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1. Introduction. A finite sequence S of terms from an (additive) abelian
group is said to be a zero-sum sequence if the sum of the terms of S' is zero.
In 1961 P. Erdés, A. Ginzburg and A. Ziv [3] proved that any sequence of
2n — 1 terms from an abelian group of order n contains an n-term zero-
sum subsequence. This celebrated EGZ theorem is an important result in
combinatorial number theory and it has many different generalizations [5—8]
including Sun’s recent extension involving covering systems.

The following theorem is called the weighted EGZ theorem. It was con-
jectured by Y. Caro [2] and proved by D. J. Grynkiewicz [4].

THEOREM 1.1 (Weighted EGZ Theorem). Let n be a positive integer
and let wi,...,wy € Zy = Z/nZ with > p_jw, = 0. If a1,...,a9,—1 is
a sequence of elements from Zy, then Y ,_, wgaj, = 0 for some distinct
Jiyeedn €41, 2n— 1},

Recently Bialostocki raised the following challenging conjecture.

CONJECTURE 1.1 (Bialostocki [1, Conjecture 14]). Let n be a positive
even integer. Suppose that aj,...,a, and wi, ..., w, are zero-sum sequences
with terms from Zy. Then there exists a permutation o € S, such that
> oheq Wiay (k) = 0, where Sy, denotes the symmetric group of all permuta-
tions on {1,...,n}.

The conjecture has been verified for n = 2,4,6,8. It fails for n =
3,5,7,.... For example, {a1,a2,a3} = {w1,ws, w3} = Zs gives a counter-
example for n = 3.

In this paper we mainly establish the following result.

THEOREM 1.2. Let n be a positive even integer, and let ay,...,a, € Z

with Y p_j ar, = 0 (mod n). Then there exists a permutation o € Sy, such
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that Y 14 kas) =0 (mod n/2). Consequently, if w1, ..., w, € Z form an
arithmetic progression with even common difference, then Y )| wia, () = 0
(mod n) for some o € Sy,

We are going to present two lemmas in the next section and then give
our proof of Theorem 1.2 in Section 3.

2. Two lemmas

LEMMA 2.1. Let n = mq with m,q € Z* = {1,2,3,...} and m > 2. Let
d € Z" be a divisor of q, and let ay,...,a, € Z. Then there is a partition
L,.... I, of [1,n] = {1,...,n} such that for each s = 1,...,m we have
1| = g and

d| Zai = |{aimodd:ic I} =1.
1€l

Proof. By induction on m, it suffices to show that there exists an I C
[1,n] with |I| = ¢ such that for each J € {I,[1,n]\ I} we have |{a; mod d :
jeJH =1or) ;. a; #0 (mod d). To achieve this we distinguish three
cases.

CASE 1: [{a; mod d : i € [1,n]}| = 1. In this case, I = [1,q] works.

il
CASE 2: [{a; mod d : i € [1,
{a; mod d:i € [1,n]} = {r mod d, v’ mod d},
where 77" € [0,d — 1], r # r' (mod d), and a; = r (mod d) for at least
n/2 values of i € [1,n]. Choose Iy C {i € [I,n] : a; = r (mod d)} with
[Io| = ¢ < n/2. Let iy € Iy and jo € Iy = [1,n] \ Ip with a;, =7’ (mod d).

When } . 7 a; =0 (mod d), we have both

S a=0-r+1 £0 (mod d)
i€(lo\{io})U{jo}

n]}| = 2. Suppose that

and
Z aj =0—1"4+7#0 (mod d).
F€o\{jo})U{io}
Thus, there always exists an I C [1,n] with |I| = g such that
{a;modd:ie I} =1 or Zai # 0 (mod d),
el
and also }.cra; #Z 0 (mod d).
CASE 3: |{a; mod d : i € [1,n]}| > 2. Note that ¢ > d > 2 in this case.
As n > 2q > 2q — 1, by the EGZ theorem there is an Iy C [1,7n] with
[lo| = ¢ such that ), ; a; =0 (mod g). For Iy = [1,n]\ In, we clearly have
o] =(m—1)q. Setb=ay +---+a, = > jer, aj (mod q).
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Suppose that a; —a; = 0 or b (mod d) for any i € Iy and j € Iy. Then
{a; modd:i€ Ip}| <2 and |{a;modd:j€ Ip}| <2.
If i1,i9 € Ip, j € Iy and a; # a;,,a;, (mod d), then a; —a;;, = b = a; — a;,
(mod d) and hence a;; = a;, (mod d). So, if [{a; mod d : i € Ip}| = 2 then
{ajmodd : j € Ip} € {a;modd : i € Iy}, which contradicts [{a; mod d :
i € Ip}| > 2. Similarly, if [{a; modd : j € Ip}| = 2 then we also have a
contradiction. When
[{a; mod d :i € Iy} = |{aj mod d:j € [} =1,

we cannot have [{a; mod d :i € [1,n]}| > 2.

By the above, there are iy € Iy and jy € Iy such that

aj, — a;, #0,b (mod d).
Set
I'=(Io\{io}) U{jo} and I=[1,n]\I= o\ {jo})U{io}
Then
Zai = Zai*aio +aj, =0 —a;, + aj, Z0 (mod d)

i€l i€l

and
Zaj = Zaj — aj, + ajy = b+ a;, — aj, 0 (mod d).
jel jelo

Note that |I| = ¢ and |I| = (m — 1)q.
Combining the above and using an induction argument, we see that the
desired result holds for any m = 2,3,4,.... =

LEMMA 2.2. Let ay,...,a, € Z with n = p%, where p is an odd prime
and o is a positive integer. If Y ;' ar # 0 (mod p) or [{armodp : k €
[1,n]}| = 1, then there exists a permutation o € Sy, such that Y71 _ kag
=0 (mod n).

Proof. If a := %"}, a # 0 (mod p), then there is an [ € [1,n] such that
al + > 71 kai =0 (mod p®) and hence

Zka ik—i—l)akzikak%—laEO(modpa),

k=1 k=1
where U(k) is the least positive residue of £ — I modulo n.
In the case a1 = --- = a, (mod p), it is clear that

Zkak_alzk:—alpiz() (mod p).

Thus we have the desn"ed result for = 1.
Now let @ > 1 and assume the desired result with a replaced by a—1. As
mentioned above, the desired result holds if Y, _; ar # 0 (mod p). Suppose
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that a; = - -+ = a, (mod p) and set by, = (ax—aq1)/pfor k =1,...,n. In light
of Lemma 2.1, there exists a partition I; U---U I, of [1,n| with || =--- =
[I,| = p*~! such that for any s = 1,...,p either [{by modp: k € Is}| =1
or Zkels br, Z 0 (mod p). By the induction hypothesis, there are one-to-one
mappings o : [1,p*" ] — I (s = 1,...,p) such that

pafl
Z kby, (k) =0 (mod p* 1) foralls=1,...,p.

k=1

For s € [1,p] and t € [1,p* ] define o(p®~(s—1)+t) = 05(t). Then o € S,
and

D kagy = Y _kar+pY kb
k=1 k=1 k=1

-1
P (p* + 1) it
=5 +pY Y (N (s = 1) + by,
s=1 t=1
p p*!
= pz Z thy,ty = 0 (mod p”).
s=1 t=1

This concludes the induction step and we are done. =

3. Proof of Theorem 1.2. We use induction on v(n), the total number
of prime divisors of n.

In the case v(n) = 1, clearly n = 2 and the desired result holds trivially.

Now let v(n) > 1 and assume the desired result for those even positive
integers with fewer than v(n) prime divisors.

CASE 1: n = 2% for some a > 2. By the EGZ theorem, there is an
I C [1,n] with [I| = n/2 = 2% such that }_,.;a; = 0 (mod 2% !). Note
that for I = [1,n]\ I we also have

Zaj = zn:ak — Zai =0 (mod 2°71),
jer k=1 i€l

By the induction hypothesis, for some one-to-one mappings o : [1,7/2] — I
and o7 : [1,n/2] — I we have
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Observe that

ga—1 ga—1
Z (2k = Vag, ) =2 Z kag, ) — Zaj =0 (mod 2*71),
k=1 k=1 jel
For k € [1,n/2] and r € [0, 1] define o(2k —r) = 0, (k). Then o € S,, and
20— 1 20— 1

Zja ])_2Zkaao(k + Z 2k — 1)ag, (r) = 0 (mod 2°71).

Thus we have the desired result for n = 2%.

CASE 2: n has an odd prime divisor p. Write n = p®m with a,m > 0
and p { m. In view of Lemma 2.1 there is a partition I U- - -UI,, of [1, n] with
|I| = -+ = |I,n] = p® such that for each s = 1,...,m either |{a; mod p :
i € I} =1or ) ;c; a; #0 (mod p). Combining this with Lemma 2.2, we
see that for each s € [1,m] there is a one-to-one mapping oy : [1,p*] — I
such that Zfil tay ;) = 0 (mod p®).

Set bs = > ey ax for s =1,...,m. Then

zm:bs: Z ak:iakEO(modm).
s=1

kel U---Ulp, k=1

As 2|m and v(m) < v(n), by the induction hypothesis, for some 7 € S, we
have

2 Z sbr(s) = 0 (mod m)

s=1
and hence
m p¢ m
: Z Sy, (1) = 2 Z sbr(s) = 0 (mod m).
s=1 t=1 s=1
Note also that
m  p~ m p*
sz 0oy (t Z tag, ;) =0 (mod p”).
s=1t=1 s=1t=1
Therefore
m p®
2) > (0" +mt)ag, =0 (mod p*m).
s=1 t=1

As p? is relatively prime to m,
{p“s+mt:se€[l,m]and t € [1,p°]}

is a complete system of residues modulo n = p®m. For any k € [1,n], there
are unique s € [1,m] and ¢ € [1,p?] such that k = p®s + mt (mod n), and
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we define o(k) = 0,(5)(t). Then o € S, and also

n
2 Z kas ) =0 (mod n).
k=1
This concludes the induction step.
In view of the above, we have completed the proof of Theorem 1.2. m
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