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A remark on Chen’s theorem
by
YINGCHUN CAI (Shanghai)
1. Introduction. Let p,p’ denote primes and P, denote an almost

prime with at most two prime factors. For sufficiently large x it is con-
jectured by Hardy and Littlewood [8] that

C

Y 1=(1+o(l) g
< log“ x
p+2=p’

where
1
c=2 1——— .
11 < (p— 1)2>

p>2

This conjecture still remains open. The best result in this respect is due to
Chen Jingrun [1] who showed in 1973 that

0.335Cx
T2(z) > ——5—,
log“ x
where
71'1,2(.%') = Z 1.
p<x
p+2=P;

The constant 0.335 was improved successively to 0.3445,0.3772,0.405,0.71,
1.015,1.05 by Halberstam [7], Chen Jingrun [2, 3], Fouvry and Grupp [4],
H. Q. Liu [10] and J. Wu [12] respectively.

In this paper we obtain the following result.

THEOREM.
1.0974Cx

mo(x) >
12(7) long
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2. Some lemmas. We denote by 7(n) the usual divisor function for
k > 2 and m(n) = 7(n). For the definition of well-factorable functions we
refer the reader to [4]. In the following we denote by A(q) a well-factorable
function of level ) and of order k.

LEMMA 1 [4]. For an arithmetical function X' of level Q' and of order
K, Q < Q, A+ X is a well-factorable function of level QQ' and of order
k+ k.

Let A denote a finite set of integers, P an infinite set of primes and P
the set of primes that do not belong to P. Let z > 2. Put

II » P@={plpeP, (pg) =1},

p<z,pEP

S(A,z) =S(A;P,z) = Z 1, Aj={alae A a=0(modd)}.
a€A, (a,P(2))=1

LEMMA 2 [9]. Let

—X + Td, /L(d) 7& 07 (dv 5) =

V(z1) logzg 14 K
log21

>, K1>1,2’2>2122,

Z Z log 321 Kz > 1,

21<p<za2 a>2
pEP

where w(d) is a multiplicative function, 0 < w(p) < p, X > 1 is independent
of d, and
w<p)>
Viz) = 1—-—.
e
p|P(z)

Then for 0 <e <107°,2< 2 < QY2 we have

S(A, P, z) > XV (z2) )= >N
I<L gq

S(A,P,2) < XV(2)(F(s)+ E)+ > _ Y N (g)r
I<L q

where )\li are well-factorable functions of level () and

L = exp(8€_3), FE<e+e® exp(K1 + K2) log_l/3 Q,
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log @

= log 2’ ‘)\?:(Q)‘ <1, )\li(q) =0 for (¢, P(2) = 1.

f(s) and F(s) are determined by the following differential-difference equa-
tion:
{F(s)zQe”/s, f(s)=0, 0<s<2,
(sF(s)) =f(s=1), (sf(s))=F(s—1), s=2.

Here and below v is Euler’s constant.

LEMMA 3 [7]. We have

2¢7
(220 0<s<3,
s
F(S): s—1
2¢7 log(t — 1
i<1+ S Mdt), 3 <5< 5
[ S t
v _
( 2e7log(s 1)’ 9<s<d
S
f<$>: s—1 1
2e7 dt | —1
(log(s—l) S — S og(u )du>, 4<s5<6
[ s U

LEMMA 4 [4]. Let Q = 2*7¢ and ¢ > 0. For any given A > 0 and

o] < Togh o,
Lix x
)\ , —— | = Opcul —— |.
2 ( Ti,a) - s@(Q)) Ae, (log%)

(g,a)=1
LEMMA 5 [4]. Let (cuy,) and (Br) be two sequences satisfying the follow-
ing conditions:
o M >xf ap =0 form¢ [M,2M], |ap| < 1(m);
o N>z B,=0 forng [N,QN], ’ﬁn| < Tk(”);
e for any givene>1,d>1, (d,l)=1, A >0,
1 Nt(e)?
n=l(d) Sp(d) (n,de)=1 log™ N
(n,e)=1

e ifpln—p< exp(log1/2 x) then B, =0,

where k and B are constants. Let MN < x,v = log N/logz, Q = gfw)—2e
where 6(v) is defined by



342 Y. C. Cai

.

(1+v)/2, 0 <wv < 1/10,
(13 +20)/24, 1/10 <v < 1/6,
(3+2v)/6, 1/6 <v < 1/4,
f(v) =< (2—-v)/3, 1/4 <o <2/7,
(2 —|—v)/4 2/7 < v <2/5,
1- 2/5 < v <1/2,
1/2, 1/2<v<1.

Then for any A > 0 and |a| < log? z,

> )\(q)( > amﬁn—L > amﬁn>=OA,a,k,B( :?4 )

(q.a)=1 mn=a (q) P log™

LEMMA 6 [5]. Let &(-) denote an arithmetical function such that

1£(q)| <logz, &(q) =0 for ¢> Q.

> Maelon) (wtaiam.0) = o) = Onca( 55 )

(qq1,0)=1

if either

Then

Q1<Q, Q<2 or

Q1>Q, QQ<a*c,  or

€q) = Alg), @Q1Q < 'V~ Q) <z'/3=,
LEMMA 7 [5]. Let n > 0 and define

47, 0<t<2/7T—n,
g(t) =< 11/20, 2/7—n<t<1/3—n,
1/2, 1/3-n<t<1/2-n.

Then for any A > 0, > 0 and |a|] < log? z,

> Ma ( (5 pg,a) — Lix>:OA,k,a<LA>7

zt<p<2zt (g,a)=1 So(pQ) log x

where Q = x9(®)~t=¢,

LEMMA 8 [11]. Let

r>1, z=a'" Q(z):Hp.
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Then for u > ug > 1, we have

x x
1 =
Z w(u)logz +O<10g22>’

n<x

(n,Q(2))=1
where w(u) is determined by the following differential-difference equation:

{w(u)zl/u, 1<u<2,
(vw(u)) =w(u—-1), u>2.

Moreover,
1

wlu) < 1763

for u > 2.

3. Weighted sieve method. Let x be a sufficiently large real number
and put

(3.1) A={ala=p+2 p<azl},
(3.2) P={pl|(p2) =1}
LEMMA 9 [3]. Let 0 < a << 1/3 and o+ 36 > 1. Then

ma(z) > 0;4 (1 — %91(6&) — %Qz(a) — 03(a) + %94(@)) + O(z'™%)
(a,2P(x>))=1

> S(A,z%) Z S(Ap, z)

za<p<:pf8

1
9 Z S(Apipasp2) — Z S(Apipssp2)

2 <p1<aP<pa<(z/p1)/2 2B <p1<pa<(z/p1)l/?
1 _
+§ Z S(Apipeps; P(p1), p2) +O($1 “),
z*<p1<pa<pz<z’
where

or(@)= > 1;

pla
o <p<xP

o) = { L a=ppaps, 2 < pr<al <p2 <ps,
0, otherwise;

o03(a) = 1, a=pipaps, al < p1 < p2 < ps3,
0, otherwise;

ou(a) = 4 L a=pipapsn, 2% S p1r<pp <ps < 2P, (a,2p7 ' P(p2)) = 1,
0, otherwise.
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Proof. Since the second inequality can be deduced from the first one
easily, it suffices to prove the first inequality. Let

va(@)= S m. Aa) = {é va(a) <2

va(a) > 2
pa
Then
ma@) > Y Ma)= > pP(a)Aa) + O ).
acA acA
(a,P(z>))=1 (a,P(z%))=1

On the other hand,

Z (1 - %91(@) - %Qz(a) — o3(a) + %04(@))

a€A
(a,P(z>))=1
2 1 1 1 1-a
= ) r|1-5a0) - 50(0) - es(a) + 5ea(a) | + 02",
a€eA
(a,P(z>))=1
For

we have three cases:

1) va(a) < 2. Then p4(a) =0, and

Ma)=1>1- 1Ql(a) - 1Qg(a) — o3(a) + 1Q4(a).

2 2 2
2) va(a) = 3. If p1(a) =0, then p3(a) =1, p2(a) = ga(a) = 0, and
Ma) =0=1- Loi(a) ~ 30r(a) — o5(a) + s oaa).

If p1(a) =1, then p3(a) = p4(a) =0, and p2(a) = 1, hence

Ma)=0=1— ~g1(a) — ~oa(a) — os(a) + = 0u(a).

2 2 2
If g1(a) = 2, then gy(a) = g3(a) = 04(a) =0, and
MNa) =0=1- 501(a) = 30a(e) — 3(a) + 01(0).
If 01(a) = 3, then g2(a) = 03(a) = 0, 04(a) = 1, and
M) =0=1- 501(a) = 30a(0) — 03(a) + 01(0).

3) va(a) > 4. Then p1(a) > 2. If pi1(a) = 2, then pa2(a) = o3(a) = o4(a)
=0, and
1

Ma) =0=1- Loi(a) ~ 3or(a) — o5(a) + soaa).
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If 01(a) > 3, then ga(a) = g3(a) =0, p4(a) = 1, and

Ma) =021~ Loi(a) ~ 3or(a) — o3(a) + soa(a).

Combining the above arguments we complete the proof of Lemma 9.

LEMMA 10. We have

211 9(x) > 2S(A, z/109) — ! > S(A,, z'/105)

21/10.5 < pc1/3.0015

[\)

1
D) Z S(Apipssp2)

z1/10.5<p, <$1/3.0015§p2<(z/p1)1/2

- Z S(APIPQ)pQ)

$1/3'0015§p1 <P2<(1’/p1)1/2

345

1 1
-5 > S(App) = 5 > S( Ay, 2/109)

x1/10A5<p<x1/7A68 r1/10.5<p<:r1/3A449

1
+§ Z S(Aplpz’xl/mﬁ)

2/10.5<p, <po<al/7-68

1
+§ Z S(Aplpmxl/mﬁ)

x1/10.5§p1<xl/7.68§p2<x8/21p;1

1
) Z S<Ap1pzap2)

z1/7'68§p1<x1/3'449§p2<(x/p1)1/2

- Z S(Ap1p27p2)

x1/3449 <py <pp<(x/p1)1/?

9 Z S(Aplpzpaphp(pl)?m)

x1/10:5<py <py<pz<pa<a!'/7-68

x1/10A5Spl<p2<p3<.1,1/7A68§p4<I8/21p§1

+ O($9'5/10'5)
1

1 1 1 1 1
=23 — =3 — =39 — Y3 — =34 — =X —3 —3
5175 2 3 5 4 5 5+2 6+2 7

1 1 1
Y =Y — = — =) 9.5/10.5y
928 — 29— 5210~ 5ot O(z )
Proof. By Buchstab’s identity
S(Aa Zg) -/4 Zl Z S ps P 7 2<xn < 225

z21<p<z2

92 Z S(Ap1p2p3p4§ P(p1)7p2)
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we have

(383)  S(A2VTH) =540 L S g4,p)

21/10.5 < z1/7.68

ST S

21/10.5<pcpl/7.68

DO | =

Y St
21/105< | <po<xl/7-68

1

) Z S(Apipapss P1);

21/10:5<p) <po<py<xl/7-68

(3.4) > S(Ap, z1/758)

21/T-68<pcpl/3.449

< Z S(Ap,x1/10'5)

21/7-68<p<z2/T

- Z S(Apipz,p1) + Z S(Ap, z'/107)

21/10.5<py <21/ T-68 <poy<2/7 22/T<p<al/3.449

Z S(Apvzl/lof)) - Z S(ApipysP1)

21/ T68 < pcyl/3.449 21/10.5<p, <r1/7468§p2<18/21p1—1

— Z S(.Ap,.%'l/lo'5)

21/T-68 <pcpl/3.449

_ Z S(Appo,x1/10'5)

Il/loﬁgpl <$1/7468§p2<$8/21p1—1

+ Z S(APIPQPS ,P1)5

z1/105<p) <p2<w1/7A68Sp3<w8/21p2—1

(3.5) Z S(Apipapsi P(p1): p2)

21/10.5 <py <po <p3 <a1/3.001

- Z S(Apipaps» P1)

21/10.5 <y <o <p3 <al/7-68

- Z S(Apipaps > P1)

21/10.5<p, <p2<r1/7468§p3<r8/21p2—1

> Z (S(Apipapss P(p1):p2) — S(Apipops, P1))

21/10.5 <py <po<pg<xl/7-68

IN
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+ Z <S<AP1P2P3§ P(p1),p2) — S(Ap1p2p3 ,D1))
iEl/lOf)Spl<p2<$1/7'68§p3<:£8/21p2_1
Z - Z S(AP1P2P3P4;P(p1)>p2)
21/10-5<p) <pa<p3<ps<zl/7-68
N Z S(Ap1p2p3p4§7)(p1)ap2)-

z1/10.5<p, <p2<p3<$1/7A68Sp4<m8/21p§1

By Lemma 9 with (e, 8) = (1/10.5,1/3.0015) and (av, 8) = (1/7.68,1/3.449)
and (3.3)—(3.5), we complete the proof of Lemma 10.

4. Proof of the Theorem. In this section, the sets A and P are defined
by (3.1) and (3.2) respectively. Let

X =Lix ~ .
log
For (d,2) =1,
Lix d
rg=m(r;d,—2) — —, w(d)=——=, u(d)#0.

1) Evaluation of 3,34,%6,%7. Let Q = z%/7-¢. By Mertens’ theorem
we have

(4.1) V(z) = 61;;(; (1 +o<1oiz>>.

By Lemmas 2—4 and some routine arguments we get

4
Cx log(s —1) 5
. > 3.
(4.2) Z_35(1+O(£))10g2x<log5+§ - log8+1ds>
Cx

5 -

> 5.8946937
log” x

Let A" denote the characteristic function of the primes in the interval [L, L),
where z1/105 < [, < [/ < 2L < z'/768 and X\ denote a well-factorable
function of level QL™'. Then L' < QL~!, by Lemma 1, X * \ is a well-
factorable function of level (). By Lemmas 2—4 and some routine arguments

we get
16.72/7

Cx 35 log(s — 1)
4. Y4 <3.5(1 —— | log——( 1 —d
49 mizasuroE g (g (e | a)

4
1 -1
+ S 0g(s )log > ds)
s+1
16.72/7
< 1.61803-F

log?
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Let A}, N denote the characteristic functions of the primes in the intervals
(L1, L) and [Ly, L}) respectively, where /1054 < [, < I} < 2L, <
/768 /768 < [, < L, < 2Ly < m8/21(2L1)_1, and A denote a well-
factorable function of level Q(L1Lo)~". Then L} < Q(L1L2)~", Ly < QLy Y,
by Lemma 1, A% )] is a well-factorable function of level QLy ", (A% \}) * A,
is a well-factorable function of level (). By Lemmas 2-4 and some routine
arguments we get

O 1/7.68 8/21—t1 log(5 — 10.5(¢1 + t2))

x—g— | | _
log” x 1105 1/7.68 tltz(l 1.75(t1 + tg))

dty dta.

Similarly,

1/7.68 1/7.68

Cz log(5 — 10.5(t1 + t2))
S >35(1+0()—— | | dty dto,
log® x 1105 tita(1 — 1.75(t1 + t2))
C
(4.5) S+ D7 > 1.188865 —o—.
log” x

2) FEvaluation of ¥1,%5. We have

(4.6) 21:( Y o+ Y o+ % )S(Ap’xl/mﬁ)

21/105<pcp2/T—e  32/T—e<p<cz0-29  20.29 <pcpl/3.0015

=51+ 52+ Ss.

By Lemma 4 and the arguments used in [12], we get

4
Cx log(s—1). 5(5—s)
4, < 3.5(1 —= (1 1 d
(4.7)  S; < 3.5( —|—O(€))log2x<0g5+§ - og ——— " ds
< 6679727
log” x

By Lemmas 6 and 7 and the arguments used in [12], we have

Cx 29

(4.8) So < (14 0(¢g)) log %

log?

100 52
1.9 Sy < 1 .
(4.9) 5= Tllogla ° 3774785

By (4.6)—(4.9) we get

4
Cz log(s—1). 5(5—s)
. < 3. 1 1
(4.10) 21_35(1+O(6))10g2x<0g5+§ —log————ds
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L Cw 20 40Cw | 52
o2z 026 1llog2a ° 37.7485
C
< 7.95371—o—.
log” x

Similarly,

4
Oz log(s —1) . 5(5—s)
' < 3. ——
(4.11) 25_35(1+O(6))10g2x<10g5+§ . log st 1 ds

3) Evaluation of ¥19,%11. We have

(412) Y10 = Z Z 14+ O($9'5/10'5)

21/10.5<p <po<ps<ps<zl/7-68 a€A, pi1p2p3pala
-1
(a,py " P(p2))=1

> > 1

21/105< ) <po<p3<pa<al/T-68 p=p1p2p3p4n—12
1<n<z/pip2papa, (n,p1 P(p2))=1

+ 0(1,9.5/10.5)
— S(B’:EI/Q) +O($9.5/10.5)’

where

B = {mpipapsps — 2 | 1% < p1 < pa < p3 < ps < /T8,

mp1papsps < x + 2, (m, p; 'P(pa)) = 1}.

Applying the splitting technique used in [4] to remove the dependence of
mp4 on p1, P2, p3, by Lemma 5 with pipops for n, we get

(413) ) Ao

(¢,2)=1

X ( Z Qmpy ﬂp1p2p3 - ) Z Qmpy ﬁplpzps )

1
mp1p2p3pa=2(q) wld (mp1p2p3pa,g)=1

x
= 0. —1—
()
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with Q = z%7~¢. Lemmas 2 and 3, when combined with (4.13), give
(4.14)  S(B,z'/?)

ClB|

log

=351+ O(e))logx > > 1

21/10-5<py <po<p3<pa<zl/7-68 1<m<x/(p1p2pspa)
(m.py " P(p2))=1

< 3.5(1+ 0(e))

I O(x9‘5/10‘5)
3.5C x
< —"Z __(1+0()) > —
1.763log x /105 < p1 <poes <y </ 758 P1p2p3p4 log pa
+ 0(1‘9'5/10'5)

350 1/7.68 1/7.68

1 1/1 1 1
= 20T 406 | D —<— _ —> log dt.
1.763log” x 1/3105 131 b tao \t1 o 7.68t2

By (4.12) and (4.14) we get

3.5 Cx
4.1 Yo < ——(1
(4.15) 10 < 7o +O(6))log2x

1/7.68 1/7.68

dty S 1 < 1 1 ) 1
R S (LU PV S
1/10.5 51 b to \t1 12 7.68t2

By a similar method we get

Czx
log? =

(4.16) T < %(1 +0(¢))

1/7.68 it YTes 0 8
ytos Lo 2N T2
By (4.15) and (4.16) we obtain

(4.17) X0+ 211
1/7.68 1/7.68

35 Cu dt, 1/1 1 8

C 3o T T L (8,
1.763 log m1/10.5 t1 i to \ 11 to 21tq

< 0.070549_ "

log?
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4) Evaluation of ¥a,33,3s, X9. By the arguments used in [10] we get

2.0015/6.003 1 9.5—10.5¢t

Cx 2.0015—3.0015¢
. < —5
(4.18) X3 <2(1+0(¢))— (4 S t2+t)(1—1t) dt
1/3.0015

log* x

OS4 log (9.5—10.?)(1—2@

t2+t)(1—1t)

+4 dt
2.0015/6.003
9.5/21

+

0.4

log (9‘5—10.?16)(1—215)
dt
t(1—t)?
Cz

log? z’

<1.7711
1/3
Cx log(1/t —2)

oz ) iminan
log™x 1/3.0015 H2+H1-1)

(4.19) X5 < 8(1+0(e)) dt

Cx

< 0.000003 —5—,
log” x

2.449/6.898 6.68—7.68¢

Czx 10g 5 1193 4107
4.20 Y <2(14+0 — 14 ——= o dt
( ) 8 <2(1+ (5))10g2 T ( 1/38449 t2+0)(1—1)

0.4
log
)

12+ t)(tl —1)

(6.68—7.68)(1—2t)

_|_4 dt

2.449/6.898

N 6.68/815.36 log (6.68—7.6tSt)(1—2t) »
t(1—1)2
0.4

Cx
log?
Cx log(1/t =2) 11 < 0134008 %

log? 1/35449 t(24t)(1—1) log? =

< 1.90815

1/3

(4.21)  Xo < 8(1+0(c))

Proof of the Theorem. By (4.2), (4.3), (4.5), (4.10), (4.11), (4.17)—(4.21),
271 2(z) is bounded below by

9.5 89460 — 7.95372 17711 0.000003 — 1.61893  6.78732
2 2 2 5
' : 07054 2.194
118886_190815_0.134048_00705 9 021’ - 9280$
2 2 2 log® x log” z
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and so
1.0974Cx
7T172(l‘) > 5 -
log“ x
The Theorem is proved.
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