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On the hybrid mean value of Cochrane sums
and generalized Kloosterman sums

by

TINGTING WANG (Xi’an)

1. Introduction. Let ¢ be a natural number and h an integer with
(h,q) = 1. The Cochrane sums C(h,q) are defined by

=3 ((D)((F)

a=1

where
x — [x] —1/2 if z is not an integer,

() ={

@ is defined by aa = 1 mod ¢, and Z:zqzl denotes the summation over all
1 < a < g such that (a,q) = 1.

These sums were introduced by Todd Cochrane. In October 2000, during
his visit in Xi’an, Professor Todd Cochrane suggested studying the arith-
metical and mean value distribution properties of C(h, ). On this subject,
many interesting results have been obtained; related work can be found in
[], [7], [8] and [9]. For example, Wenpeng Zhang [§] studied the hybrid mean
value properties of Cochrane sums and generalized Kloosterman sums, and
proved that for any prime p > 3, we have the asymptotic formulas

= -1 5 3lnp
> K(h,1,1;p)C(h,p) = s—p” + O pexp
— 27 Inlnp

0 if x is an integer,

and

ﬁ?ﬁ +O(rp*? In? p),

p—1
> K(h,1,r;p)C(h,p) =
h=1

where 7 is a fixed positive integer, exp(y) =e¥, e(y) =e2™¥, and K (m,n,7;q)
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denotes the generalized Kloosterman sum defined as

4 T =T
K(m’nv’r’;q) = Z’€<M>

a=1 q
At the same time, Wenpeng Zhang [8] also proposed the following:

CONJECTURE. The asymptotic formula

(1) ZKh,l,rq C(h,q) ~ 2_12Q<75(Q)7 q — oo,

holds for all integers ¢ > 2 and any fixed positive integer r.

In this paper, we shall prove that (1) is not correct for some special
positive integers q. Namely, we shall prove the following;:

THEOREM. Let q be an odd square-full number (¢ > 1, and prime p|q if
and only if p* | q). Then for any fived positive integer r,

q
> K1 0)Clh) = 55 )+o< “() 3/2eXp<81HQ>>,
=1

Inlng

where w(q) denotes the number of all distinct prime divisors of q.

It is clear that taking ¢ = 9p?, from our theorem we can immediately

deduce the asymptotic formula
q, 1
Z (h1,7,0)C(hy ) ~ 5—546(), @ — 00 (p — 00).
=1

So the asymptotic formula (1) is not correct.

For general integer ¢ > 2, whether there exists an asymptotic formula
for h L K(h,1,7;q)C(h, q) is still an open problem.

2. Several lemmas. In this section, we shall give several lemmas,
which are necessary in the proof of our Theorem. First we have the following:

LEMMA 1. Let g be a square-full number. Then for any non-primitive
character x modulo q, we have

(y) = Zx(a)e<z> — 0.

a=1
Proof. Since the Gauss sum 7(x) is a multiplicative function, without

loss of generality we can assume that ¢ = p®, where p is an odd prime and
« an integer with o > 2. If x is not a primitive character modulo p®, then
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must be a character modulo p®~!. Then from the properties of the reduced
residue system modulo p® and trigonometric sums we have

(o1

) = i"(“)e(paa> = pipil X(rp® ! + b)e<7“pal+b>

a
=1 r=0 b=1 P

(25 o

LEMMA 2 (see [7]). Let a, q be two integers with ¢ > 3 and (a,q) = 1.

Then
-1 = Gy, n 2
Clai) = o X @)X )

x mod g n=1
x(=1)=-1

where x runs through the Dirichlet characters modulo q with x(—1) = —1,

and
Glom) =3 v(a) (™)

denotes the Gauss sum corresponding to x.

=)

p

b=1

LEMMA 3. Let ¢ > 3 be an integer. Then

*¢ 1 5lngq
L*(1,x) = =
> 2010 = @+ 0 2L,
x mod ¢
x(=1)=-1
where the summation is restricted to all primitive odd characters x modulo q,
and J(q) = g4, 1(d)$(q/d) denotes the number of all primitive characters
modulo q.

Proof. For any non-principal character y modulo ¢, applying Abel’s iden-
tity (see Theorem 4.2 of [1]) we have

3

(2) L2(1, X) _ Z X(n’)nd(n) + S A(z;X) dy,
n=1 e

Where A(y7 X) = Zq3<ngy X(n)d(n)
From [7] we know that for any real number y > Q.
(3) > AW < yd(9).

x mod g
x(—1)=-1

Applying the properties of character sums modulo ¢ we find that for any
integer n with (n,q) = 1, we have the identity
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(4) S = 3 M(Z)Qb(d)-

X mod ¢ d|(g,n—1)
From (2)—(4) we can deduce that

S L1y

N
- ;Z Txmzw*q("(n) —x(-m) + o((% glqgs A gy)
- ;; ) (d% ) u(4)ota) - quZm)“(gl) o)) + 0l
— 7@ +0( X o) Z ) +o(;¢<r> q )
i n=Tmodr " n=—Tmodr
— 7@ +0( X ¢(T)§§ M) e
P -
o (520
r>1

1 5lng
- iJ(q) +O<eXp(lnlnq>>’

where d(n) is the Dirichlet divisor function, and d(n) < exp( (ﬁ Eh)]l:lm) with
e > 0 any fixed real number. =

LEMMA 4. Let ¢ > 3 be an integer. Then

q—1
* _ 61lng
1.a)1/2 2(1 _ .
;(G—F ) szmq x(a)L*( ,x)’ O<lep<lnlnq>>
x(—1)=-1

Proof. From the method of proof of Lemma 3 we have

) > x(@)L*1x) = Z Z —am)) + O(1)

x mod ¢ Xmodq

R 0 <d(aa)J(q>> o <exp <1il§qu) > |
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Hence we obtain the estimate

-1

q
@+ L0 Y @)
a=1 x mod g
x(—=1)=-1
—1 q—1
_ d(a)(a + 17 q)1/2 1/2 5 h’lq
_0<; ) RN O SURERIEE vy

/ q/h d(lh — 1) / arh 5Ing
_ 1/2 1/2
= < Zh Z )—I—O<h| h ZGXP(]HIHq))

q =1
61n
O(qexp(lnln%])). -

LEMMA 5. Let ¢ > 3 be an integer and r a fized positive integer. Then
for any integer n,

q
b’f’
Z/€<n > = 0(r*D(n,q)"?¢"d(q)),
b=1 q

where (n,q) denotes the GCD of n and q, and d(q) is the Dirichlet divisor
function.

Proof. Let C(n,r,q) = Y i_;e(nb"/q). As |C(n,r,q)| is clearly a mul-
tiplicative function, we only have to prove the assertion for ¢ = p®, where
p is a prime and « a positive integer. From A. Weil’s classical work [6] or
T. Cochrane [2], [3] we know that for any integer n with (n,p®) = 1, we
have the estimate

P b
|C(n, 7, p*) Z( )’Srp“”-

b=

If (n,p%) = p%, then (n/p®, p*=P) = 1. Hence from the above estimate we

deduce that
L B\pr ! B\LT
Soe( M) =0 S o)
b=1 P b=1 p
< pﬁrp(o‘fﬁ)/Z _ T(n,pa)l/Zpa/Q,

|C(n, 7, p)| =

Now the Mobius inversion formula yields

bZ ()| = | Sac(nr§) | = 0w 0maa a.
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3. Proof of the Theorem. In this section, we shall use the lemmas
proved in Section 2 to complete the proof of our Theorem. For any odd
square-full number ¢, note the identity

q q

st r= 3 o) s0ne (1) <ot 3 xne(%)

h=1 =1 h=1

From Lemmas 1 and 2 and the properties of Gauss sums G(x,n) we have

7 . 2
=W2;1q> ¥ Y w3 )
:szbtq) Z* T(X)TQ(X)(ZX(br)€<[z;>>[z2(l,x)
xmodg b=1
x(=1)=-
= q * : (BT ! —
x(=1)=-1

where we have used the fact that 7(x) - 7(x) = xX(—=1)7(x) - 7(x) = —q if x

is a primitive character modulo ¢ with x(—1) = —1.
For any primitive character x modulo ¢ with x(—1) = —1, note the

identity

. b . b +a
00 ox)e () = 3 St (T

b=1 q a=1 b=1 q
q q—2 q
/ a+1)b" / a+1)b
=3 (@3 () — i)+ Yox 3 e (4T
a=1 b=1 q a=1 b=1 q




Cochrane sums 197

_ "4 o2
= L7(1,x
x mod ¢
x(—1)=-1 )
q— q
q 1 ((a+1)b * 2,1 —
+0( 3 ( S wM@)LA(1Ly)
Qb(Q) a=1"b=1 q x mod ¢
x(—1)=-1
q q3/2 “ ) % - )1/2 * 2
:27r2J( )+O< az:la—i—lq szodq x(a)L (l,x)D

X(—1)=—1

_ —¢*(q )+O( 3/2 w(q)exp<ShIQ>)7

o' 2

where we have used the identity J(q) = ¢*(q)/q if q is a square-full number.
This completes the proof of our Theorem.
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