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1. Introduction. Let n = (ny,...,n;41) be an integer vector in Z*+1,
k> 1 and let
h(n) = max |ng.
() ie{l,...,k+1}| il

A. Schinzel [7] has proved the following

THEOREM A. For every non-zero vector n € ZFt1 there exist linearly
independent vectors p,q € ZF such that n = up + vq with u,v € Z and

(1) h(p)h(q) < 2(h(m)' k.
The exponent 1 — 1/k on the right hand side of (1) is the best possible

(see [6, Remark 1]). Later S. Chatadus and A. Schinzel [3] have showed that
for every non-zero vector n € Z3 the inequality (1) can be replaced by

h(p)h(q) < %(h(n»l/?,

where the constant on the right hand side is the best possible. The author

[1] has proved a more precise result, which gives estimates that depend on
the initial vector n € Z3. The aim of this paper is to prove the following

THEOREM 1. For every integer vector n € ZFt1 k > 1 with h(n) > 1
there exist linearly independent vectors p,q € ZFT' such that n = up + vq,

u,v € Z and
2

(k+ 1)1/k

For the cases of k =1 or h(n) = 1, p and q can be trivially found with

h(p)h(q) = 1.
We use the following notation. By C)*(a1, ..., a,) we denote the n-dimen-
sional hypercube given by

Cllar,...,an) ={(x1,...,2n) ER" : |x; —ai| <7/2, 1€ {1,...,n}},

h(p)h(q) < (h(m)' 17,
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where a; € R, i € {1,...,n}. We write
H(zi=a)={(x1,...,2n) € R" 1 z; = a}
foraeR,ie{l,...,n}.
By V,,(K) and A(K) we denote the n-dimensional volume and the critical

determinant of a set K respectively. The convex hull of sets Ay,..., A, is
denoted by conv(A4i,...,Ap).

2. On the critical determinant of polygons. Let n = (ny,...,ng+1)
be an integer vector with £ > 1, h(n) > 1. We may assume without loss
of generality that 0 < n; < ... < ng4q and ged(ng,...,ngy1) = 1. Let
n; = ni4+1 for some i € {1,...,n}. Consider the vector

n = (ny,..., 0Nt ... npg) € ZE.
If the theorem is true for n’ then there exist linearly independent vectors
p’.q € ZF such that n’ = up’ + vq’, u,v € Z and

g 2 my1-1/(k—1)
hp)h(a) < 7=y (h(1)) :

Suppose p’ = (p,...,pL), d = (g}, ..., q,). Put
P= 01 DD Dty k), A= (1o s G Qs i1 - - -5 Q)

Then p, q are linearly independent vectors in Z¥*! such that n = up + vq
and

2 1-1/(k—1)
h(p)h(q) < m(h(n)) :
Moreover,
2 1-1/(k—1) 2 1-1/k
i () < G )
and thus, we may assume without loss of generality that 0 < n; < ... <
Nk41-
Let m = (mq,...,mg11) be an integer vector such that m and n are
linearly independent. Consider the polygon
(2) P miy—mniz| <1, ie{l,....k+1}
and sets
Hpqr : ’mly - ’I’LZCU‘ S 17 S {pvqur}a
where p,q,r€{1,...,k+1}, p<q<r and vectors (mp, mq, m,), (np, ng, nr)
are linearly independent. Define
(3) o = i s 5i:mi—mk+1ai, 1€ {1,...,k}.
Nkg+1

For fixed p,q,7 € {1,...,k+ 1} with p < g < r, consider the integer vectors
(my, mg, my) and (np,ng,n,). Suppose these vectors are linearly indepen-
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dent. Set
n n
r __p 1 g 1 / ’r /
a, = . g = — Op = Myp — Myy10y, Oy = Mg — My 10y
T T

Let £ > 0. In [1] we have found a set B¢ = Be(aj,a}) C R? such that
(6, 0y) € Be(ay,, ap) if and only if

4
4 V > —.
(@ () =
By Lemma 1 of [1], B¢(ay,, ) is a centrally symmetric, convex set. We shall
find a set Gpqr C R* such that (Jy,...,0;) € Gpgr if and only if

4

ng1§

(5) V2(Hpqr) >
In the case r = k + 1, obviously,
Gpgr = {(21,..., 25) € R* : (zp, q) € Be(ap, ag)}-
Let » < k4 1. Then
Qq

a a
o, ==L, ap=— 6,=06,— L6, 0&,=20——0,.

Ay Qp Qp
Moreover, (5) can be rewritten as

4 Nk+1
Vo(H > = .
2( pqr) =y Y Ty §

Therefore
« o o, o
Goor =3 (21,....01) ERF (2, — Lay, 2y — 22, ) € B, [ =2, =2 .
pqr ( 1, ) k) P o ry Lq o T o1 051”7 o

The above definition, as well as the definition for r = k£ + 1 applies only if
(myp, mg,my) and (np, ng,n,) are linearly independent.
Let us find a set M¢ C R* such that (61,...,0;) € M if and only if
1
ng1§
By the theorem of K. Mahler (Theorem 5 in [5])

where the minimum on the right is over all p,q,r € {1,...,k+ 1} such that
p < q < rand vectors (my, mq, m,) and (ny, ng, n,) are linearly independent.
Therefore

(6) Me = () Grar-

As is easily seen, all sets G,q- on the right hand side of (6) are centrally
symmetric and convex. Thus, Mg is centrally symmetric, convex set as well.

A(P) >




376 I. Aliev
3. Definitions of E and F. Define two sequences of sets {E'}¥_ and
{F?}k_| as follows. For i = 1, let
F'=Fl=[-1,1] cR.
Forie {2,...,k} set
Eéfl:{(xl, , Ti_ 1,0)6]1%Z (T1,.. ., @i 1)€EZ 1}
B! :{(wl,...,xi 1,1 €ER : (m1,...,2im1) € CTH(1/2,...,1/2)},
Fi—t ={(x1,...,2i_1,0) eR : (X1,...,mi—1) € € F'~ 1}
Fli_l = {(:L’l, y Li—1, )E]Rl (.731,. .,JZZ 1) ECZ 1(041/2 ai—1/2)}7
Ei = conv(ngl,EZ L-ErYhcR
F' = conv(F, ' Fi~ Y, —F™h) CRZ
We write
Ei'=ENH(w;=)), F/'=FnH(@=X, Xec(0,1).

Define E = E* and F = F*. Then E, F are k-dimensional polytopes with

volumes

Vi(E) =

1

2\ Vio1(BY ) d

0

1
2\ Vie (FF 1) da
0

A Vi(F) =

4. The definition and properties of E. Consider the set

E\:{(xla---affk

) € R

| <1,

‘$l_$J|§17 ’L,]E{l,

kY, i # g}

It will be proved in Lemma 7 that E=E.

LEMMA 1.

AE) = (k+1)27F

Proof. H. G. ApSimon [2] (see also [4, Ch. 5, §32]) proved that the body
A C R* defined by the inequalities

zi] <1+ ¢,
where ¢; > 1 fori € {1,...
(c1+1,2,...

and

k
A(4) = A(A) = 27"Vi(A) = (T (e -

Put ¢; =3 fori e {1,...

|33i—l‘j| SCi-f-Cj—Q,

,k}; then

Vi(E) = 47 Vi (A) = k + 1,

2), (2,c0+1,...,2),...,

i,j€{1,....k}, i #J,

,k}, has a unique critical lattice A with the basis

(2,2,...,cr+1)

D) (1423~ 1)
i=1

A = 4F and therefore
A(E)=47%A(A) =

=1

(k+1)27*



Decomposition of integer vectors, 11 377

5. Connection between E and E Let us give another, equivalent
definition of . We define a sequence {E’ .Fori=1put B! = [—1,1] C
R. For i € {2,...,k} set

Al ={(z1,...,2) €R : (m1,..., 1) € B},
B ={(z1,...,2) ER : x| <1, |z —aj| <1, je{1,...,i—1}},
E' = A'nB.
Then, obviously, E = E*.
LEMMA 2. E C E and therefore Vo(E) < k + 1.

Proof. Tt suffices to show that E' C E' for i € {1,...,k}. We use induc-
tion on 7. The case i = 1 is trivial. Furthermore,

E'NH(z;=1)=E"', EnNH@ =-1)=—E""
and by the inductive hypothesis Eéfl Cc Ein H(z; =0). Since Eiis convex,

we obtain E' C F'm

6. Geometric tools. Let K(, K; be bounded convex sets in RF=1, 1 > 1.
Define

K(l)_l = {(:cl, .. ,xl_l,O) S Rl : (:L’l, e ,xl_l) S KQ},
Ki_l ={(x1,...,5_,1) e R : (&q,...,2_1) € K1},
Kt = conv(Ky LKV N H(zp = 2), A€ o,1].
LEMMA 3. For all \,n € [0,1],
conv(K,~H K) N H(w = p) = K7 p=n+A1—1).
Proof. We have

conV(Kl LK U {1—a)Kl Vpaxl1y,
a€l0,1]

From the equation z; = (1 — a)n + a = p, we obtain a = A and hence
conv(Kffl, Ki_l) NH(xp=p)=(1- /\)Kffl + )\Ki_l.
Furthermore, Kffl =(1- n)Ké_l + T]Ki_l and thus, by the convexity of

Ki_l, we obtain
conv(K4 1 KT A H = 1) = (1= (1= K + kL) + AR
= (1= N1 =Ky '+ A+ = A)K =1 - K+ pky .
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Define
Koo' = {(z1,...,21-1,0,0) € R™ 2 (aq,...,2y1) € Ko},
Kial ={(z1,...,2-1,1,0) € R . (x1,...,m_1) € K1},
Ké;l ={(x1,...,2-1,0,1) e R s (2, ..., 2_1) € K1 }.
LEMMA 4. For every A € [0,1],
Vio1(conv(Khot, KigHhNH (2= \)) = Vi_y (conv(K by, KiTHNH (1401 =\)).

Proof. We can obtain conV(Kégl,Kéfl) from conv(Kégl,Kigl) by ex-
changing the variables x;, ;4. =

For a € R define
Kfljl ={(x1,...,2-1,a,1) € R (x1,...,m—1) € K1}
LEMMA 5. For all \,n € [0,1], a € R,
Viei(conv(conv(Kgy ', Kioh) N H (z = n), K ') N H (21 = X))
= Vi_1(conv(conv(Kby !, Kigh)y N H(zy = ), Kigh) N H(z; = ),
where p=mn+ A1 — 7).
Proof. Define
Ly = conv(Kyy', Kig') N H (2 = 1),
My, = conv(Ly,, K'7Y) N H(zp = N),
N, = conv(Ly,, Kigh) N H(x; = p).
We show that V;_1(My) = V;—1(N,). Consider the translation T
Ty =21, T =@, T =3 — 1), Tpyq = T
All volumes are invariant under 7. Let
L, >u, k' Lv, kU Dow

Therefore
My -5 Y = conv(U, W) N H(z),, = \),
N, Iox = conv(U, V)N H(x) = u—n).
Consider the sets U, V, X, and the affine transformation ¢:
=2, 2 =a_y, 2 = —n) " 2, 2 =),
Let
v-2u, v->Sv, x5 X,
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Since U C H(x;=0), we have U =Uy. Further, Vy, C H(z] = 1)NH (x,; = 0)

and
Xy = conv(Uy, Vo) N H(z{ = (1 —n)"(np—n))
= conv(Ug, Vg) NH (2] = (1 —n) " (n+ A1 —n) —n))
= conv(Uy, V) N H(x] = N).
)=

Obviously, Vi_1(X4 Vi—1(X). Consider the sets U, W, Y, and the affine

transformation :
1 / 1 / " ! / 1! /
T] =Ty T = Tpq, T =2+ (0 —a)T4q, T = T

Let
v-Lu, ww, Y-Sy

Since U C H(x; = 0) N H(x),,; = 0), we have U = Uy. Further, we have
the inclusion Wy, € H(z} = 0) N H(z],; = 1) and Yy, = conv(Uy, Wy) N
H(z},; = X). Obviously, Vi_1(Yy) = V;_1(Y). Lemma 4 with K/;' = U =
Uy = Uy, Kigt = Vy, Kt = Wy, implies V;_1(Xy) = Vi_1(Yy) and thus
Viei(My) = Vi_1(N,). =

LEMMA 6. For all \,n €[0,1], a € R,
W_l(conv(conV(KOO ,Kiol) NH(x;=n), Kflll) NH(zi1=M))

— Vi (comv (KLY, K1) 0 H oy = ),
where p =1+ A1 —n).

Proof. By Lemma 5 it is enough to prove that
Vl_l(conv(conv(Kéal, Kial) NH(x; =n), Kial) NH(xy = p))
— Vi (conv(KLL K1) 0 H = ).
Since Kig', Kiy' € H(241 = 0), we have
Vi,l(conv(conv(Kéal,K{al) NH(x; = n),K{al) NH(z; = p))
— Vi (conv(KL, K1Y 1 H(w = )
= Vi1 (conv(Ky ™ K17 N H (= ),

where the last equality is valid in view of Lemma 3. =

7. A property of E

LEMMA 7. For every X € [0,1],

(i) EY = conv(Ey, EY) N H(xn41 = A),

(ii) Vo(EY) = —nA+n+1, ne{l,...,k —1}.
Moreover, Vi,(E) = k+ 1 and thus E = E.
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Proof. We use induction on n. The case n = 1 is trivial. The affine
transformation

/ / / 1 /
Ty =21, Tp1 = Tp-1, Ty = Tn — 53Tn+l, Tpy1 = Tntl

does not change the volume of a body and the volume of its intersection
with any hyperplane H(z,+1 = a). Thus, we may assume without loss of
generality that

Bl ={(21,...,2n,1) € R" ™o (zy,... 2,) €C1(1/2,...,1/2,0)}.
Therefore

Vi (conv(ER, EF) N H(xp11 = A))
1-2/2
=2 | Vii(conv(Ef, EY) N H(znsr = ) N H (2, = £)) dE.
0

Let us show that conv(Ef, EV')NH (zp+1 = A)NH(x, = &), where A € (0,1),
contains the set

E\(§) = conv(Ey N H(zy, =0), EY N H(xy =&/N) N H(zpy1 = N)
for 0 <& < \/2, and

E5(§) = conv(Ey N H(wn =n), EY N H(zn =1/2)) N H(zn41 = A)

for \/2 <€ < 1—-X2,n=(—-X2)/(1=X). Let 0 < & < \/2 and
X = (1,...,Zny1) € E1(§). Then there exist x' = (af,...,2,_,,0,0) €
EyNH(z, =0) and x" = (2f,...,2!_1,§/\, 1) € E} N H(xz, = {/)) such
that
x=(l—a)x +ax", a€(0,1).
Since z,41 = (1 — a)x], | + ax | = A, we obtain a = \. Furthermore,
Tp = (1= Nz}, + Mz = &
Since Ef N H (z,, = 0) C Ef and EY N H(z, = §/)\) C E}, we have X’ € Ef,
x" € E} and thus
x € conv(Ey, EV) N H(xpt1 = A) N H(z, = §).

By similar arguments, the case \/2 < £ < 1 — A/2 can be settled as well.
Therefore
Vn(COHV(Eg, E?) N H(xn—&—l = )\)) > 21 + 215,
where
A/2 1-X/2

L=\ Vaa(BEW()ds, L= | Via(Ea()de.
0 A2
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Put | =n, Ko = E" ', Ky = C}"1(1/2,...,1/2). Then in view of part (i)

of the inductive hypothesis we have, in the notation of Section 6,
-1 -1 -1 -1 -1 -1
Ky =E] K" =E!", K" =E{", Xe[0,1]

)

and
Kig =By NH(z, =0), Ky =EyNH(z, =1).

Assume A\ € (0,1), and consider the integral I1. Put n = 0, a = /.
Then

conv(Kgo ' Kig ) N H(wn =n) = Kgg ', K = EY 0 H(z = /)
and by Lemma 6 we obtain
Vit (B4 () = Vi (conv(ER ™ EP ™) O H(an = ) = Va1 (B )

=(1—-n)A+n,
where the last two equalities are valid by the inductive hypothesis. Therefore
A/2
L=(1-nA+n) | dt= S((L=n)A+n).
0

Consider the integral Io. Put n = ({ — A/2)/(1 — A), a = 1/2. Then
COHV(KSL()_vi?O_l) NH(zn =n) = Ey N H(zy = 1),
Kl =ErnH(z, =1/2)
and by Lemma 6 we obtain
Vier(Bo(€)) = Vi (conv(Ep " B} ™) 1 H(zo = ) = Var (EL ),
where 1 =n+ A(1 —n) = £+ A/2. By the inductive hypothesis
Va1 (EM D=0 —n)p+n=(1-n)E+N2) +n.

Therefore 8
1-X/2
L= | (A-n)(€+X1/2) +n)d¢
A/2
1-X/2 1-X/2
=(1-n) | &de+(@-n)r/2+n) | d
/2 /2
=(1=n)1=X)/24 1 =n)(1=M)A/2+n(l—\).
Thus
oI, + 21,

= A1 =n)A4+n)+ (1 =n)1 =X +X1—=n)1 -\ +2n(1—N)
=N -+ A+l = A—n+nr+ X=X —n)+n\2 + 2n — 2n)\
= —nA+n-+1.
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Therefore
Vo(conv(EY, EY) N H (2p11 =N) > —nA+n+1, A€ (0,1).

Consider the case A = 0. By the inductive hypothesis
1
Vi (conv(Eg, Ef) NV H (241 = 0)) = Vo(Ef) = 2| Vo1 (EY1) dA
0
1

=2\ (=X +n)dr=n+1.
0

For the case of A = 1 we have

Vo(conv(Eg, EY) N H(xpt1 = 1)) = Vi (ET) = 1.

Moreover, in view of the inclusion

conv(Ey,EY) N H(xzps1 = A) C EY, Xe|0,1],

we have
Vo(ER) > —nA+n+1, A€ (0,1),

and obviously (ii) implies (i). Suppose there exists A € (0,1), such that
Va(EY) > —nA + n + 1. Then, by the continuity of the function f(\) =
Va(EY) on (0,1), we obtain

1 1
Vo1 (B") = 2\ Vi(ER) dA > 2\ (—nA+ n+ 1) dA =n +2.
0 0

But Lemma 2 gives V,,41(E™™!) < n+2, a contradiction. Therefore, V;,(E})
= —nA+n+ 1 for every A € [0, 1]. Finally,
1
Vi(E) =2\Vio(BY HdA =k +1
0

and therefore £ = L. =

REMARK. The equality E = E has been proved by A. Schinzel, by a
different argument.

8. A property of F
LEMMA 8. For every X € [0,1],
Vo(conv(Fg, FI') N H(xpt1 = A) > Vo (EY), ne{l,....k—1}
Moreover, Vi(F) > Vi (E) =k + 1.

Proof. We use induction on n. The case n = 1 is trivial. The affine

transformation
r / . r Qnp / -
Ty =T1,---, Ty 1 = Tn-1, Lp, =Tn — 5 Tn+l, Tyl = Tntl

2
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does not change the volume of a body, and the volume of its intersection
with any hyperplane H(z,+1 = a). Thus, we may assume without loss of
generality that

F'={(z1,...,20,1) € R™ (21, 2n) € CP (01 /2, .., an1/2,0)}.
Therefore
Va(conv(Fy', FT') N H(zn41 = A))
1-X/2
=2 | Vii(conv(Fg, F{) N H(zpg1 = ) N H(zp = €)) d€.
0
Define

Fono_l = {(1'1, <y Tn—1, 07 0) € Rn+1 : (51715 Ce ,xnfl) S Fn_l}.
Then, in particular,
Foo b ={(21, 0, 0) € R (2,00 ) € Y1)

Arguments similar to ones of Section 7 show that conv(Fy,Fy") N
H(zp41 = AN)NH(x, =¢&), where X € (0, 1), contains the set

F1(&) = conv(Fy ™ F' N H(xy, = /X)) N H (2ps1 = A)
for 0 <& < \/2, and
Fy(&) = conv(conv(Fos ™, Fy N H (z, = 1)) N H (2, = ), F'N H(x, = 1/2))
NH(xpy1 = A)
for \/2 <& <1-X/2,n=({£—A/2)/(1 —A). Therefore
Vo(conv(Ey, F') N H(xpy1 = ) > 2J1 + 2o,

where
/2 1-X/2
Jo= | Vaa(Ru(€)ds, o= | Via(Fa(9)de.
0 /2

Putli=n, Kg=F"!' K = C{‘_l(al/2, ...,ap_1/2). Then, in the notation
of Section 6, we have

Kyl =F ot KT =P,
Kyt = conv(Fy ™ FI7 ) N H(zn = A),  A€[0,1],
Koo' =Fgo ' Kig ' =FyNH(zn =1).

Assume A € (0,1), and consider the integral J;. Put n = 0, a = /.
Then

conv(Kpo ' K YN H(z =n) = Foyt, Kt =FP 0 H(z, = &/
and by Lemma 6 we obtain
Vi1 (F1(€)) = Vot (conv(Fy L FP- Y 0 H(zy = N) > Vg (BY Y,
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where the last inequality is valid by the inductive hypothesis. Therefore
A/2
T = Ve (B | de
0
Consider the integral Jo. Put n = (£ — A/2)/(1 — A), a = 1/2. Then
conv(K(y H K5 YN H (@, = 1) = conv(Fgy Y, FNH (2, = 1))NH (2, = 1),
Kl =FrnH(z, =1/2)
and by Lemma 6 we obtain
Va1 (Fo(€)) = Vi (conv (Fy L FY ) N H (2 = 1)) > Vot (B,

where 1 = £+ /2 and the last inequality is valid by the inductive hypothesis.
Therefore

1-X/2
J22 S V (Eg_,\l/g)df
/2
and
Vi(conv(F3, FYY N H (2p1 = N))
/2 1-X/2
> 20+ 20 > 2o (By Y | de+2 | V(B ) de
0 /2

= —nA+n+1=V,(EY), Xe(0,1).
Consider the case A = 0. Note that

conv(Fy L F" YN H(z, =)\) C FY~H, Aeo,1],
thus, by the inductive hypothesis,

Vi (conv(Ey, ") N H(zpg1 = 0)) = Vi (Fg) = 2\ Vo1 (F1) d

v

1

2\ Vi1 (conv(Fy~ PP ) N H(zp = A) dA > 2|V, 1 (BF 1) dA
0 0
1

2

(I—=n)A+n)dr=n+1.

In the case A = 1 we have
Vi(conv(Fy, FT') N H(zpq1 = 1)) = Vi (FT') =
Furthermore,

conv(Fg', F{" )N H(zp41 = A) C FY, X €]0,1],
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thus, finally,

1
Vi(F) =2\ iy (FF 1) dA

0
1

> 2| Vi (conv(FS 1 FF 1) n H (g = X)) dA
0
1

> 2\ Vi ((BY A =W(B) =k+1. =
0

9. Properties of G,

LEMMA 9. Forallp,qe{1,....k}, p<q andr =k+1 the set Gpg, if
defined (see p. 375), contains points (x1,...,xx) € R for which one of the
following conditions is valid:

(1) (zp,zq) = £(£,0),

(i) (zp, zq) = £((ap/2 £ 1/2)¢,0),

(ili) (wp, Tq) = £((ap/2 £1/2)&,€),

(iv) (zp, xq) = £((0p/2 £ 1/2)¢, (aq/2 £1/2)8),
for any combination of +.

Proof. By the definition of G4 we have to check the inclusion
(7) (zp, Tq) € Be(ap, aq)

for all cases (i)—(iv). It is easy to verify by using formulae (8)-(13) of [1]
that Be (o, o) contains the centrally symmetric, convex octagon Og (o, org)
with vertices

Pt = £ (§6(1 - ag)/(1 — ap)), £P? = £ (E(1+ap)/(1+ ag),€),
LP = & (60— ap) /(14 ag),€), P = £ (~6,E01— ag)/(1+ay)).
In cases (i)—(iii) the inclusion (z,,z4) € O¢(ay, ag) is obviously valid and
therefore (7) is true. Consider case (iv). Since case (iii) is proved and (o /2+

1/2)¢ < &, we have
+((ap/2£1/2)E, (0g/2 4+ 1/2)€) € O¢(ayp, ).
Since |(ay/2 —1/2)&| < min(|P,], |Pj|) the points +((ap/2 £ 1/2)E, (ag/2 —
1/2)€) lie in the rectangle with vertices P!, P4 —P! —P* and therefore
F((ap/24+1/2)¢, (0g/2 = 1/2)E) € O¢(ap, ). m

LEMMA 10. For all p,q,7 € {1,...,k}, p < q < r, the set Gpgr, if
defined, contains points (x1,...,x1) € R¥ for which one of the following
conditions is valid:
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(1) (zp, 2g, 7) = £(£,0,0),
(ii) (@p, 2g, 7)) = £((ap/2 £1/2),0,0),
(iii) (zp,xq, zr) = £((ap/2 £1/2)&,£,0),
(iv) (xp, zq, xr) = £((ap/2 £ 1/2)¢, (aq/2 +1/2),0),
(V) (@p, 2g, r) = £((ap/2 £ 1/2)§, (aq/2 £ 1/2)§,€),
(Vi) (@p, g, Tr) = £((ap/2 £1/2)E, (ag/2 £1/2)E, (0 /2 £1/2)E),

for any combination of +.

Proof. By the definition of G, we have to check the inclusion

(xp — (op/ap)xr, xq — (0q/ar)xy) € Bea, (op/ar, aq/oy)
for all cases (i)-(vi). Note that Be/q, (ap/ar, aq/a;) contains the octagon
O¢/a, (ap/ar, ag /) with vertices

s (S M) g (Hemten £

ar’ oy — ap ar(ar +aq) ay
:I:QB - j: <_ g(a"’ — ap) 7£>7 :l:Q4 - :I: <_£7 g(a'f — aq)_>.
ar(oy +aq) ap o, ap(oy + ap)
Let us find the abscissae of points of the intersection of O q, (ap/ar, /)
with the line y = £. The equation of the line through Q', Q2 is
n ay + oqu B 2¢
ap — ap —

=0.

By putting y = £ we obtain
2—oap +ap

Re=g=
The equation of the line through @3, Q% is
ar + g 28
B Qr + ap B Qr + ap -

By putting y = £ we obtain
Lz:_§2—ar—ap
Qr + Qg
(i), (ii). Here z, = 0 and we have the obvious inclusions
+(£,0), £((p/2£1/2)€,0) € Oé/ar(ap/ar,aq/ar).
(iii) Here x, = 0 and thus, by symmetry, it is enough to prove
((ap/2 £ 1/2)€,6) € O¢jq, (ap/ar, ag/ar).
Let us show that ((ay,/241/2)&, ) lies on the segment (L, £)(Ry, €). Indeed,
B—ap)d —ar) + (1 —ag)(1 — )
2—-1/2)¢—-L, =
(ap/ / )5 2(ar + Oéq)

£§=>0
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and
31l—a)+1—ag+op(l—o)+op(l —ay)
r — 2+1/2)¢ =
R (ap/ + / )f 2(ar + aq)
Since (Lz, &) (R, ) C O¢/a, (ap/ar, ag/ay), case (iii) is settled.
(iv) Here z, = 0, and thus, by symmetry, it is enough to prove
((ap/2 £1/2), (0g/2 £1/2)€) € Og/ar(ap/ar,aq/a,,).
Since (ag/2 +1/2)€ <&, case (iii) implies
((ap/2 £1/2)¢, (aq/2 +1/2)8) € Ogja, (ap/ar, g/ ar).
Note that
(8) |Re| — [La| =

£=>0.

2a
Qr + Q4
and therefore the inequalities (a,/2 — 1/2)€ > L, and (aq/2 — 1/2)§ > —¢
imply

>0

((ap/2 = 1/2)€, (aq/2 = 1/2)€) € O¢ja, (ap/ar, ag/ar).
The equation of the line through ((a,/2+1/2)¢, (ay/2 —1/2)§) and (€,0) is
1—oqu+ 1—aq£:0
1—ap 1—ap '
It intersects z = 0 at (0, —={(1—0y)/(1—ay)). Since —§(1—ay)/(1—ap) > =€,
we obtain

Y —

(0, =6(1 = ag)/(1 = o)) € O/, (p/r, ag/ar).
Moreover, (£,0) € O¢/q, (ap/ar, ag/ar) and by convexity,

((op/2+1/2)¢, (ag/2 = 1/2)§) € Ogja, (ap/ar, aq/ar).
(v) By symmetry it is enough to consider the points

((ap/2 £1/2), (ag/2 £ 1/2),€).
The square with vertices ((a,/2 £ 1/2)&, (/2 £ 1/2)€) lies in the square
with vertices (£(ap £1)/(1 + ), &(aqg £1)/(1 + «,)). Therefore, by the
convexity of Gpqr, it is enough to consider the points

(Elap £1)/(1 + ar), &(ag £1) /(1 + ar), §).
Since
apt1 ap Ta, — ap
1+ a §—a—§: ar(14ay)
T T T T
we have to show that
ta, —ap Fa, — ay ap oy
(ar(l + O‘T)g’ ar(1+ O‘T)£> © O{/ar (a_r7 OTT)
This is easily seen from the expressions for the coordinates of the vertices
of (’)g/aT(ap/ar,aq/ar).

aqilf__ :7—57

& 1+ ay o ar(1+ ay)
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(vi) By symmetry it is enough to consider the points

((ap/2 £ 1/2)¢, (aq/2 £ 1/2)¢, (ar/2 £ 1/2)8).

Since (ay/2 +1/2)€ < € and case (v) is settled, it is enough to consider the
points

((ap/2 £1/2), (aq/2 £1/2)€, (ar /2 = 1/2)E).

1 1 +
%j:— g_% Qr 1 £:u7
2 2 o \ 2 2 20,

1 1 +
ag 1\, _agfar 1\, _oagtar
2 2 ar \ 2 2 2au,
It is easy to verify that
ap o, agEa oy Oy
, €O —=,—= .
< 2au, 2a, ) &/ar <ar ap .
10. Properties of M;

LEMMA 11. {F C M.

Proof. By the definition of M, we have to show that {F C G, for all
p.q,r € {1,...,k + 1} such that p < ¢ < r and the set Gpg is defined.
Let x = (z1,...,x) be a vertex of the polytope £F. By the definition of F
either

We have

x =+(£0,...,0) or x==£(¢vy,...,&vi-1,&,0,...,0),

where (vy,...,v;_1) is a vertex of Ci"!(a1/2,...,;_1/2). Therefore in the
case p,q,r € {1,...,k+1}, p<g<randr=k+1, xis as in Lemma 9.
Thus x € Gpgr. For p,q,r € {1,...,k} with p < ¢ <, x is as in Lemma 10.
Thus also x € Gpgr and by the convexity of G,qr we have {F C Gpgr. m

LEMMA 12. &F # Mg and therefore Vi(Me) > (k + 1)€F.
Proof. We shall find a plane P, such that {F'N P # Mg N P. Let
P={(z1,...,21) eRF 1 z3 =24 = ... = x5, = 0}.

Then
EFNP = {(x1,...,23) € R¥ : (1, 22) € X},

where X" is a polygon. Let us find the set Mg N P. By definition, M, =
() Gpgr, thus

MNP = ((Gpar) 1 P =(\(Gpar 1 P).
If r=%k+1, then
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{(1‘1,...,l‘k) S Rk : (1‘1,1‘2) c Bg(al,az)} fOl“p = 1, q= 2,

Gyor NP = {(z1,...,2) €RF : |z1| < &} forp=1, ¢ > 2,
{(@1,...,24) ERF : |25 < €} for p =2, ¢ > 2,
P for p,q > 2.

while if r < k then

{(z1,...,21) €RF: (x1,22) € Bejo, (a1/ar, an/ar)}
forp=1,q=2, r > 2,
gpqrmP: {($17,$k)€Rk|$1|SS/O{T} fOI'p:17 Q7r>27
{(@1,..,28) € RE: 3] < €/} forp=2, g7 > 2,

P for p,q,r > 2.
Therefore

MNP ={(x1,...,2) € R* . (r1,22) € V},
where
(9) Y= Bg(ozl, 042) N { m Bg/aT(Oél/Oér, 042/Oé7~)}.

re{3,...k}

Each of the sets B /o, (a1/0r, a2/a;) is centrally symmetric, convex and lies
in the square S,, = Cgﬁ/ar(o,()). Further, the boundary of each of these
sets consists of two horizontal segments on the opposite sides of S,,., two
vertical segments on the opposite sides of S,, and four curvilinear arcs.
Analogously, Be (a1, o) is centrally symmetric, convex and lies in the square
S = C22§(0,0). Its boundary consists of two horizontal segments on the
opposite sides of 51, two vertical segments on the opposite sides of S; and
four curvilinear arcs. Thus, the boundary of any set on the right hand side of
(9) consists of segments on the sides of corresponding squares and curvilinear
arcs. The number of these sets is finite. Moreover,

851 C8a, C8yy , C... CSay-

Thus, if ) is a polygon then ) = S;. But by Lemma 2 of [1], B¢(a1, a2) # Si,
hence ) # S1 and thus X # V. Therefore {F NP # Mg N P and, finally,
¢F # M. m

11. Proof of the main theorem. Let

2
(S
Then by Lemma 12 there exists € > 0 such that
(10) Vi(Me—c) > 2% /ny i1,

where M¢_. is defined on replacing £ by § — € in the definition of M.
Consider the (k + 1)-dimensional cylinder D with base M¢_. and axis

(11) (Tal,...,TOék,T), T E (—nk+1,nk+1).
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Then D is a centrally symmetric, convex set. By (10),
Vk+1(D) - 2nk+1Vk(M£75) > 2k+1.

In virtue of Minkowski’s first theorem, the set D contains a non-zero integer

vector m = (my,...,mgs1). By (11) we find |myy1| < ngi1. Therefore in
view of condition ged(ni,...,ng41) = 1, the vectors m and n are linearly
independent.

Consider the hyperplane H(xgy1 = myg4q) with induced coordinates
Z1,...,Zk. On this hyperplane the point (mq,...,my) lies in the transla-
tion of M¢_. with center at (mpyq10v1, ..., mip104) and therefore the point

(01,-..,0k), where 01, ..., 6 are defined by (3), lies in M¢_.. Consider the
polygon P defined by (2). By the definition of M¢_.,

1 S 1
np1(§—¢) = npp§
P has anomaly 1 (see [4, Ch. 3, §18, Theorem 5]). In virtue of Minkowski’s

second theorem there exist two linearly independent integer vectors (x1,y1)
and (x2,y2) such that

(12) A(P) >

(13) |m¢yj—ni:nj| S)\j, iE{l,...,k‘-ﬁ-l}, jE{l,Q}
and

(14) AMAA(P) < 1.

Put

P=ym—oxn, q = Y2m — Tan.

Then p, q are linearly independent, and by Theorem 2 of [7] we can assume
without loss of generality that

n=up+wvq, u,veEZ.
Finally, by (12)—(14) we obtain

2 _ 2 B
h(p)h(q) < Mg < npp1é = mniﬂi/k — m(h(n))l 1/k
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