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1. Introduction. Let N (z) denote the number of positive integers
n < z for which n? +1 is square-free. It was shown in 1931 by Estermann [4]
that
N(z) = cox + Oz log x)

for x > 2, where

1 -2
00:5 H (1—2p~).
p=1mod4
Estermann’s argument is very simple, but despite the passage of 80 years
the exponent 2/3 appearing above has never been improved. The aim of the
present paper is to establish the following result.

THEOREM. We have
N(z) = cox + O (z7/129)
for any fized € > 0.

It is easy to construct intervals (z,x + clogx] with a small positive
constant ¢, such that n? +1 has a non-trivial square factor for every n in the
interval. This shows that the error term in our theorem is {2(log x). However
we know of no better result of this type, and it is unclear what one should
conjecture. With the much simpler problem of the number of square-free
integers n < z one has an easy error term O(z'/2), but any reduction in the
exponent 1/2 would appear to require a quasi Riemann Hypothesis. Thus
it seems unlikely that we could reduce the exponent in our theorem below
1/2 without a radically new idea.
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The key point in our treatment will be to give good upper bounds for the
frequency of solutions to the Diophantine equation d?e = n? + 1. Analysing
this over Q(i) we are led to study the condition 212911 + (23 — 23)y2 = 1,
which we may interpret as saying that the point (s,t) = (z1/x2,y1/y2) lies
close to the curve t = (1 — 52)/(2s). In order to study this we we will use a
variant of the “Determinant Method”, developed from the author’s papers
[5], [6]-

The author was introduced to this problem by Dr Tim Browning. His
contributions to the resulting discussions, and his careful proof-reading of
the present paper, are gratefully acknowledged.

2. Preliminaries. For the proof it will clearly suffice to show that
N(2z) — N(x) = cox + O (z7/12+9),
The argument begins by observing that for x > 1 and 1 < D < z we have

(1) N@)-N@)= > pZ@e*+1)= > > u

z<n<2z r<n<2z d2|n2+1
= Zu(d)#{x<n§2x:d2\n2+1}
d<4x
= Zu(d)#{x<n§2m:d2|n2+1}
d<D
—I—O( Z #{x<n§2$:d2|n2+1}).
D<d<4z

For d < D we write
p(d) = p=#{mmod d?®: d*> | m?® + 1},
and we take m, ..., m, to be a corresponding set of admissible values for m.

Then

{z <n <2x:n=mjmod d*}

I
M=

(2) #{rx<n<2r:d*|n?+1}
1

<.
Il

I
M=

1

<.
Il

#
x p(d
<d2+0 ) éQ)—i-O( (d)).
Thus terms with d < D contribute to (1) a total
23 pld)p(d)d? +0( > pd)).

d<D d<D

The function p(d) is multiplicative, with p(p) = 2 for p = 1 mod 4 and
p(p) = 0 for other odd p. Thus p(d) is bounded by the r(d) function which
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counts representations as sums of two squares. We therefore see that
> pd)<E
E<d<2E
for any integer E, whence
D u(d)p(d)d | < D' and ) p(d) < D.
d>D d<D

The contribution to (1) corresponding to values d < D is therefore
= u(d)p(d) _
d=1

Since

= 11(d)p(d
> M(C)lf() =[] - plp)p~2)
d=1 P
we see that this produces the main term in our theorem. We will minimize
the other error terms by choosing D = z1/2.
To handle the larger values of d we consider dyadic ranges E/2 < d < E,
and write

M(E,F)=#{(e,f,n) EN*:E/2<e< E, F/2< f<F, éf=n?+1}.
Then the range d > D contributes to (1) a total

< ma M(E,F),

EgD sz—2<<F§<x2E—2 ( )

where the summation for £ runs over powers of 2. Thus our problem reduces
to one of estimating M(E, F') efficiently. Heuristically one might expect
that e2f — 1 is a square “with probability” of order (e?f)~/2. This leads
one to conjecture that the true order of magnitude for M(E, F') might be
about F/2. For his proof, Estermann showed that
(3) #{(e,n) eEN? E/2<e< E,?f =n*+1} < logz,

whence M(E, F) < F'log z. One easily sees how this leads to the error term
O(x*/3log x). We will need sharper bounds, but we note that Estermann’s
estimate shows that the range F' < z'/2 yields a satisfactory contribution.
Since we have taken D = z'/2 we may therefore assume in what follows that
2?2 « E < 2%* and 2'/? < F < .

3. The determinant method. We begin our analysis of M(E, F) by
using the unique factorization property for Z[i]. This shows that if e2f =
n2 + 1 then there are integers x1, T2, y1, yo for which

e:x%+x%, f=y%+y§, (;U1+i:1:2)2(y1+iy2):n+i.
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It follows on taking the imaginary part that 2zizoy; + (22 — 23)ys = 1. If
|z1| > |x2| we will swap z1 and z3, and change the sign of yo. Hence we
may suppose, without loss of generality, that |z1| < |z2|, and hence that
21| < EY? and E'Y? < |24 < EY/2. We observe that

max{ |2z 2o, |2 — 23|} > 23 4+ 22 > F.

Thus if we write ¢ (x1,x2) = 2x129 Or x% - $% as appropriate, and take ¢

to be the alternative quadratic form, we may assume that F < |q1(x1,x2)|
< F and ¢a(z1,29) < E. Then, labelling y;,ys either as z1, 2o or as 22, 21
we will have

(4) q1(x1,22)21 + @21, 2) 22 = 1,
whence
Elz| < |q1(z1, 72)21] < 14 [qa(w1, 22) 22| < 1+ El22].

Since we cannot have z; = 23 = 0 we deduce that |z1| < |z2|. Then, since
F < 2} 4 23 < F we see that |z;| < FY/2 and F'/2 < |z| < F'/2,
We now deduce from that if s = 21/x2 and ¢t = z1 /29 then

t = _QQ(S, 1) + O(E—lF—l/Q) — _QQ(S, 1)
q1(s,1) q1(s,1)
Thus if we write ¢(s) = —qa(s,1)/q1(s,1) then the point (s,t) lies close to
the curve ¢(S) = T'. Our task is therefore to estimate the number of rational
points (s,t) with s,¢ < 1 lying within O(z~1) of the curve ¢(S) = T, and
for which the “heights” of s and ¢ are at most F'/2 and F''/2 respectively.
The situation here is similar to that in the author’s paper [6]. We shall
use a real-variable version of the “determinant method”, but there is an
important difference, in that the variety given by the equation

+O0(z71).

q1(w1,2)21 + ga(w1,2)22 = 0
lies naturally in P! x P!, rather than in P2. Indeed this makes our situation
correspond exactly to that considered by Huxley [7], [8]. Unfortunately, Hux-
ley’s bounds, which were obtained for general plane curves, are not strong
enough for our application. In particular, he focuses on the case in which ¢
is not a rational function.

Following the method from the author’s work [6, §2] we choose an inte-
ger parameter M € [z!/2,z] and split the available range for s into O(M)
subintervals I = (sg, so+ M ~!]. We then investigate the number of solutions
in which s belongs to a particular interval I. If we write s = sg + u we find
from Taylor’s Theorem that ¢(s) = ¢(so) + u¢'(so) + O(z~!). Hence if we
set v =1t — ¢(s0) — ug’(so) we will have s = sg + u, t = ¢(s0) + ug’(so) + v
with v < £7!. We now label all the solutions corresponding to the interval
I as (s1,t1),...,(s7,t5), say. We proceed to choose positive integers K, L
and to label the monomials s*t! for k < K, 1 < L as my(s,t),...,mu(s,t),
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where H = (K + 1)(L + 1). The determinant method uses the J x H ma-
trix M, whose jh entry is my(s;,t;). The aim is to show that the rank of M
is strictly less than H. If this can be achieved, one may deduce that there
is a non-zero vector ¢ with

(5) Mec =0.

This vector ¢ may be constructed out of appropriate subdeterminants of M.
Thus its entries will be rational numbers with numerators and denominators
of size <k, gHE +L), since s; and ¢; have numerators and denominators of
size < 21/ <« x. We now observe that the matrix equation means that
there is a polynomial C(s,t), with coefficients given by the vector ¢, such
that C(s;,t;) = 0 for all pairs (sj,t;). Multiplying out the common denom-
inator of the coefficients we may assume that C' has integer coefficients, of
size <k,L pH(K+L)

This is one of the key stages in the proof. We deduce that all points
(s,t) for which ¢ is close to ¢(s), and for which s lies in an appropriate short
range I, actually lie on the curve C(s,t) = 0.

We now show that M does indeed have rank less than H, if the parameter
M is suitably chosen. For this we select any H x H subdeterminant, A say,
from M, and show that A = 0. Without loss of generality we may suppose
that A comes from the first H rows of M. Since the jth row contains
rationals with a common denominator of xg(]z% ; it is clear that

( H a:éijQL’j)A e Z.

J<H
Thus to show that A = 0 it will suffice to prove that
(6) A <<K,L E—KH/QF—LH/Q

with a suitably small implied constant.

When we substitute s = so+u and t = ¢(s9) +u¢’(s9) +v the monomials
m;(s,t) produce polynomials in u, v. Thus A is a generalized van der Monde
determinant. If u; and v; correspond to s; and t; then we have |u;| < M1
and |v;| < V1! for some V of exact order z. An estimate for the size of A is
now provided by Lemma 3 from the author’s work [6]. If we order all possible
monomials M ¥V ! according to decreasing size as 1 = My, My, . .. then the

lemma shows that
H

ALy H M;,.
h=1

If M = W' then M—*V—! > My if and only if
(7) klog M +llogV < log W.
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The number of such pairs k, 1 is

(log W)? logW
1
2(log M) (log V) log x +0W),
and since this must equal H we deduce that
(8) logW = H'?\/2(log M)(log V) 4+ O(log ).

Moreover

logHMh ZklogM+llogV)
kel

__ (ogW)® [ (ogW)?
3(log M)(log V') logz )’
the sum over k, [ being subject to . It follows from that

1 22
log H M, = —H3/QT\/ (log M)(log V') + O(H log x),
h=1
and hence that

log |[A] < Op(1) — H?’/szf\/(logM)(log V)+ O(H logx).

This will be sufficient for @ providing that

22
glogE + glogF < (KL)1/2\3[\/ (log M)(log V') + Ok, 1.(1) + O(log ).

In order to use this optimally we will take K = [L(log F")/(log E)]. Since
our size constraints on E and F imply that L <« K < L it then suffices
that

Viog ¥
Llog F<L—\/logM log V) Og Vo 01(1) + Ollog )
Hence if § > 0 is a small positive constant, and

2\[\/ (log M)(1 > (1+0)logF,

it will be enough to have L = L(0) sufﬁcnently large, and = >s 1. The con-
dition may be rewritten in the form

9 (log E)(log F')
log M > —(1 2o o/
ogM 2 gL+ =7

and since V > x we may summarize our conclusions as follows.
LEMMA 1. Let 7 > 0 be given, and suppose M € [x'/?, x| satisfies
(log E)(log F)

9
loe M > —(1
8 _8( +n) log x
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Then for any interval I = [sg, so + M~1] there is a corresponding non-zero
integer polynomial Cr(s,t) satisfying

(9) C[(xl/.%'g,zl/Zg) =0

for any solution of ) with x1/xo € I. Moreover Ct has total degree Oy(1),
and coefficients of size Op(z") for some constant k = k(7).

4. Counting solutions of equations. While the previous section in-
volved the application of a general method, the next stage in the proof
requires an ad hoc argument, to count points which simultaneously satisfy
both and @D We begin by showing that it suffices to assume that C7 is
absolutely irreducible. Let (s,t) be a rational point satisfying F'(s,t) = 0 for
some monic factor F' of C; which is not defined over Q. Then F7(s,t) =0
for every conjugate F?. The number of possible points s,t is then O(1)
by Bézout’s Theorem. Since x1, xo are coprime, and similarly for zi, zo, we
obtain O,(1) solutions this way. Thus we need only consider absolutely ir-
reducible factors F' of C; which are defined over Z. The height of any such
factor is again bounded by a power of x, by Gelfond’s Lemma (see Bombieri
and Gubler [I, Lemma 1.6.11] for example). Moreover the number of differ-
ent factors to consider is O, (1). Thus it suffices to consider the case in which
F(x1/x2,21/22) = 0 for some absolutely irreducible polynomial F' satisfying
the same conditions as C7.

Our next move is to clear the denominators z9 and zo so as to replace
the equation F'(s,t) = 0 by a bi-homogeneous one

(10) F(x1,22;21, 22) = 0,
say. For a given interval I we will have

Xz
so<s:—1§so+M’1.
T2

It therefore follows that |z, — sowa| < EY/2M ™!, since |zp| < E'Y/2. If we let
A= {(E7YV2M (21 — sowa), E7V%a5) : (21, 12) € Z%}

then A is a lattice of determinant E~'M, and we are interested in points
(a1, a9) € A falling in the square

S = {(a1,2) : max(|aq|, |az]) < 1}.

Let gV be the shortest non-zero vector in the lattice and g(? the shortest
vector not parallel to gV). These vectors will form a basis for A. Moreover
we have \1g(M) 4+ X\g® € S only when |\;| < |gV|~! and |Xo| < |g@)|~1.
These constraints may be written in the form |\;| < L;, for appropriate
bounds L1, L. Since |g®| > |gM)| and |gV| - |g?)| < det(A) = E~'M we
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will have Ly > Lo and LiLy > EM~'. We now write

h® = BY2(M gl + s0g8”, 93"
for i = 1,2. These vectors will then be a basis for Z?, and if x = A\;h(®) +
Aoh® is in the region given by |z — spxa| < EY2)M 1 and |xa| < EY2 then
we will have |\;| < L; for ¢ = 1,2. This allows us to make a change of basis,
replacing (x1,x2) by (A1, A2) so that our constraints on z1,x2 are replaced
by the conditions |\;| < L;.

We may argue in exactly the same way for z1, zo using the fact that

t =21/ = ¢(s0) + ug'(s0) + O(z~") = d(s0) + O(M ).

This allows us to replace the variables 21,z by 71,72 subject to |r;| < T;.
Here T, > T, and T Ty < FM~!. These substitutions convert into a
new equation

(11) Go(A1, Ag; 71, m2) =1,

say, where G is bi-homogeneous of degree (2, 1). Similarly they will turn
into an equation of the shape

(12) G1(A1, A5 71, m2) =0

where G is bi-homogeneous of degree (a,b), say. Of course it is apparent
from that the vectors (A1, A2) and (71, 72) will be primitive.

When min(a,b) > 2 we can get a satisfactory bound from the following
general result, which will be proved later, in

LEMMA 2. Let G(x1,z2;y1,Yy2) € Z[x1,%2,Y1,Y2] be an absolutely irre-
ducible bi-homogeneous polynomial of degree (a,b) with a,b > 1. Lete > 0 be
given. Then for any X > 1 there are O,y (X2/**2||G|¥) points (z1, T2, Y1, y2)
€ Z* satisfying the conditions

gecd.(z,29)=1, gecd(y1,y2)=1, G(x1,22;91,y2)=0, mzax\azi|§X.

Notice here that there is no size constraint on y; or ys.

When a > 2 the lemma shows that has On(Tll 1) solutions Ap, Ag,
71, T2. Each of these corresponds to at most one solution of (4), and therefore
contributes O(1) to M(FE, F). Similarly, if b > 2 then there are On(LiH’x")
solutions.

We next dispose of the case in which a or b is zero. For example, if a = 0
then specifies a finite number O, (1) of pairs 71, 72, and for each of these
there is a corresponding pair (21, 22), producing the value of f = zf + zg.
Each such f contributes O(logz) to M(E, F) by Estermann’s bound (3).
Thus the interval I contributes O, (log ) when a = 0. Similarly if b = 0 there
are O, (1) corresponding values for e. As in (2) each such value e contributes
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< ple)(ze 2+ 1) to M(E, F). This is also satisfactory, since
e>E>D= /2

and p(e) <, z". Thus we have O, (z") solutions corresponding to I when
min(a, b) = 0.
When a = 1, equation ((12)) can be written

MG11 (71, 72) + A2Gra(T1, 72) = 0.

Thus A\; = ¢ 'G12(11,72), A2 = —q¢~'G11(71, 72), where q divides G11(71, T2)
and G12(71,72). Since 71 and 7o are coprime it follows that ¢ divides the
resolvent R of (G11; and (15. This resolvent is non-zero since (71 is irreducible.
Moreover it is bounded by a power of z, whence there are O,(z") possible
choices for ¢q. (The reader should recall at this point that the forms G1; and
G2 are determined, up to O, (1) possibilities, by the interval I.) For each
available choice of ¢ we substitute our values for A1, A9 into to obtain a
Thue equation G3(71,72) = ¢%. Unfortunately we cannot use the full force of
known results on such equations, since it is possible for G5 to be a power of
a linear form. Nonetheless there can be at most O(T}) possible pairs 71, 72.
It follows that we have at most O, (2"T7) solutions in total. The case b =1
is entirely analogous, leading to a bound O, (z"Ly).

In summary we have a bound On(Tll +77w’7) on the number of solutions,
in each of the cases a > 2, or a = 0, or @ = 1. Similarly we have an estimate
On(LiH’x") whatever the value of b. We therefore conclude as follows.

LEMMA 3. For any n > 0 the contribution to M(E, F) corresponding to
a single interval I is O, (a" min(Lﬁ"7 T11+’7))_

5. Completion of the proof. Having fixed M as in Lemma 1 we
must now sum up min(Lj, 7)) for the various intervals I. In the notation of
the previous section, if (x1,x2) corresponds to g(l) then Li(z1 — spz2) <
M~WE and Lizs < VE. If L1 > VE we see that 25 = 0, and then z; = 0,
which is impossible. The intervals I = (so, so + M ~!] will be produced by
taking sq = x3M ! for integers x3 < M. Thus the number of intervals for
which L < Ly < 2L is at most the number of triples (x1, 2, 23) € Z3 with
g.c.d.(z1,x9) = 1, for which

Toxg = Mz + O(L_lx/E), ro < LTWE, 13< M.

We now recall that Ly > Ly and that L1 Ly> EM~'. Thus L>> EY/2M~1/2,
Moreover, as noted above, we have L < E'/2. In particular, if M is large
enough we can have zoxs = 0 only when x; = 0. Since z1 and x5 are
coprime this case can arise only when xo = £1 and x3 = 0. When zsz3 # 0
the conditions on x and 3 imply that x; < L~'v/E, and a divisor function
estimate then shows that there are O, (m”L‘lx/E) pairs xo, x3 for each value
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of z1. We conclude that there are O, (z7L~?E) intervals I for which L; is of
order L. Since each interval makes a contribution <, $’7Li+", by Lemma
we get a total <, 2L ""E < x?"L7'E, since L < E'/? < . By dyadic
subdivision for L > EY2M~1/2 we find that M(E, F) <, 2>1(EM)"/2.

We can prove a precisely analogous estimate M(E, F) <, z*1(FM )12
by considering the number of intervals J = (¢(s0), ¢(so) + O(M~1)] which
produce a value T3 in a given dyadic range (T',27T]. Here we use the fact
that J C (tsM 1 tsM~1 + O(M~1)] for some integer ¢3. We also need to
remark that each value of t3 occurs O(1) times, since |¢'(s)| > 1 for the
values of s under consideration. With these observations the argument then
goes through just as before. We may therefore conclude that

M(E, F) <, z¥(min(E, F)M)Y/2.

It remains to use this result with the value for M coming from Lemmal[I]

It is convenient to write E = 2%, so that F = g2~ 2¢+0(1/logz) Tp view of

our remarks at the end of §2 we have (essentially) 1/2 <1 < 3/4. We may
then employ a value M with

log M

log

= (1+77)max{9¢(14_w),;

} + O((logz)™1).

This value will automatically satisfy M € [¢!/2, z] if  is small enough. It
follows that

log M(E, F 1 ou(1 ,
Oglog(x)§277+2mm(¢’2_2w)+(1+n)max{¢(8w)74}
+O,7((logx)*1),
However, since
i 9p(1—9) 1\ _ 7
print2=20) e {5 1 <

for the relevant range of 1, we deduce that M(FE, F') <, 231712 and our
theorem then follows.

6. Lemma Lemma [2 is closely related to two results of Broberg.
In [2, Theorem 1] Broberg establishes a general result about finite covers
of P! which, when translated into our notation, would provide an estimate
OG ape(X 2/ b+€) of the desired order, but without any explicit dependence
on G. This explicit dependence can be deduced from a second result of
Broberg [3], but this has not been formally published. We therefore give a
brief sketch of a direct argument independent of these two papers. This uses
the determinant method, for more details of which the reader should consult

[5) §3].
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We will need a crude bound on the size of y. Let
G(x;y) = Go(x)y} + - + Go(x)y5.

The form Gg cannot vanish identically since G is irreducible. Thus there are
O,(1) primitive integer vectors x for which Go(x) = 0. It is not possible for
all the forms G;(x) to vanish simultaneously for a vector x # 0, since G is
irreducible. Thus, with O, ;(1) exceptions, any solution of G(x;y) = 0 has
y2 | Go(x), with Go(x) # 0. We may therefore assume that |yo| < X?||G]|,
and similarly for y;. It will be convenient to write these bounds in the form
il ly2] <Y, with YV < X||G].

Our overall plan now is to apply the p-adic determinant method. By
making an invertible integral linear substitution on x we may assume that
Go(1,0) # 0. Indeed we can choose the coefficients of the substitution to be
bounded in terms of a alone, so that we may still assume that |x| <, X.
Suppose we have a parameter P >, log X||G||. Then for any solution x,y
of G(x;y) = 0 with |x| <, X, |y| <Y, either we have

x2y278G(X’y) =0
oy

or there is a prime p € (P,2P] not dividing xoy2(0G/0y1). The first case
immediately gives us an auxiliary bi-homogeneous form H (x;y) not divisible
by G, at which our solution also vanishes. In the alternative case the point
(x1/x2,y1/y2) lies above a smooth F,-point on the curve G(s, 1;¢,1) = 0.
We can then expand y; /y2 as a p-adic power series in x;/x3, as in Lemma 5
of the author’s paper [5]. We then consider the matrix of bi-homogeneous
monomials in x and y of degree (H,b — 1). There are k := (H + 1)b such
monomials. The corresponding k x k determinant then has archimedean size
ZLapn (XHYP1E Moreover it will be divisible by pF=1/2 The argument
of [B, §3] then produces an auxiliary form H(x;y) providing that

D Sy X2H/ =1y 20-1)/(k=1),

We now recall that ¥ < X¢||G||. Thus on choosing H sufficiently large
we see that it suffices to have p >, (X||G|)*X?/*. In addition to the form
x2y20G /Oyy that we have already mentioned we now obtain one further form
H(x;y) for each F,-point on the curve G(s, 1;¢,1) = 0. We thus conclude
that every solution to G(x;y) = 0 with max |z;| < X satisfies one of the
Oupe(X||G])? X?/%) auxiliary conditions H (x;y) = 0. Here H is a bi-linear
form coprime to GG, with degrees bounded in terms of a, b and e. For each such
form, there are O, (1) common solutions to G(s,1;t,1) = H(s,1;t,1) =0
by Bézout’s Theorem, and s,t determine x,y since these vectors are primi-
tive. This suffices for the lemma.
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7. Further improvements. It is possible to reduce slightly the expo-
nent 7/12 occurring in the theorem. Since the improvement is very small we
content ourselves with a very brief sketch of the argument.

The first step is to repeat the analysis of §3 taking K = L = 1 and
obtaining a bi-linear form F' in , providing that M € [z!/2, z] satisfies
M > (EY3FY/2)149 Note here that in fact

212 < (E1/3F1/2)1+5 <z
for large enough x and small enough ¢, as 22 < E?F < 22 and E, F > z'/2,
When F is bi-linear the Thue equation referred to in §4 will have degree 3,

and will produce O,(z") solutions for each interval I, except when G3 is
proportional to a cube. In this case the corresponding solutions of

(13) 2z 29y1 + (2] — 23)y2 = 1

lie on a line

(x1,22,y1,92) = (l’go)?l“go), yio),yéo)) + A1, p2, v1, v2)

contained in the variety .
We now write My(E, F) for the number of quadruples (x1,x2,y1,¥y2)
satisfying , for which

E/2<ai+23<E, F/2<yi+y3<F
but which do not lie on a line in the variety . We may then deduce that
M(](E,F) <<7] 1'277E1/3F1/2 <<7] m277+2/3—1/)/67

where E = z¥ as before. Alternatively we can use our previous argument to
show that

My(E, F) < M(E, F) <, p3ntmin(e,2—2¢)/2+9¢(1-¢) /8
These suffice to show that
MO(E,F) <<77 x377+46/81’
the critical value of 9 being 16/27.

It then remains to consider the form taken by lines lying in the sur-
face ([13]). The lines which contain more than one integral point may be
described explicitly, and one is then able to show that they contribute
O, (z"1/2) to M(E, F).

In this way one may improve the exponent in the theorem to 46/81.
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