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Introduction. There is a hope that further progress in number theory
is closely related to study of interaction of various representations of Hecke—
Shimura rings (HS-rings) of arithmetical discrete subgroups of Lie groups on
suitable spaces of automorphic forms. Important examples of, say, “vertical”
interaction are given by lifts of automorphic structures to similar groups of
higher orders (see, e.g., [An01]). Not less, if not more, interesting are cases of
“horizontal” interaction arising from consideration of HS-rings of different
Lie groups, say, symplectic and orthogonal (see, e.g., [An06)).

In general, an automorphic structure on a Lie group is a HS-ring of an
arithmetical discrete subgroup of the group together with a linear repre-
sentation of the ring on a space of automorphic forms by Hecke operators.
An interaction mapping from one automorphic structure to an automorphic
structure on another group is a mapping of HS-rings of the discrete sub-
groups compatible with the action of the corresponding Hecke operators on
suitable spaces of automorphic forms.

In this paper we construct interaction mappings for HS-rings of certain
subgroups of integral symplectic groups and groups of units of integral non-
singular quadratic forms in an even number of variables. For the action of
Hecke operators on theta-functions see, e.g., [An90], [An92], and [An09].

Notation. We fix the letters Z, Q, R, and C for the ring of rational
integers, the field of rational numbers, the field of real numbers, and the
field of complex numbers, respectively.
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If A is a set, AT denotes the set of all m x n-matrices with elements in A.
If A is a ring with the identity element, 1,, denotes the identity element of
the ring A7 and 0,, is the zero element of that ring.

The transpose of a matrix M is denoted by ‘M. For two matrices Q and
N of appropriate sizes we set Q[N] = INQN. For a complex square matrix A
we write e{ A} = exp(my/—1Tr(A)), where Tr(A) is the sum of the diagonal
entries of A.

1. Theta-functions, symplectic HS-rings, Hecke operators. For
details of forthcoming definitions, formulas, and corresponding references
see [An09]. In particular, the references [An86|, [An87], and [An95] can be
useful.

Let

4(X) = 5 XQX = QY] (X = w1, 7))

be a fixed integral nonsingular quadratic form in m variables with matrix
@Q = 'Q. The matrix of an integral form is an even matriz, i.e., an integral
symmetric matrix with even diagonal entries. The least positive integer ¢
such that the matrix ¢@Q~! is even is called the level of the form q. On
integral quadratic forms see [Ca78]. Speaking about quadratic forms, we
mainly use the equivalent matrix language.

The majorant space M(q) = M(Q) of the nonsingular form q is defined
by

M(Q)={HeR" |H="'H H>0, HQ 'H = Q}.

The set M(Q) is a homogeneous space of the real orthogonal group of the
form q,

O(a) = 0(Q) = Or(Q) ={U € R} | '"UQU = Q}
operating on M(Q) by the rule O(Q) > U : H — 'UHU. If the form q is
positive definite, then the set M(Q) reduces to the single matrix Q.

Let @ be a nonsingular even matrix of order m. For n = 1,2,..., we
define the theta-function of Q of genus n with translations V= (V1,V3) €
Cy' x C' as a function of V € C3 , of

ZeH"={Z=X++/-1YeC'|'Z=2,Y >0}
(the Siegel upper half-plane of genus n), and of H € M(Q), given by the
series
(11)  Oe(V,Z;H,Q)=6"(V,.Z; H,Q)
=Y e{QIN - Vo]X +V-1H[N - WY +2- TiQN - "V1QV3}.
Nezm

The series converges absolutely and uniformly on the product of any compact
subset of CJ! theset {Z = X ++/—-1Y e H" | Y > ¢l,} for any € > 0, and
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any compact subset of M(Q). Therefore, the series defines a real-analytic
function on CJ!, x H" x M(Q).

According to [An95, Theorems 4.1-4.3], theta-functions have the follow-
ing automorphic properties: if ) is an even nonsingular matrix of even order
m = 2k and signature (s, [), then, for each matrix M in the group

g = {a= (2 7Y esm@ | =0 moan),

the theta-function (1.1) of @ of genus n > 1 satisfies the functional equation
(1.2) oV - 'M,M(Z); H,Q) = jo(M, 2)6(V. Z; H,Q),
where M (Z) = (& B)(Z) = (AZ + B)(CZ + D)™,

jo(M, Z) = xo(det D)(det(CZ + D)) *~V/2|det(CZ + D)|!

is the automorphic factor, and xq is the character of the quadratic form
with matrix Q.

On the other hand, the above theta-function has symmetries correspond-
ing to the action of the group E(Q) = {M € GL,,(Z) | Q[M] = Q} of units
of the matriz (). Namely, it is an easy consequence of the definition that
(1.3) O"(MV,Z;HM'],Q) =0"(V,Z;H,Q) for M € E(Q).

Further, for ¢ > 1, let us introduce the multiplicative semigroup

A B 0 1 0 1
I0(q) =4 M = ez |t < " ”)Mz M< " ”)
"(o) { ( D) 2 O =won(

C
C =0, (mod g), (M) >0, ged(u(M), q) = 1}-

The group I}'(q) can be considered as a subgroup of X/ (¢) consisting of the
matrices M € X (q) with multiplier p(M) = 1. Let

Ho(q) = H(IE (q), Xo'(q))
be the Hecke-Shimura ring (over C) of the semigroup X (q) relative to
the subgroup Ij'(q). Here we only note that this ring consists of all those
finite formal linear combinations T with complex coefficients of symbols
(I3 (g)M), corresponding in one-to-one way to different left cosets I (q)M
C X{(q), which are invariant with respect to right multiplication by all
elements of I'{(q):

T =3 cal () M),
(1.4) “
Ty =Y call§(q) May) =T (¥ € I (q)).
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The semigroup X{'(q) operates on the space §™" of all complex-valued
real-analytic functions F' = F(V, Z) : C§! x H* — C by the Petersson
operators

(1.5) X0(q)> M :F=F(V, Z) ~ FIM = F;M
= jo(M, Z)"'F(V'M, M(Z)),

where jo(M, Z) is the automorphic factor. Petersson operators map the
space ™™ into itself and satisfy the rule F|M|M' = F|MM’. This allows
us to define the standard representation 7'+ |T' = |;T" of the HS-ring H{ (q)
on the subspace

(1.6) M ={F eF"™ | F|ly=F for all y € I'}(q)}

of all I'j(¢)-invariant functions of ™ by Hecke operators: the Hecke op-
erator |1 = |;T" corresponding to an element of #{j(q) of the form (1.4) is
defined by

(1.7) FIT =Y cFIMy, (F=F(V,Z)eF"m),

where |M,, are the Petersson operators (1.5). The Hecke operators are inde-
pendent of the choice of the representatives M, € I)(q)M, and map §," "
into itself. The map T+ |T is a linear representation of the ring H{(q)
on g ™.

Theta-functions of different genera n of a fixed quadratic form are related
by Siegel operators ™" . F¥™ — FM, where 0 < r < n, whereas the ac-
tions of Hecke operators on these spaces are related by the Zharkovskaya
homomorphisms ;" : Hg(q) — Hglg) of HS-rings. For definition and
properties of these mappings see [An09, §4]. Here we only note that the
Zharkovskaya homomorphism ¥;," is not always epimorphic, but it is epi-
morphic if n,r > m/2 [An96, Proposition 3.3].

The functional equations (1.2) show that the theta-functions (1.1), viewed
as functions of V and Z, belong to the space §,”"". Explicit formulas for
the action of Hecke operators on theta-functions show that images of this
action can often be written as finite linear combinations with constant co-
efficients of similar theta-functions. According to [An86, Theorem 1] and
[An09, Propositions 5.1, 5.2(2)], for each homogeneous element T € H(q)
with multiplier p (i.e., a linear combination of left cosets (I'(q)M,) with
a fixed multiplier p(I{(¢)Mo) = p(My) = p), which in the case n < m
belongs to the image of the ring H{'(¢) under the Zharkovskaya map Wg e
Hi'(q) — Hi(q), the image of the theta-function (1.1) under the Hecke op-
erator |T' can be written as a linear combination with constant coefficients
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of similar theta-functions in the form
(1.8) ©"(V,Z;H,Q)|T

> I(D,Q, 5™ T)0™(uD~'V, Z; i~ " H[D], u~ ' Q[DY)),
- gEA(Q,u)/GLm(Z)
depending on whether the set
(L9)  AQ.u)={D ez |y 'Q[D] € E™, det i Q[D] = det Q}

of all automorphs of @ with multiplier u, is not empty or empty, where
T' = ¥5™T € Hg'(q) is the image of T under the Zharkovskaya map if

n > m and an inverse image if n < m, and where for 7" = > _ co(I§"(q)Na)
As Ba

0o p ), the coeflicients on
m «

written with “triangular” representatives N, = (
the right are the interaction sums

(1.10) I(D,Q,T")

= > caxo(|det Dy|)|det Do| "™ 2e{u2Q[D] - ‘Do Ba}.
o, D'Da=0 (mod p)

Note that the interaction sums satisfy the relations
(L11) I(ADY,Q.T') = I(D,QI\.T)  (¥I' € Hg'(q). A,y € GLyn(2)).

2. Orthogonal HS-rings. In this section we briefly recall the definition
of orthogonal Hecke—Shimura rings. For details see [An90].

For an even nonsingular matrix @ of even order m and level g, we fix a
system of representatives

(2.1) Q) ={Q1,...,Qn}

of all different classes with respect to integral equivalence of even matrices of
the same order, signature, divisor, level, and determinant as the matrix Q).
Given such a system, we define the groups E; = E(Q;) = {M € GL,,,(Z) |
Q:[M] = Q;} of units of the matriz (); and the sets

(22) Ay ={D € Zy, | Qi[D] = n(D)Qj, (D) > 0, ged(u(D), q) = 1}

of (regular) automorphs of Q; to Q;. It can be verified that the groups E;
and sets A;; satisfy the following three conditions: A;; A, C Ay, E; C Ay,
and each double coset E;DE; with D € A;; is a finite union of left cosets
modulo E;. Let us denote by D;; the set of those finite formal linear combi-
nations with integral coefficients of symbols (E;M), corresponding in one-

to-one way to different left cosets E; M contained in A;;, which are invariant
with respect to right multiplication by all elements of E;:

(2.3) Dijdt=Y an(Bi M), th=) ao(EiM\) =t (VA€E;).
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Finally, denote by
(24) D =D(E1,....Ep; A1, A1, ..., App) = D((Ey); (Asj))

the set of all h x h-matrices t = (¢;;) with ij-entries t;; € D;;. With respect
to standard addition and multiplication of matrices, where the product of
the linear combinations

tij = Zaa(EiMoc) S Dij and tjk = Zbg(E]‘Ng) € ]Djk
@ B
is defined by

tij - tjk = Zaab/ﬁ(Ez‘ MyNg) € Dy,
a’ﬂ
the set D is an associative ring, called the (regular) Hecke—Shimura ring of

the system (Q1,...,Qp).

For 1 < i < h, let us define the space G, of all (real-) analytic functions
G;=Gi(V, H) : Co xM(Q;) — C satisfying G;(MV, HM™']) = G;(V, H)
for each M € E;. Then it is easy to see that for t;; = > aa(E; My) € Dy
we have

(2.5) Gjotij = Zaa (MaV, p(Ma) H[MG]) € G,

and (Gz @) tij) e} tjk = Gz e} (tij . tjk)-

Let G™™ be the linear space of all rows G = (Gy,...,Gy) with com-
ponents G; € G"". For a row G = (G;) € g™ and t = (¢;;) € D, we
set

(2.6) Got:(ZGiotﬂ,..., ZGiotih).

1<i<h 1<i<h

It is easy to see that the operators ot map the space G™™ into itself and
satisfy the rule ot o t’ = o(t - t’) for t,t’ € D. Thus, the operators define a
linear representation of the ring D on the space G"™™.

3. Interaction mappings. Let T' € H{(q) be a homogeneous element
with multiplier p(7T") = p. Assume that the set A(Q;, p) of the form (1.9) is
not empty for a matrix @; of the system (2.1). Then, for each D € A(Qj, ),
the matrix /lej [D] is integrally equivalent to one of the matrices from the
system (2.1), say @;. By choosing an appropriate representative in the coset
D - GL,(Z), one can assume that u=1'Q;[D] = Q;, i.e., Q;[D] = pQ;, and
the coset D - GL,,(Z) for such D reduces to the coset D - E; of the group
E; = E(Q;) of units of Q;. This shows that one can take

31) AQjm) = |J Aj(w), AQj,n)/CLn(Z) = ] Ajilp

1<i<h 1<i<h
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where
Aji(p) ={D € Aji | (D) = p} ={D € Zy; | Q;[D] = nQ}.

Then the relation (1.8) for Q@ = Q; and H = H; € M(Q);) takes the form
(©"T)(V, Z; Hj,Q;)

Z Z I(D>Qj’gpmmT)@n(MD_lV?Z;#_IHJ[DLM_le[D])a
= 4 1<i<h DeA; (1)/Es

0,

depending on whether A(Q;, p) is not empty or empty, where ¥ = Wg’m
is the Zharkovskaya mapping for a matrix @ € (Q). Since p is prime to the
level ¢ of the matrices Q;, the condition D € Aj;(n)/E; is equivalent to

pD™1 € E;\A;j(n). Therefore, by replacing D — pD~!, the last relations
can be rewritten in the form

(32) (O"[T)(V,Z; Hj,Q5)
> > I(uD™', Qv T)O™(DV, Z; nH, (D], uQ; (D),
= \ 1<i<h DEE;\A;; (1)
07
depending on whether A(Q;, 1) is not empty or empty.
Forn>1andi, j=1,...,hset

. Tij = § DeE;\A;;(n)
0 it A(Qy, 1) = 0.

It follows from (1.11) that for each v € E; the linear combinations (3.3)
satisfy

h(Tr= 3 1D QT (ED) = ri(T).
DeE\Ay; (1)
Thus, 7/3(T') € Djyj, and so the matrix 7"(T) = o) (T') = (75;(T)) belongs
to the orthogonal HS-ring (2.4). Extending the mapping by linearity to
arbitrary T' € H{(q), we obtain a linear mapping of HS-rings
(3.4) Ho(q) 2 T — 7(T) = (7j5(T)) € D = D((Ei); (Aij))-

Since the theta-functions (1.1) satisfy not only the functional equa-
tions (1.2) but also (1.3), it follows that each theta-function O} (V;, H;) =
O"(Vi, Z; H;, Q);) considered as a function in V; € C5}, and H; € M(Q;) be-
longs to the space G;"™, and each theta-vector (OF) of genus n corresponding
to the system (Q), with components OF = OM(V;, H;) = O™(V;, Z; H;, Q;),
is an element of G™™. The following theorem expresses images of the theta-
vectors under componentwise action of symplectic Hecke operators in terms
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of the action of orthogonal Hecke operators by means of the interaction
mapping (3.4).

THEOREM 1. Let Q) be an even nonsingular matriz of even order m, and
(Q) a system of representatives (2.1). Then for each n > m/2 the compo-
nentwise action of a Hecke operator |T with T' € Hy(q) on the theta-vector
(©MVi, H;)) considered as an element of the space G™™ can be written in
terms of the action of the operator o™ (T') defined by (2.5) and (2.6) in the
form

(OFIT,...,6}|T)
= (0. O o) = (D OFomi(T),..., S O ori(T)).

1<i<h 1<i<h

Proof. Suppose first that 7' € H{(q) is a homogeneous element with
multiplier u(7T) = p, and that the set A(Qj, p) of the form (1.9) is not
empty for a matrix @; of the system (2.1). Then, according to the definition

n

of the operators ot} W the action of o Ti’} (T') on components of the theta-vector

can be written in the form

O oMV H) = 3 1(uD,Qp 0 T)OR (DVe, D),
DeE\A;; (1)

Hence the formulas (3.2) can be rewritten as

o|T = Z O or(T) (j=1,...,h).
1<i<h

Thus, under componentwise action of the symplectic Hecke operator |T" on
the theta-vector we obtain

@m|T = (VT ..., mT):( 3 Oreri(T),.... S eyOTg;L(T))

1<i<h 1<i<h
= (07,...,0p)om"(T) = (67) o T"(T).

This formula together with (1.8) is true for all homogeneous elements
T € Hi(q) with multiplier 4 and such that the set A(Q, p) of the form (1.9)
is not empty for a matrix Q € (Q). By linearity, the formulas remain true for
all T' € Hy(q). If all of the sets A(Q;, p) are empty, then (O)|T = 0, and
the formula remains true with the convention 7"(7") = 0. The theorem is
proved. m

Note that when m/2 < n < m, the inverse image ¥"™"™T € H{'(q) is not
unique, which causes an indeterminacy in the definition of the mapping (3.4),
but in view of the theorem this does not affect the action of the operators
o7"(T) on theta-vectors. We call the mapping T' — 7"(T') the interaction
mapping of HS-rings.
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THEOREM 2. Let ) be an even nonsingular matriz of even order m, and
(Q) a system of representatives of the form (2.1). Then for every n > m the
mapping (3.4) is a linear ring homomorphism of Hecke—Shimura rings.

Proof. The mapping (3.4) is linear by definition. We consider first the
case n = m. By linearity it is sufficient to prove in this case that 7(T'T") =
T™(T)T™(T") for any homogeneous T,T" € Hy'(¢). This matrix relation is
equivalent to the system of relations

(3.5) TT') = Z T)yrf(T')  (i,j=1,....h).

If w(T) = p and pu(T") = ¢/, then p(TT") = pp' and by (3.3) we have

> I (D)7 Qy, TT(E:D") if A(Qy, ') #0,
TiZﬂ(TT’) = D"€E\A;;(up')

0 if A(Qj, pp') =0.
By definitions we can write
ik ()i (T7)
- > > DT QTI(W(D)Q;, T (E;DD')

DeE\Aix (1) D'€ER\Ag; (1)

if A(Qk, p) # 0 and A(Qj, p') # 0. Otherwise, 7} (T)773(T") = 0. Therefore,
in order to prove (3.5) it is sufficient to show that

(3.6) I(u/(D")71,Q;TT)
h
_ 2 1D Qi TG (D), Q3. T')

k=1 (D,D")€(E;\Aix (1), Ex\Ag; (1))
DD’'eE; D"

for each D" € A;;(pp'), unless both sides are zero.

On the other hand, by [An96, Proposition 3.8], for every D € A(Qj, )
the interaction sums satisfy

I(D,Q;,TT")
= Z I(Dl,Q]’,T)I(DQ,M_IQj[Dl],T/),
(D1,D2)€(A(Qj,1) /A, A(n="Q; [D1]p") / A)
D1DseDA

where A = GL,,(Z). By (3.1), the inclusion D; € A(Qj,1)/A means that
Dy € Aji(n)/Ey for some k with 1 < k < h and vice versa. If Dy €
Ajr(p)/Eg, then p'Q;[D1] = Q. Hence, again by (3.1), the condition
Dy € A(p'Q;[Dn], 1)/ A means that Dy € Ag;(1')/E; for some i, 1 < i < h.
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Then D1Ds € ﬁEi, and the last relation turns into
h
I(D,Q;,TT) = > I(D1,Q;,T)I(Da2, Q. T').

k=1 (D1,D2)€(A;k(1)/Er,Ari (1) /Ei)
D1 D2eDE;

Since p and y' are prime to the level g of all matrices of (@), the conditions
D1 € Aji(1t)/Ey, and Dy € Ag;(p')/E; are equivalent to pDy ! € Ei\Ag;(p)
and p' Dy e E;\Ayp (1), respectively. Therefore, after the substitution
uDT =D, /Dyt = D' and pp/ D' = D" i.e. Dy = uD~ Y, Dy = y/(D') !
and D = pp/(D")~1, we come to the relation

I(pp/ (D)7, Qj, TT')

h
= > I(uD™",Q;, T)I(1/' (D)™, Qx, T")
k=1 (D,D")€(Ex\Ag; (1), Ei\Asr (1))
D' DEE; D"
h
= > I(/ (D)™, Qu, TV (uD™", Q;,T),
k=1 (D", D)e(E\ Ak (1), B\ Ar; (1))
D'DeE; D"

which is actually (3.6) for 77, T € H™(q), since TT' = T'T, by commutativ-
ity of the ring H™(q).

The case n > m follows from the case n = m, since by definition the
mapping T+ 7(T') = 7™ (@™™(T)) is the composition of the Zharkovskaya
homomorphism ™™ = &T/g’m and the homomorphism 7. u
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