ )3 b(kz)b(h)(h)lﬁzzo@; k)

k; )
K<k,h<8K
where
B /2
> i () RlTin)
K<kh<8*K

-y ¥ b(k)lxm(’;)m(i—;iﬁ(a,m
K<k<8°K K<h<8: K a—=1 -
X Z n(b,k*)e(abh*>>

k*
0<b<k*/2

199
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k/d

RS IO (RS )

d<8* K K<k<8 K K<h<8 K
(k,h):d
k (h/d)
< 3 n(ng)e(@7)
0<b<k/(2d)
-y Y Y Yy el
1/2 1/2
d<8 K N<ni1<26 N N<ng<2¢N M<mo<28M M<m1<2°M m2 ml

(m1n2,mand)=d

2\ 1/2 2
ming 1 _ i man;
8 <m2n%> (4 i ; B(a, d )
2
mans mlnl/d)
b b———=
) 2 77( Cd >e<a man3/d ))

0<b<man3/(2d)

YOY Y swam(2) X

m
d<8 K N<n,<2:N N<ng<2:N M<ma<2eM 2

maon3/d

1 1 maon3
>< —_— —
> (Gom X (e
M<my <2 M a=1
(m1n2,maon2)=d

2
X Z n(b, m2n2>e<ab(m1n1/d))>
d man3/d
0<b<man3/(2d)

<Y Y Y kewam) Y - Y

m
d<8°K N<n1<2¢N N<na<2¢N M<ma<2:M 2 M<mi<2eM
(mlnl,mzng) d

YN Y lmat) Y -

d<8 K N<n1<2:N N<ns<2:N M<ma<2eM 2

d|m2n§
mgng/d 9 9 s
d
Y [B(a, 2 S (b1 ] O it
=1 d d € m2n2/d
a= 0<b<man3/(2d) M<mi<2°M

(m1n?,mond)=d

<« ¥ Z Z Z !a(nlgz(n2)|

N<n1<26N N<no<26 N M<mi1<2¢ M M<mo<2¢ M

T D DR S T FIC B S

m
d<8°K N<n1<2¢N N<na<2¢N M<ma<2eM 2

d|m2n§
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man3/d 9 2\ 1/2 2\ 1/2+¢
mans 1 mans MN %
<L plm)| X sl) ()
a=1 0<b<man32/(2d)
<<N—2+2€M—1(MN)2+N—2+26M—1 Z Z Z
d<8°K N<ni<2¢N N<ng<2¢N
man2/d
MN?2 1/2+e 2n3/ 2 2\ 1/2
LX) e ) )
M<mo<2¢M a=1
d|man2 ,
1 mgng 1/2
X Z b(b, 1 ) .
0<b<man3/(2d)
We have
> (e mang )
b\ d
0<b<man3/(2d)
1 1
_ 1/2 1 1/2 1
=2 >, = >
l mgn3 0<b<man3/(2d) | myn3 0<b<man3/(2d)
d (b;man3/d)=r d b
1 2man3 man2\/*  (MN2\*
< ¥ (M)« () < (5
and
man3/d
" od " od

a=1

2 2 2\ 1/2
manj mans/d [ man;
cmahy oy ()
1<a<mani/(2d)

maon2/d mon3 maon2 1/2
n 3 an;/ <22a’22>

2 fe—
man3/(2d)<a<man3/d—1 m2n2/d a d d
3 5 2\ 1/2 o 14c/4
m2n2 m2’n2 1 m2n2 MN
< d * d Z a <a7 d ) < < 7 ]
1<a<mgn2/(2d)
Therefore the contribution of Ry(T; h, k) is
< MN26 + N—2+25M_1

x> 3 3 (Mév2>1/2+€d2s<MéVz>l+a/2

d<8°K N<n1<2°N N<n2<2°N M<mo<2°M
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1
2e 2e 2\3/243¢/2
< MN* 4+ N**(MN?) > Fpn
d<8 K
2 3/2+43¢/2 N73+5
CMN* + MPYPFERNE o
Combining all of the above, we get
[e9] 2
_ . b(k) T(log T)?
S e TIC(1/2 + it Z Lt Ni-s
0 K<k<8K
Hence,
o0
log T > Ve Ticy/2 + it)?
TSmIOgT—FO(l) 0

2 2 4
T(logT
dt<< w

X N1-8e

y o

N<n<2¢N

1
>

2ET <m§25 LQET

The proof of Proposition 3 is finished.

Proof of Proposition 2. We observe that the measure of the set of all ¢
such that T/2 <t < T and 2t € Uy is < T"¢(log T)*°.

We suppose firstly that k = 2m with a positive integer m. By Proposi-
tion 1 and Lemmas 8, 9 and 11,

T
| lc@/2+ )¢ + 2it)| 7™ dt
T/2
= | 1C(1/2 +it)[4|¢(1 + 2it)| 2™ dt
T/2<t<T, 2t¢Uy
+ | 1C(1/2 4 it)[*C(1 + 2it)| 2™ dt
T/2<t<T, 2t€Uy
2m
. (! _
< | rape —|—zt)\4< S MO x| 0(1)> dt
T/2<t<T, 2t¢Uy <X
+ O(T'(log T)4)
T (l) 2m
< | a2+t /ﬁm ceTUXL dt 4+ O(T(log T)Y)
T/2 I<X
0 a(n) [
= | [casz+at > o | A+ O(T(logT)Y),
T/2 n<Xxm
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where

S ) ) xp<””m)

X

li-lm=n

Uy is defined as in (3.2), and X is defined as in (3.8). We can see that

XM= eXP(Q?(log 7)Y 4) < TYV15°% and  a(n) = O(n~ ).

By Cauchy’s inequality,

3 a(n)|* 3 1 gesa 3 a(n) |”
n2it - 9es/4 n2it
nlXm s< 'ﬂ;%ggg( _1 285 <n<2e2es
< 1 255/2 a(n) ?
< Z Ses/2 Z Z n2it
<Ry -1 s<TET—1 20 <n=2028
<« Y e ¥ a(n) |?
24t
s<MeEX -1 ges <n<oeges
Hence, Proposition 3 yields
0 a(n) [
Vlcaz+a)t) > |t
T/2 n<Xm
0 a(n) [
2 NV
< ¥ erjcaprer] ¥ 0
wEEa T
T(log T)*
es/2 4
< > 2 Sy < T(logT)".
s<TES 1
Thus,
T
| lc@/2 +it)*|¢(1 + 2it)| 7> dt < T(log T)*.
T/2
Therefore
T
VIc/2+it)|*¢(1 + 2it)| 2™ dt < T(log T)*.
1

For general k£ > 0, we have an even integer 2m such that k£ < 2m. By
Hoélder’s inequality,
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T
[l /2 + i) e(n + 2ie)* dt
1

C(1/2+ it)[* 55 - |C(1/2 +it)| Y2 |C(1 + 2it)|F dt

2m—k
2m

T
1
T 2m—k _2m
< <S 1C(1/2 +it)|* Tom 2m—kdt>
1

K

X (S 1¢(1/2 —l—zt)]‘L%'QTmK(l + 2it)|*k"27m dt) 3m

1
< T(log T)*.
The proof of Proposition 2 is finished.

2m—k k.

T
1C(1/2 + it)[* dt) = (g 1C(1/2 +it)[|c(1 + 2it)| 2™ dt) 2
1

= — N

5. Proof of the Theorem. We shall apply Lemma 5. For Re(s) > 1,

let
N n=1 n*
By Lemma 6,
4
s
1) = 32

¢(2s)
It is easy to see that w(n) = nf, which is non-decreasing. As ¢ — 17,

=0(———7 ).

g 2a> (c—1!

Let c=1+¢,Y = [x] —|—1/2, T = 23/*. Then

> )= d*(n)+ 0:(a%)
n<x n<yY

| el ¢i(s)

2 S )
1+e—iT

YS
ds+ O (z'/*4+2).

S

We move the line of integration to Re(s) = 1/2. The residue of 4(2(3 Y2 oat
s=11is

P(logY) = zP(logx) + O(x%).
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By Lemmas 8 and 10,

14+e+iT 4 s p
L. S ¢ (s) . Y ds < max T3(-o)tee log T - T < g/t
271 2T C(2s) s 1/2<o<l+e T
7

In the same way,

l4e—iT s
i aS C4(5) s < /At
‘ 1/2—iT C(25) s
Hence,
1/2+iT
1 ¢"(s) Y° 1/4+4
Elx) = — . ds 4+ O(xt/AHey,
(z) 2mi 1/28” ¢(2s) s ( )
It follows from Proposition 2 that
2k .
¢(1/2 +at)|* dt 1/2
E(z) < z'/? a2+t dt O(z'?)
ey K0T
— log 2
12 (¢(1/2 + it)!
1/2 Ao I/ e 1/2
Lz Z 2k§ (11 201) dt + O(z*'%)
k<logT 1
— log 2
1
< zl/? Z o 2kt < 212 (log z)°.
RSTES

Thus, the proof of the Theorem is complete.

6. Some remarks. By the method of this paper, we can prove that if
k is any given positive number, and a is a given positive integer, then

T .
(/2 + it)|* "
We note that if Re(s) > 1, then
d(n?) (s
(6.1) n; = O] G1(s),
where

B 1+2/p°
a6 = =

G1(s) is absolutely convergent for Re(s) > 1/3 (see [2, p. 95]). Using the
method similar to that in this paper, we can prove the following proposition.
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PROPOSITION 4. We have
Z d(n®) = 2P (log z) + O(z'/*(log z)?),
n<lz
where Py (y) is a suitable cubic polynomial in y.
In 2006, M. Z. Garaev, F. Luca and W. G. Nowak [2] proved that as
x — oo, if y = y(x) satisfies

Y
x1/2log x loglog x

then
> d*(n)~ fy(log z)?,
rz<n<z+y
and that as x — oo, if y = y(z) satisfies

Y
x1/21og z(loglog )3

— 00,

then

> d(n®) ~ Boy(logz)?,

r<n<lz+y
where By is a positive constant.
Combining the method of this paper with that of [2], we can prove the
following proposition.
PROPOSITION 5. As x — oo, if y = y(x) satisfies

_ Yy
x1/2log x

then
Z d*(n y(log z)®  and Z d(n?) ~ Byy(log z)>.
r<nlz+y r<nlz+y

Let r(n) be the number of representations of n as the sum of two squares.
In 2004, M. Kiihleitner and W. G. Nowak [6] proved that
(6.2) Z r2(n) = 4z logz + Biz + O(x'/?(log )3 log log ),
n<x
where Bj is a positive constant, and that
(6.3) Z r(n®) = Aszlogz + Bax 4+ O(z/?(log )3 (log log z)?),
n<x

where Ao, By are positive constants.
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Let K = Q(i), and let (k(s) be the Dedekind ¢ function in the field K.
If Re(s) > 1, then

i r2(n)  16¢X(s) i r(n®)  (g(s) - Ga(5),

2T T T e)i@s) ne C(29)Ck(29)

where G(s) is holomorphic and bounded for Re(s) > 1/3 + ¢ (see [6, (4.1)
and (4.4)]).
If the result of Iwaniec [4] could be generalized to (k(s), then the error

terms in (6.2) and (6.3) could be improved to O(z'/?(log 2)?). Furthermore,
the sums studied in [2]:

Yo ), Y ), Y dmyr(n)

z<n<z+y r<n<lz+y r<n<x+y

n=1

could also be improved correspondingly.
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