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Sequences with bounded l.c.m. of each pair of terms II
by

L1-X1A DAI and YONG-GAO CHEN (Nanjing)

1. Introduction. Let A, be a set of positive integers with the least
common multiple of each pair of terms not exceeding z and |A4,| being
the largest. In 1951, P. Erdés [5] (see also Guy [7]) proposed the following
problem: what is the value of |A;|7 It is known that

\/ng O(1) < |4, < Viz + O(1).

For a proof see Erdés [6]. Choi [3] improved the upper bound to 1.638y/z,
and later [4] to 1.43\/x. Let B, be the union of the set of positive integers
not exceeding /x/2 and the set of even integers between /x/2 and v/2z.
It is clear that the least common multiple of each pair of terms of B, does
not exceed x. By calculation we have

|B,| = \/54r o1).

Chen [1] gave an asymptotic formula for |A;| and showed that A, is almost
the same as B,, that is,

|Ae \ Bz| = o(V7).

In particular,

/9
|Az| = |Ba| + o(vx) = ] x + o(\/x).
In this paper we study the asymptotic formula for |A,| and give the
following explicit bound on the remainder for |A,|:

THEOREM. Let x be a large real number. Then

9
Al =[5 @+ Ra),
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—2 < R(xz) <45,/ ‘ loglog x.
log x

REMARK. The constant 45 can be improved.

where

For R(z) we have the following conjecture.

CONJECTURE. R(z) — 00 as x — o0.

2. Preliminary lemmas. In this section we give several lemmas.

LEMMA 1 (Brun’s pure sieve [8, P.50(2.14)]). Let A be a finite sequence
of integers and let | A| denote the number of terms of the sequence. Let P be
a set of primes and P be its complement with respect to the set of all primes.
For any real number z > 2, let

P(z):= H .
p<z,pEP

Define the sieving function by
S(A;P,z):={a:a€ A, (a,P(z)) =1}|.
For every square-free positive integer d, let
|Agl :={a:a €A a=0 (modd)}|.

Let w(d) be a multiplicative function and X be a close approzimation to | Al.
Define the remainder term by

rq = |Aql — # X (u(d) #0).

Let Ag, A1 and X\ be positive numbers. If
ral <w(d) ifu(d) #0, (d,P) =1,
w(p) < Ao, 0<w(p)/p<1-—A7l,
0 < Xel™ <1,
1
Z - <1+ loglogz,
p<z
then

S(A; P, 2) = XW (2){1 + O(Ne!TH)(AoAr/N)(loglog z+1)1
(AgA1/X)(loglog z+1)
+ 9’(1 + Zw(p)) o

p<z
for some 6,0" with |0| <1, ]0'| <1.
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LEMMA 2. For any positive number z > 2 we have

1
> = <0.9+loglog 2.
p<z

This follows from a result of Rosser—Schoenfeld [9]

1
Z— <loglogxz + B +
p<z

where B=0.26149.. ... It can also be deduced from Chen-Sun [2, Lemma 3].

LEMMA 3. Let xz > e, M be an integer with M >5 and a;, b; (1 <1i <
t < M/5) be integers with (a;,b;) =1 (1 <1 <t). Let ¢1 be a real number
and & = (2M loglog x)~1. If each prime factor of [[i_,(ain +b;) exceeds M
for any integer n, then there exists an integer k € (c1,c1 + 2:61/2*5) such
that each prime factor of [[i_,(aik + b;) exceeds x°/M.

Proof. If /M < M, then the assertion is trivial. Now we assume that
/M > M. We employ Brun’s pure sieve. Set

—7 > 17
(loglog x)? v

t
A= {H(aik +b):ke(c,e1+ 2:171/2_5)},
i=1
z=af/M, X =2z'*F  Ag=M/5, A =5/4, A=1/4.
Let P be the set of all primes, and w(p) the number of solutions of
t

H(ain +b;) =0 (modp).

i=1
Then we have |ry| < w(d) if p(d) # 0, w(p) <t < M/5= Ay, 0 <w(p)/p <
1/5=1—A;" and 0 < Xe'*t* < 1. Since 2z = 2°/M > M > 5, we obtain

1+Zw(p)§1+%21§Mz.

p<z p<z
Thus by Lemmas 1 and 2 we have

S(A;P,2) = XW(2)(1 + O(Ae! TH)AoAr/ N loglog =+1)y
(AgA1/X)(loglog z+1)
+ 9'(1 + Zw(p)) o

p<z
5/4\ M (loglogz+1)
o) ()
p<z p 4
_ (MZ)M(l-i-loglogz)

> ZEl/Q_E H (1 _ 5%) _ (MZ)M(l—i—loglogz)'
M<p<z p
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It is sufficient to prove that the right hand side is positive. This is equivalent
to proving

1 /AN
510ga:>510g:17+ Z log<1—5—> + M (1 + loglog z) log(Mz).

M<p<z p
Since
log(Mz) = elogz,
loglog z < loglog z 4 loge < loglogz — 2
and . B
MY\~ 2 1 2 1
log{ 1 — — <-M —-<-M\ -dt
S oee(i-g) <im Y S<iai;
M<p<z M<p<z M
2 2
§5M10gz§gMz—:log:r,
we have
M _].
elogx + Z log<1—%> + M (1 + loglog z) log(Mz)

M<p<z

1 2
< gMelogx—f— gMelogx—i—M(loglog:U — 1)elogx

1
< Melogzxloglogz = 3 log x.
This completes the proof of Lemma 3.

LEMMA 4. Let x > e, 2 > M? and M be an integer with M > 5. Let
D be an integer with 0 < |D| < (Mx)MM=5/100 4nd with each prime factor
of D exceeding x° /M, where e = (2M loglogz)~!. Then

1
Ha:a€ (0,VMz],(a,D) > 1} < %Mgmxlm_gloglogx.

Proof. Let |D| = p*p5? - - - p" be the prime factorization of |D|. Then

M(M — 5)

100 (logx +log M).

il d
rlog 17 < Z;lngi <log|D| <
1=

For 2¢/2 > M we have

M(M —5) M
—— Zlog M < —1 .
100 o8N S g5 08
Thus
1 2
§rslogz < ﬁlogaz,
that is,

1
< — M3loglog z.
T‘_25 og oga:
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Hence

\/—_

> 1> > Z
a€(0,v/ Mz i=1 ae((),\/M_} i=1

(a,D)>1 pila

< 25 Mg/2 1/2- “loglog x.
This completes the proof of Lemma 4.
For an interval I = (a,b], let
1V N Ay| = a(DITIVE,
where |X| denotes the number of elements of X or the length of an in-
terval X. Let Z = {[1,...,I;} be a set of pairwise disjoint intervals with
I = (ai,b), 0 < a1 < -+ < a; and b? being an integer. Let

o = Oz(IZ'), M = 5[)[2.
Suppose that |I;| > M3/ (i=1,...,1).

LEMMA 5. Let x > e, 2° > M®, and e = (2M loglogz)™t. Let ri; (j =
yovoykiy i =1,...,1) be distinct integers with

755 — Tuw| < @iy

Then
Zkazél—i- M9/2 ~¢/?1oglog .

Proof. We follow the proof of Chen [1, Lemma 3].
Let K = 22:1 k;. If K = 0 or 1, then by the definition of a; the assertion
is true. In the following we assume that K > 2. Let 6 = /2 and let

Li(t) = (a; + 10, a; + (t + 1)4].
For the (index) set
{tij :0<ty <|L|)6—1,t;; €Z,j=1,... ki i=1,...,1}
we first show that

‘U tij)vVa N Ay) <6f+ M9/2 1/2=¢ og log x.

To do this we consider the set
A(a) = U{M'l” + i + CL},
,J
where [;; are integers which will be determined later such that

(1) (CLZ‘ + tz‘j(s)ﬁ < M!lij + i < (ai + tij(S)\/E + opl/2—e
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for j=1,...,k;and i = 1,...,[. For convenience we rewrite A(0) as
A(O) = {M'll +T1,M!l2 + 7o, .. .,M!lK +TK}.

Since M = 5bl2, we have a;a,, < bib, < M/5 (i,u = 1,...,1). Then by
the conditions of Lemma 5 we have

”I"i—’l"j|<M/5, i,7=1,..., K,

whence K < M/5. Now we take [; satisfying (1). Suppose that we have
chosen [y,...,l, (v < K). By Lemma 3 there exists an [, satisfying (1)
such that each prime factor of

u
M! M!
(0 M)
i1 \Tut+l =T Tutl — T4

exceeds /M. Thus by induction we have determined all I, (1 < u < K).

Let
M! M!
D= ]] ( Ly — L, + 1>.
1<v<u<k Nu T Tv Tu = To

Then each prime factor of D exceeds z¢/M. By (1) and since K < M /5 we
have

DI < ] IMUutry— M, =1y

1<v<ulK
< (2b[\/E)K(K_1)/2 < (@)M(M—@/SO'
Thus by Lemma 4 we have
1
Ha:(a,D)>1,a€ (0,byx]} < %M9/2a:1/2_310g10ga:.
Let

B = {a ta € O(IiﬁﬂZ), (a,D) = 1}.
i=1

If a € (0,0y/2] and
M, +r,+ac B, Ml,+7r,+ac B,
then for u # v we have
(MWy 41y +a, My + 1y +a) = (MUy + 1y +a, ML, — 1) + 14 — 1)
= (MUy +ry +a,ry —1y) < [ry — 1ol

Thus for a € (0,/z] with

Ml;j +1ri; +a € B,

MWy + 7w +a € B, (i—u)?+(j —v)?#0,
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by (1) and the conditions of Lemma 5 we have

1.C.m.{M!lij + rij + a, MWy + ruw + a}
(M!lij + 7 + a)(Myy + rup + a)
(M!lij + rij + a, MWy + Ty + a)

- (a; + tij0)(ay + tupd)x > (a; +ti50)(ay + tywd)x >

|TU'_’Tuv| A Ay,

So |A(a) N BN A,| < 1. Since (see (1))
Li(tij)Va NZ C (MW + rij, MU + rij + 6/
U ((a; + ti;0)Vz, (a; + t;;0)V/ + 2212 ~F)) N Z
c( U MUy +r+a})

0<a<éyz
U (((a; + t,‘j(S)\/E, (a; + tijé)\/E + 2%1/275] NZ),

we have
U(Ii(tij)\/gm Z) < ( U U{M!lij + i+ a})
i 0<a<s/E i
U (U + 1500V, (ai + ti6) V@ + 22127 1 7))
ij
c( U 2w)
0<a<é/z
O (U@ + 300V, (ai + L)V + 22127 n 2)).
ij
Hence
( Uty ven 4. n B)‘
i
<ovr+ Y 2aMPF < oVa 4 2K P < SV + %MWH,
ij
whence
‘U(Ii(tij)\/fﬂ Az)
i

< ‘U(Ii(tij)\/fﬂflx NB)| + |{a: a € (0,bv/], (a, D) > 1}
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212, L 29 172
gé\/E—F—Mx +—M x log log x

<6f+ M9/2 1/2=¢ og log x.

Since I, ..., I; are pairwise d15301nt we have
’UU (tij)V/T N Ay) (t;)vVr N Ay)
i<l—-1 j

<5\/_+ M9/2 1/2=¢1og log x.

Now let K; = [|I;]/6]. Since |I}]/6 > M~3/%225/2 > M > K > k;, we have
K; > k;. Suppose that k; > 1. Then by (2) we have

()‘UU (tij)Ve N Ag)| + <k_1)‘ U @®vana,)

i<l—1 j 0<t<|I;|/6—1

< >5f+< >25 M221/2=2 og log x.
K\ _ K (K-1 <@ K -1
ki N ki \ki—1) = kd\k —1 ’
we have

| U Uttty vanan|+ "}5\ U  @evena)

i<i-1 j |4l 0<t<|I|/6—1

2
< ovVT + 55 M2z /2= 0glog .

Since

By (2) this inequality is also true for k; = 0. Noting that

U  @venAy)| =LvenA] -0z (0<6,<2)

0<t<|}|/6—1
= | Li|Vx — 0,6v/x,
we have
‘ U U(Ii(tij)ﬁﬁAx) + kicud/a
i<l—1 j
<5\/_+91 |” \/_—i- Mg/2 12=¢oglog z

< SVT + 2k M35 /7 + o 2 \[O/21/2 log log .
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Continuing this procedure we have

Zkazd\/_<5f+2<2k)M3/262f+ MO/231/2=¢ og log &

< 6z + 2K M3%8% [z + 5M9/2 2Y/? % loglog x

2
% M2z /2= oglog x

<5\/_—|— Mg/2 1/2=2 1og log .

< 5\/5+3M5/2$1/2—5+

Therefore
Zkazél—k Mg/2 ~¢/?1oglog .

This completes the proof of Lemma 5.

Similarly to the proof of Lemmas 4-8 in Chen [1] we have the following
Lemma 6. The proof is omitted.

LEMMA 6. Let
3
kaaz < 1+%M9/2x75/210g10gx7 j:l,...,r,

be r relations obtained by using Lemma 5 (not necessarily from the same

rij). Let Bi,..., 0, 01,...,6, be nonnegative real numbers with
Zﬁ, Y S Gk =Tl
=1 j=1
Then

l r

Zﬂiai < Zéj + %M9/225j - 27%/?1oglog .
j=1

i=1 j=1

3. Proof of the Theorem. We recall some definitions from Chen [1].
Let x be a large real number. Let S be an integer with

25< 1 \/logx < 95+

11 loglog z
Let L =22 T =2LS —1, ¢ =2Y2L) and
L=(¢q¢"], i=-T,-T+1,....,T, M =5¢T+)=5.9225

LEMMA 7. 1 —¢ 1 < 27251 qnd |I;] > M—3/2.
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Proof. Since q = 2/2L) we have

and
1<¢'<2 (0<i<2L-1).
Then
2L < (¢—1)"'<4L, 1-q'< % =27 2571
Thus

Ll =d'(¢—1)>¢ " g—1)>2754L) > M2
This completes the proof of Lemma 7.
LEMMA 8. z~%/2loglogz < 27115+,
Proof. It is enough to prove that

1
(111log2)(S + 1) + logloglogx < ialogx.

Since
S < 1 Vlogz < 95+l
— 11 loglog x ’
we have
log x 1 log x
f— 1 = = — > 5.51 1 )
2 € BT T UM loglogz 5 225t2loglogx — 0808 %

(11log2)(S + 1) +logloglogz < 5.5loglog x — 10logloglogz — 11log 5.5
< 5.5loglogz.

This completes the proof of Lemma 8.

For positive real numbers «, (3, let
B(a,f)={a:a€Z,1<a<af}
U{a:a€Z,—min{af,a 'f -1} <a <0},
B(¢,q") ifi>j,
Aij = U
0 iti <j.

In the following we make the convention that
h(t).

acp P(a) = 0 for any function
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Let
a= (10— 7v2)/32,
kij = [Aii \ A—ny;l, -T<i<T, -T<j<L-1,
kip=0 (-T<i<T,i#0), kor=1,
Bi=dq'(g-1), -T<i<L-1,
Bi=(1+a)'(¢g—1), L<i<T,
=4 (¢g—1), -T<j<-1,

1 : i .

o = l—q_l.

By Lemma 8 we have x° > M?. Similarly to Lemmas 10-12 in Chen [1] we
have the following lemmas.
LEMMA 9. For —T <j <L we h(we
Z kijo; <14 — 5% Mg/2 —¢/?1oglog .
—T<i<T
LEMMA 10. There exists an Ly such that if L > Lg, then

t t L
Zﬁz‘ﬁ Z Zéjkij’ t=-T,-T+1,...,T.
i==T

i=—T j=—T
LEMMA 11. Let G be a positive integer and x > 2G. Then

|(VGax, 2] N Ay| < 2\>/_G7 + log, 2\>/_G7

Proof of the Theorem. By Lemmas 6-10 we have

S d@-Dai+1+a) Y ¢l Da

—~T<i<L—1 L<i<T
3
= Z Bia; < Z 5].+%M9/2 Z 6j~x_5/210glogx
—T<i<T —T<j<L —-T<j<L

IN

9 3 9
\/g— g TH1—¢g '+ %M‘W(\/g— ¢ T +1 —q‘1>x‘5/210glogx

9 9

<= —q T427257 4 = M%7 loglog
8 25

<2 g7 49251 4 9 59/2 998 911511

— V8 25

g T 4272

IA
™| ©
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Hence

So

Thus

(¢ " VE,V22] N Ay + (14 )| (V22,4 V2] N Ayl

9
<4/ i ¢ Tr+ 2725 /x.

1, V22] N Ag| + (14 a)|(V2x,2%z] N A, y<ﬁ+2 25, /7.

0,2°VE] N ALl < [0+ 2725 VE

Since 22512 < logz < z, by Lemma 11 we have

|25V, 2] N Ag| < 2757z + logy (2751 V/a).

Thus, for all sufficiently large x we have

|A’<\/9$+2 25 + 275z + logy (275 /)

\/—x+45

log log x.

Since |A,| > |By| > 1/ 2z — 2, the proof of the Theorem is complete.

(1]
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