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On the tails of the limiting distribution function of
the error term in the Dirichlet divisor problem
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1. Introduction. Let d(n) =}_,, 1 be the divisor function and define

A(t) = d(n) - t(logt + 2y — 1),

n<t

We are concerned with the limiting distribution function D(-) of t—1/4A(t),
more explicitly,

(1.1) D(u) = lim T 'p{t € [1,T) : t7V4*A®4) < u}

where p{...} denotes the Lebesgue measure on R. The existence of D(u)
was first established by Heath-Brown [4]. In that paper, he proved that

—00
where the density function f(a) can be extended to an entire function on
the complex plane and satisfies the growth condition
d" _a
Wf(a) <Lak (1+[af)™"

Concerning the properties of f(«), Heath-Brown [5] gave a further dis-
cussion and, in particular, he found that for any ¢ > 0,

(1.2) f(a) < exp(—|a|*™®).
Define
tail D(u) = {D(u) ifu <0,
1—D(u) ifu>0.

Then (1.2) gives tail D(u) < exp(—|u|*~¢). (1.2) can also be shown by Theo-
rem 4.1 of [2] due to Bleher, Cheng, Dyson and Lebowitz; part of their work
in [2] is a generalization of [5]. The main focus of [2] is the error term P,(x)
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in the shifted circle problem (centered at a € R?). It is proved in [2] that
the limiting distribution function D, (u) of the normalized P,(x) satisfies

exp(—|u|**F) < tail Dy (u) < exp(—|ul*™®).

Their argument for the lower bound can be applied to the case A(t) as well.
So, one can have

(1.3) exp(—|ul*T) < tail D(u) < exp(—|u|*™®).

Our purpose is to refine (1.3). Throughout the paper, ¢, ¢; and ¢, (i =
1,2,...) denote some unspecified positive constants, and the value of ¢ may
be different at each occurrence.

THEOREM 1. Let D(u) be defined as in (1.1). Then for |u| > 2,

Jul*

(1.4) exp(—clw> < tail D(u) < exp<—02%>

where § = 3(2*4/3 — 1) ~ 4.5595.

This is derived by using the limiting behaviour of the Laplace transform
of D(u) at infinity; see [3] and [7] for further information of this approach.

Acknowledgements. The referee points out that Professor Hugh Mont-
gomery has also considered this problem, and has obtained some results
(which are as strong as, or even stronger than, the results in this paper),
but has not published them. The author wishes to thank the referee for this
notification.

2. Some preparations. We need two lemmas to prove our result. Our
first lemma is related to Balasubramanian and Ramachandra [1].

Consider a positive multiplicative function g(n) satisfying (i) g(p) = 1/~
for all primes p, where 7 is a positive constant and (ii) g(n) > n~'/16. Define
ex(n) = 1 if n is k-free and 0 otherwise. (n is k-free if there is no prime p
such that p¥ |n.) Then we have

(2.1) Z er(n) = cpx(log )7t + O(x(log )7~ H/19).
ng(n)<z

With ex(n) replaced by the constant function 1, the result (2.1) is proved in
[1] (see [1, Theorems 3 and 4]). But our case can be proved in the same way,
with the function f(s) in [1, p. 314] replaced by f(s)=> o, ex(n)(ng(n))—*.
The corresponding ®(s) in our situation is

(s) = [(5)¢(5) " =TT (1+ 2 eals)p™)
P n=2
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where

(=" <'YS>
cn(s) = )
2o, WP\
0<r<k
So, len(s)| < p/16(1 — 279/16)=77 (5 = Res) and the product in &(s)
converges absolutely in o > 3/4.
LEMMA 2.1. Let g(n) and e(n) be defined as above. Then
Y er(n)(ng(n)) 2= Y2 (logY) !
ng(n)>Y

and

Y (ng(n) ™t <YV (logy) !
ng(n)<Y

Proof. Stieltjes integration with (2.1) gives

Z en(n)(ng(n)) =32 = ¢, S % dt + O(Y "2 (log V)1~ 11/10)
ng(n)>Y Y
and

Y (logt)7~!
> (ngn) = ¢ | 2 dt+ O(Y /A (log V)1 T1H10).
ng(n)<Y 0

Our result follows.

The next lemma is a weak form of the results in [7] but it is sufficient
for our purpose.

LEMMA 2.2. Let X be a real random variable with probability distribution
D(z) and let ¢(z) be a regularly varying function with index 0 < a < 1, and
Y(x) an asymptotic inverse of x/p(x). Suppose that D(x) > 0 for any x > 0.
There are positive constants L;, K; (i =1,2,3,4) such that

(a) if limsupy_, ., ¥(A)"!log E(exp(—AX)) < Ly, then
limsupz ' log D(—¢(x)) < —K;

T—00

furthermore, if also liminfy_,., ()~ !log E(exp( )) > Lo, then
liminfx_llogD( o(x)) >

(b) if limsup,_ ., ¥(\) " tlog E(exp(AX)) < L3, then
limsup z~*log(1 — D(é(z))) < —Ks;

T— 00

furthermore, if also liminfy_ . ¥(\)~!log E(exp(AX)) > Ly, then
liminf 2 ! log(1 — D(¢(x))) > — K.

T—00
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REMARKS. (i) A function ¢(z) is called a regularly varying function with
index « if it is a positive measurable function defined for all sufficiently large
positive z and lim, o ¢(Az)/d(z) = A* for any A > 1. (Note that this is
equivalent to the condition that the limit exists for any A > 0.)

(ii) ¥ (x) is called an asymptotic inverse of ¢(x) if lim, o0 ¥ (p(x))/x = 1.

Proof of Lemma 2.2. We consider the case (a) only. Its first part follows
from [8, Lemma 3.1(b)]. To show the second part, we fix £ such that 0 <
€ < (Ly/8)"/*. Then

plew(~5Lx)) = exp(-os) an

—0o0

+ ;;) exp<—%x> dD(z)

<} (e ) p(e) e (1212

o0

(Note that {* dD(z) = 1.) Since liminfy_, 1(X) " log E(exp(—AX)) >
Ly and ¢ is of index «, for all large n > 1y = n0(§) we have

logE<exp<—$X>> > %n > 26" + log 2 > ‘fo:))

(Here we need the fact that A\ = n/¢(n) — oo as n — oo, which is assured
by [9, Section 1.1].) Thus, when n > nq,

o(ew(—52x)) < exp( e aie)

—00

<K (exp (—2%X> ) 1/2D(—¢(§77))1/2

by the Cauchy—Schwarz inequality. For any € > 0, we get

2n‘110gE<eXp(—%X)> <n Mog D(—¢(&n)) + 2V L + ¢,

n + log

for all n > mi(e,£) (> no). Here we have used
limsup /() ! log E(exp(—2AX)) < 2V/(=) L,

A—00

Our result then follows after taking lim inf.

Finally, we quote a result [2, Theorem 1.2] about functions satisfying the
following hypothesis.
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HypoTHESIS (Hg). Let ai(t),as(t),... be continuous R-valued periodic
functions of period 1 such that
1 co 1
San()dt—O and ZSan 2 dt < oo.
0 10
Suppose that there are positive constants y1, e, ... which are linearly inde-

pendent over Q such that

OEDY an('ynt)D dt = 0.

n<N

THEOREM [BCDL]. Let F(t) satisfy Hypothesis (Ho). Then for every
bounded continuous function g(x) on R,

lim 1 ! | mi (1
1m 1msup — \ min
N—o0 Tﬂoop T 1 ’

1 T 00
Jim § g(F(t))dt = _Soog(ﬂf) v(dr)

where v(dx) is the distribution of the random series n =Y 2 an(t,) and

tn’s are independent random variables uniformly distributed on [0, 1].

Now take F(t) = t~/2A(t?) and

an(t) =

1 n)? o= d(nr?)
71\/5. e Zl 7 cos(2mrt — w/4)

where p(+) is the Mobius function. Moreover, we choose 7y, = 24/n for square-
free n, and for other n we take any positive numbers such that {y1,ve,...}
is linearly independent over Q. Then, by Heath-Brown’s result and Theo-
rem [BCDL], we see that D(u) (defined in (1.1)) is the probability distribu-
tion of the random variable X = Y >° | a,(t,) where t,’s are independent
random variables uniformly distributed on [0, 1]. (Note that the infinite sum
converges almost surely by Kolmogorov’s theorem.)

3. Proof of Theorem 1. Since X = > > a,(t,) and t,’s are inde-
pendent random variables uniformly distributed on [0,1], we have

[e'e) oo 1
E(exp(£AX)) = [ [ E(exp(£Aan(t)) = [ ] {exp(£Aan(t)) dt.
n=1 n=10

Our task is to bound log E(exp(+AX)) from above and below for A > 1. We
first recall some simple inequalities: e* < 14z + 22ifz < 1,e* > 1+x and
e® > 14z +22/2 + 23/6 for all z. Also, for squarefree n, we have

jan(t)] < cd(n)n=*/%,
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m"2)2 d(n)\?
an(t 4772713/2 Z = <n3/4> ’
ns®)d(n(r + 5)%) d(n)\*
ant 167r3n9/4 Z T3/253/2 (r + 5)3/2 < <n3/4>

where all the implied constants are absolute. Let €y > 0 be sufficiently small.
When \d(n)/n3/* < e, from S(l) an(t) dt = 0 we have

o
o

)\21 ) 1 )\ o1 )\31 5
1+Z§)an(t) dtgli/\§ tdt + = (S)an E(S)an(t) dt

1
< {exp(£Aan(t)) dt <1+ X*{an(t)* dt.

[y

0 0
Thus, as log(1+y) <y for y > 0 and log(1 +y) > y/2if 0 <y <1, we get
2! 1 1
5 S an(z‘,)2 dt < log S exp(EAan(t)) dt < A2 S a,n(z‘,)2 dt.
0 0 0

If Ad(n)/n3/* > &¢, then

1 1
1= S(l + Aay(t)) dt < Sexp(i)\an(t)) dt < exp (deg/D

0 0
Hence,
2 2 [ d(n) ?
A > pn) 1) < log B(exp(#AX))
Ad(n)/n3/*<eq
and
d(n)\? d(n)
2 2
log E(exp(£AX)) < A Z wu(n) (W) + A Z i
Ad(n)/n3/4<eq Ad(n)/n3/4>eq

where the implied constants depend on 9. Now, we take
o(z) = (zlog? 0 V)V y(z) =2%log? 'z where ~ =2%5.
Applying Lemma 2.1 with g(n) = d(n)™*/3 and Y = (¢5'A\)*/3 (note that

d(n) < nf and so g(n)>n"%), we see that log F(exp(+AX)) =< A*3(log A)7~!
= ¢(\). Our result follows from Lemma 2.2.

4. Final remark. The above argument can be applied to E(t), As(t)
and P(t) which are the error terms in the mean square formula of the Rie-
mann zeta-function on the critical line, in the Piltz divisor problem and the
circle problem respectively.
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THEOREM 2. Write Dy (u) = limp_oo T u{t € [1,T) : h(t) < u} for
the limiting distribution function of a real-valued function h. Then

1. when h(t) = t~1/*E(t), (1.4) holds with D(u) replaced by Dy,(u);
2. when h(t) = t~/3A3(t), we have, with k = 2(3%/2 — 1),

exp(—cz|ul’/(log|u])*) < tail Dy (u) < exp(—calul?/(log [u])");
3. when h(t) = t~Y4P(t), we have, with § = 3(21/3 — 1),
exp(—cs|ul*/(log [u])’) < tail Dy, (u) < exp(—cglul*/(logul)’).

Proof. For E(t), we take 7, = \/2n/m when n is squarefree and any
suitable value otherwise; and the function a,(t) is given by

V4 ()2 & nr?
an(t) = (%) 'un(g/i Z(—l)m’ d£3/2) cos(2mrt — w/4).
r=1

(See [4, Section 6].) It is clear from the proof that the factor (—1)™" will not
affect the argument and hence the result.

In the case of As(t), from [4, Section 7], we choose 7, = n'/? when
e3(n) =1 and

(e}

1 es(n ds(nr3
:ﬂ'\/g' 732(/3)2 3(r2 !

Accordingly, from (2.1) we obtain

an(t) cos(6mrt).

r=1

2
oy sg(n)@gg)) < log E(exp(£AX))

Ad3(n)/n2/3<eg
d3(n)\*
)\2
< E 63(n)< 273 >

Ads(n)/n2/3<eq

d3 n
+A Z es(n) %
Ad3(n)/n2/3>eq
We see that both sides are =< A\3/2(log )¢ where o = 3%/2 — 1. Taking 1)()\) =
A3/2(log A)¢ and ¢(z) = £/3(log £)%¢/3 and applying Lemma 2.2 yields the
result.

Finally, from [4, Section 6] again, the choice of =, for P(t) is v/n (n
squarefree) and

1 u(n)? S rinl?
an(t):—;. 71(3/21 Z gg/z)cos(Qﬂlt—i-w/él).
=1
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From [6, Section 6.7], we know that d(n) = r(n)/4 is multiplicative and

" 1 if p=2,
(4.1) % ={ 1+ (=1)™)/2 if p=3 (mod4),
m+1 if p=1 (mod4).

Hence 6(p™+2F) < §(p™)8(p?*). Together with 7(n) < n, we obtain r(n) <
r(nl?) < I°7(n), and therefore,

2
(42) X > M(nﬁ(;g}i) < log E(exp(£AX))

Ar(n)/n3/4<egq
)\2 2 T(n) 2
< E p(n) 34

Ar(n)/n3/4<eg
+ A Z u(n)Q%.
Ar(n)/n3/4>¢

We now need an asymptotic formula for }_, /. a5<, u(n)? where the
sum is restricted to r(n) > 0. Similarly to the proof of (2.1), we consider

f(8) =200 (n)2r(n)*/3n=2; (4.1) yields that
f(S) :448/3(1_}_273) H (1_|_24s/3p75)‘
p=1(4)

Define the Dirichlet character x4(n) = 1 or —1 according as n = 1 or 3 (mod
4), and x4(n) = 0 otherwise. The associated L-function is

L(s,xa)= [[ @=p)" I +p )"
p=1(4) p=3(4)

for Res > 1. Thus, we have

C()L(s,xa) =1 =27 J] =p )2 J[ @ =p)"

p=1(4) p=3 (4)

Define

B(s) = F(s)(C() Lz, xa)) 2"

_ 443/3(1 + 2_5)(1 . 2_3)2(45—3)/3 H (1 B p_25)2(4s—3)/3
p=3(4)

% H (1 4 245/3p—8)<1 _ p—5)245/3.
p=1(4)

Then &(s) is holomorphic on the half-plane Res > 1 — g for some small
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constant €9 > 0. Repeating the argument of [1], we obtain

Z w(n)? = cx(logz)® + O(zx(log x)* )

n/r(n)4/3<z

with o = 21/% — 1. By partial summation, (4.2) yields log E(exp(£AX)) =
>\4/3(10g A)® which will be our ¥(\) (so ¢(z) = x1/4(10g :1:)30‘/4).
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