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1. Introduction. A long standing issue in number theory is to find
conditions on series to decide if their sums are rational or not. Very occa-
sionally, spectacular special results like R. Apéry’s proof of the irrationality
of ((3) = 3%, 1/n3 come along [I]. General methods are however very
rare. Motivated by investigations in this vein Erdés [3] called a sequence
{an}72 irrational if the set

00 - 1
X{an}nlz{za c :CneN}7
ne “ntn

which we refer to henceforth as its expressible set, contains no rational
numbers. Sequences that are not irrational are called rational. In [3] it is
shown that if liminf,,_ .o a}/Qn > 1, limsup,, a}/Qn = oo and a, € N then
> o2 1/ay is an irrational number. From this we can deduce that the se-
quence {22"} is irrational. In [5] it is shown that if for given ¢ > 0 we have
an < 279" and a, € Rt for all n € N then the sequence {a,}22, is ra-
tional and in fact that X {a,}>° ; contains an interval. It appears to be the
case that, in general, evaluating the Lebesgue measure of the set X{a,}>>,
is not easy. This has led to a number of studies under particular hypotheses.
For instance Hancl, Schinzel and Sustek [7] studied the case of geometric
sequences. Also Hancl and Sustek [§] studied boundedly expressible sets.
In [6] we give conditions on {ay}5°; to ensure that the Lebesgue measure
of the set X{an}22 is zero. In particular the following is shown. Let a, §
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and € be positive real numbers with 0 < o < 1 and let {ay,}2>; and {b,}>2,;
be sequences of positive integers with {a,}>° ; nondecreasing. Suppose also
that limsup,,_,._ ay/®" = oo, that a, > n'** and that b, < 21°¢% % for every
sufficiently large n. Then the expressible set of the sequence {a, /b, }?2 | has
Lebesgue measure zero.

For a set £ C R we call (U;)°, a d-cover of E if E C |J;2,U; and
diam U; = sup,, ,cp, |7 — y| < 6. We define an outer measure by

[e.o]
Hi(E) = sup Z(diam U;)%,
i=1
where the supremum is taken over all d-covers. We also define H*(E) =
lim,_,0 H3(£). There is a nonnegative real number sy such that if s > so
then H*(E) = 0 and if s < sp then H*(E) = co. We call sg the Hausdorff
dimension of E. We denote so by dimp(E). See [4] for a more systematic
discussion of the relevant ideas.
In this paper we prove the following refinement of our theorem from [6].

THEOREM 1.1. Let «, § and € be positive real numbers with 0 < a < 1
and let {an}22 and {b,}22, be sequences of positive integers with {an}o2 4
nondecreasing. Also suppose that

lim sup a}/ (3+0)" —

n—o0

o

and that
an >n'tE, b, <28

for every sufficiently large n. Then

an ™ 2
i X< — < —.

We hope to return to the issue of lower bounds on another occasion.

2. Our main tool. Theorem is an immediate consequence of the
following more general result.

THEOREM 2.1. Let L be a positive integer and let o, 8 and € be real
numbers with 0 < a < 1, 0 < ¢ and 0 < B < ¢/(1+¢€). Assume that
X1, 2, My, ..., My are real numbers such that x; # 0 and M; > 1 for
every i = 1,...,L. Let {a,}?2, be a nondecreasing sequence of positive
integers. Suppose that {b;n}72 1, i =1,...,L, are sequences of integers such
that for every i =1,...,L and every sufficiently large n,

2.1 b; | < 21082 an g M.
| =

i
n -
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Assume that for every n,

L
(2.2) bn = Z bi,nwi 7& 0.
i=1
For every sufficiently large n, let
(2.3) b, | < 21082 an g
and let
(2.4) an > n'Te.

Suppose that

1/(2EM 4 1y
(2.5) P = sup{M : lim sup an/( T oo} > ZMZ
n—oo i—1
Then
. an o 1+ Z'L—l Mz
2. d Xq— < ==
& (i), <

3. Proof. For the proof of Theorem [2.1 we need the following two lem-
mas.

LEMMA 3.1. Assume that sequences {an}o, {bn o2, and {b;n}o> sat-
isfy the assumptions (2.1)—(2.4) of Theorem Let M > 1 be a real number
such that

1/(EM 4 1y
(3.1) lim sup an/( st

n—oo

= Q.

Then for every sequence {c,}5°; of positive integers the inequality

io: by, 725:11%% 1
GnCn

<
(1120)/3
=1 E (qlog3 q)2F1os2 "~ TgM
has infinitely many solutions p1,...,pr € Z, q € N with
(1+20)/3 2/ ‘
p; = O(2l°%2 1My for everyi=1,...,L.

LEMMA 3.2. Let {H; : j € N} be a family of hypercubes. Suppose S C R™
s a set such that

S C{teR":te Hj for infinitely many j € N}.
If

(3.2) i(diam H;)™ < o0
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Lemma is the same as Lemma 6 in [6]. Lemma is known as the
Hausdorff-Cantelli lemma and its proof can be found in [2].

Proof of Theorem [2.1 From assumption 1} we obtain (3.1)) for every
M € (X.F., M;, P). Hence we can use Lemma For brevity let

(142a)/3
hi(q) := 2'°% qu

From Lemma we deduce that for every sequence {c,}2% of positive
integers the inequahty

'i by, _ZiL:lpixz’
anCn
n=1

q

1
M+12L10g

(1+2a)/3

has infinitely many solutions p1,...,pr € Z, ¢ € N with
pi = O(hi(q))

for every ¢ = 1,..., L. This implies that the expressible set of the sequence
{an/bn}5° is a subset of the set
[Eh1(q)] LEhL(q)]

AU U U s

N=1¢=Npi=—|Ehi(q)] pr=—|FEhr(q)]

where FE is a positive real constant not depending on ¢ and

‘]Pl,u-apLyq

_ ZiL:lpixz‘ 1 ZiL:lpixi 1
- N + (za)/a, |-

q M-|—12Llog(l+2a)/3 ’ q M-|—12Llog

Every element £ € S lies in infinitely many sets Jp, .. 5, q- The family

J = {JIp1,prg i P1,--pL €L, g €N, |pi| < [ Ehi(q)]}
is a cover of the set S. The diameter of every set J € J is

2
/= qM+12L10g(1+2°‘)/3 ’
Then, for every m with
L
(3.3) HEF—A}M <m<1
we have
[ (9)] |Eh(q)] -
Z dlamJ Z Z . Z (1+2a)/5
JeT q=1p1=—|Fhi(q)] pr=—|Ehr(q)] q(M+1)m2Lmlog

o
< quzle Mi—(M+1)mgL(1—m)logy **/%q _

q=1
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Here D is a suitable positive constant not depending on ¢, since
L
> M~ (M+1)m < —1.
i=1

From Lemma (3.2 it follows that dimg(S) < m. This fact holds for every
m satisfying (3.3]). Hence

. Qnp o . 1 +Z'L_1 Mz
_ < < 4‘
dlmH<X{bn} > < dimg(9) < Y]

n=1

The fact that this inequality holds for every M € (2{;1 M;, P) gives

. T e 1+ Y0, M,
X _ < =l 7
({2} )<

dimH<X{a”} >:0
bn n=1

if P = oo, and concludes the proof of Theorem "

if P < oo and
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