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The joint universality and
the generalized strong recurrence for Dirichlet L-functions
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1. Introduction and the statement of main results. The value-
distribution of the Riemann zeta function ((s) and Dirichlet L-functions
L(s, x) were investigated by numerous mathematicians (see for example [7]).
In 1975, S. M. Voronin showed the universality theorem. To state it, we need
some notation. Let meas{ A} denote the Lebesgue measure of the set A, and,
for T > 0, write vp{...} := T 'meas{r € [0,T] : ...} where the dots stand
for a condition satisfied by 7. Let D :={s € C:1/2 < R(s) < 1}, and K and
Ki,..., K, be compact subsets of the strip D with connected complements.

The modern version of Voronin’s theorem is as follows.

THEOREM A (see [4, Theorem 6.5.2]). Let f(s) be a non-vanishing con-
tinuous function on K which is analytic in the interior of K. Then for every
e > 0, we have

lim inf v {sup |((s +iT) — f(s)| < e} > 0.
T—o0 seK

Roughly speaking, this theorem implies that any non-vanishing analytic
function can be uniformly approximated by the Riemann zeta function. As
a generalization of Theorem A, Voronin also proved the joint universal-
ity theorem, which implies that a collection of Dirichlet L-functions with
non-equivalent characters uniformly and simultaneously approximates non-
vanishing analytic functions. In a slightly different form this was also es-
tablished by Gonek and Bagchi, independently (both of these papers are
unpublished doctoral theses). The strongest version of the joint universality
for Dirichlet L-functions states:

THEOREM B (see [7, Theorem 1.10]). Let x; mod qi, ..., Xm mod g, be
pairwise non-equivalent Dirichlet characters, and fi(s) be a non-vanishing
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continuous function on K; which is analytic in the interior of K; for 1 <
Il < m. Then for every ¢ > 0, we have

liminf vp{ sup sup |L(s+i7, x1) — fi(s)| < e} > 0.

T—o0 1<i<m s€K;

Many mathematicians have considered generalizations of the universal-
ity (see for example [7]). On the other hand, B. Bagchi proved that the
(generalized) Riemann hypothesis is true if and only if the Riemann zeta
function (resp. Dirichlet L-functions) can be approximated by itself (resp.
by Dirichlet L-functions) in the sense of universality.

THEOREM C (see [1, Theorem 3.7]). The (generalized) Riemann hypoth-
esis is true if and only if, for any K and ¢ > 0,

lim inf v {sup |L(s + i1, x) — L(s,x)| < e} > 0.
T—o0 seK

This property is called strong recurrence (see also [7, Theorem 8.3]).
Another property similar to strong recurrence follows from Kaczorowski,
Laurin¢ikas and Steuding [3] (see also [7, Section 10.6]).

THEOREM D (see [3, Theorem 4]). Let K be a compact subset of D with
connected complement and let X € R be such that K and IC+ i\ := {s+i\:
s € K} are disjoint. Then

liminf vy {sup |L(s 4+ i\ + i, x) — L(s + i1, x)| < e} > 0.
T—o0 seK

In this paper, we will show the following joint universality theorem.

THEOREM 1.1. Let 1 =dy,ds,...,dy, be algebraic real numbers linearly
independent over Q, and d € R\ {0}. Suppose fi(s) is a non-vanishing
continuous function on K; which is analytic in the interior of K; for each
1 <1< m. Then for every € > 0, we have
(1.1) liminf vp{ sup sup |L(s+ idd;T,x) — fi(s)] < e} > 0.

T—o0 1<i<m s€K;

The assumption on 1 = dj,ds,...,d,, in Theorem 1.1 is essential (see
the proof of Theorem 1.1 and Remark 2.6).

By putting K := K; = K}, and 1 = f;(s) = fx(s) in Theorem 1.1, and
using the triangle inequality
|L(s+idd;T, x)—L(s+iddyT, x)| < |L(s+iddjT, x)—1|+|L(s+iddyT, x)—1],

we also obtain the following corollary, generalized strong recurrence.

COROLLARY 1.2. Let dy,...,d,, and d be as in Theorem 1.1. Then for
any K and € > 0, we have
(1.2) li%n inf vp{sup |L(s + idd;T, x) — L(s + iddyT, x)| < €} > 0.
— 00

seK
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We will also show the next theorem and corollary, a kind of generalization
of Theorem 1.1 and Corollary 1.2, respectively.

THEOREM 1.3. Let 01 = 1, fi(s), fa(s) and K, Ks be as in Theorem
1.1. Then for almost all 52 € R and every € > 0, we have

(1.3) liminf vr{ sup sup |L(s + i6;7,x) — fi(s)] <&} > 0.
T—o0 1<I<2 se K

COROLLARY 1.4. For almost all 62 € R and for any K and € > 0,
(1.4) liminf vp{sup |L(s + it, x) — L(s + id27, X)| < €} > 0.
T—o0 seK

If we could take d2 = 0 in (1.4), we could obtain strong recurrence, which
is equivalent to the (generalized) Riemann hypothesis (see Theorem C).

2. Proof of main theorems. Firstly, we quote Baker’s theorem.

LEMMA 2.1 (see [2, Theorem 2.4]). The numbers ay" - - - are tran-

scendental for any algebraic numbers o, . .., o, other than 0 or 1, and any
algebraic numbers By, ..., 0By with 1,51, ..., By linearly independent over the
rationals.

PROPOSITION 2.2. Let p,, be the nth prime number and 1=dy,ds, ..., dn
be algebraic real numbers which are linearly independent over Q. Then

{log pt };g\%m is linearly independent over Q.

Proof. Suppose the contrary,

T T T
Y cinlogpn+ Y conlogpi +---+ Y cunlogpim =0, cp € Q.
n=1 n=1 n=1

By the above formula, we have

(2'1) pclzn . -pﬁl’" — (p<1:21 . _p$2r)*d2 . (p<1:m1 . _pﬁmr)fdm‘
The left-hand side of (2.1) is an algebraic number. But the right-hand side
of (2.1) is transcendental when (c21,...,¢20, ... ,Cm1,--+sCmr) 7 (0,...,0)

by Lemma 2.1 and the unique factorization of prime numbers. If ¢j; = -+ =
cpr = 0, for some of 2 < k < m, we can apply a lower-dimensional case
of Baker’s theorem. When (ca1,...,¢2r, .. ¢mis--sCmr) = (0,...,0), we
obtain ¢11 = - -+ = ¢1, = 0 by the unique factorization of prime numbers. »

In order to prove some limit theorem for the Riemann zeta function and
Dirichlet L-functions, we will modify some definitions and theorems of [4,
Section 5] and [7, Section 4]. Let B(S) stand for the class of Borel sets of the
space S. Denote by H(D) the space of functions analytic on D, equipped
with the topology of uniform convergence on compacta, and H™(D) :=
H(D)x---xH(D). Define on (H™(D),B(H™(D))) the probability measure

Pr(A) =vp{(L(s+idi7,x),..., L(s + idnT,Xx)) € A}, AecBH™(D)).
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What we need is a limit theorem in the sense of weak convergence of
probability measures for Pr as T — oo, with an explicit form of the limit
measure. Denote by 7 the unit circle on C, and let 2 := [],v(p), where
~v(p) = ~ for all prime numbers. With the product topology and pointwise
multiplication, the infinite-dimensional torus {2 is a compact topological
Abelian group.

Denoting by my; the probability Haar measure on (£2™,(£2™)), where
QM = 2 x --- x {2, we obtain a probability space (£2,B(£2™), my). Let
wi(p) be the projection of w; € £2 to the coordinate space v(p), and define on
the probability space (£2,B(2"), my) the H™(D)-valued random element
L(s,x,w) := (L(s,x,w1), ..., L(s, X, wn)), where

(2.2) L(s, x,wp) := H(l — W) 71, seD,1<I<m.

Let Pp, stand for the distribution of the random element L(s, x,w), i.e.
PL(A) =my(w e 2™ : L(s,x,w) € A), AeBH™(D)).

PROPOSITION 2.3. The probability measure Pr converges weakly to Pr,
as T — 0.

Proof. The key for the proof of [5, Theorem 1] and [6, Theorem 1] is

the linear independence over Q of {log(n + al)}:élNSOm resp. {logpn}nen U

{log(n + @) }neny, where Ng := NU {0}, « € R\ Q, and ay,...,q,, are
algebraically independent over Q. In our case, {log pgl}:é%\?m is linearly in-
dependent over @Q by Proposition 2.2. Firstly, we have to show that the

probability measure
Qr(A) == vp{(pi'7,...,pimT) € A}, A e B(Q™),

converges weakly to the Haar measure my on (£2™,8(2™)) as T — oo. We
can show this by modifying the proof of [5, Lemma 4] or [6, Lemma 3] and
using Proposition 2.2 (see also [4, Theorem 1.3.19] or [7, Lemma 4.4]). In
addition, we can show that the one-parameter group {®; : 7 € R}, where

Dr(w) := (p;lewl (pn)s - - - 7piLdMTwm(pn))a
is ergodic, by modifying the proof of [5, Lemma 9] or [6, Lemma 7] and using
Proposition 2.2 (see also [4, Theorem 5.3.6] or [7, Lemma 4.7]). Hence we
obtain the desired assertion by modifying the proof of [5, Theorem 1] or [6,
Theorem 1]. m

The next lemmas have been obtained only in the case m = 1 (see for
example [4, Section 6] or [7, Section 5]).



The joint universality 361

LEMMA 2.4. Let {z,} be a sequence in C™ satisfying > oo, |z,]* < oc.
Then there exists a sequence {by,} with b, € {£1,...,£1} such that the
series Y o 1 (binZ1in, - - ., byn@mn) converges.

Proof. The case m = 1 coincides with [4, Lemma 6.5.3] or [7, Lemma 5.5].
Now use this case for each component of >>° | (binZ1n, - - -, bynTmn).

LEMMA 2.5. Let {f,} be a sequence in H™ (D) which satisfies:

(a) If w are complex measures on (C,B(C)) with compact support con-
tained in D such that Y 07 | & fin dp| < oo, then §s" du(s) = 0
forall1 <1 <m andr € Ng.

(b) The series > o7 fn converges in H™(D).

o0

(¢) For any compact set Ky C D, > 07 | SUPj<j<pm SUDsexc, [ fin ()2 < 0o.

Then the set of all convergent series > oy (@infin, - - s Gmnfmn) With |ap,|
=1 is dense in H™(D).

Proof. For m = 1, the assertion has been proved in [4, Theorem 6.3.10]
or [7, Theorem 5.7]. Now apply this case to each component of

oo
Z(alnflny s ’amnfmn)- u
n=1
Proof of Theorem 1.1. In view of the standard proof of universality (see
[4, Section 6] or [7, Section 5]), we only have to check the three assumptions
of Lemma 2.5. Assumption (a) holds by [4, Theorem 6.4.14] (see the proof
of [4, Lemma 6.5.4] or [7, Theorem 5.10]). Lemma 2.4 yields (b), and (c) is
obvious because 1/2 < R(s) < 1.
Therefore we obtain the assertion for d = 1 by modifying the proof of
[4, Theorem 6.5.2] or [7, Theorem 5.14], which are one-dimensional univer-
sality theorems. For the multi-dimensional case, we refer to the proof of [6,
Theorem 2], which is the two-dimensional universality theorem.
Finally, by changing the parameter 7 +— d7, we obtain Theorem 1.1. m

REMARK 2.6. We have examples for which (1.1) is not true when dj, da
are linearly dependent over Q. For instance, the case do = —1 is proved as
follows. Let K1 = K5 be a one-point set on the real axis in D. In this case,
any 7 satisfying |L(o + 47, x) + i| < € must satisfy |L(o — i, x) —i| < ¢ for
any real Dirichlet character.

It should be noted that 1,dd;,dds are not always linearly independent
over Q when 1,d;,dsy are linearly independent over Q. For instance 1,dv/2
and dv/3 are linearly dependent over Q when d=! = v/2 + /3.

Next, we will show Theorem 1.3.

LEMMA 2.7. For almost all 53 € R, {logp,} U {logp22} is linearly inde-
pendent over Q.
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Proof. Suppose the contrary. In view of proof of Proposition 2.2, we have

(2.3) PR = () T

The left-hand side of (2.3) is an algebraic number. But the right-hand side
of (2.3) is transcendental when (ca1,...,c2) # (0,...,0) for almost all d9 €
R by the unique factorization of prime numbers and the fact that almost
all real numbers are transcendental. Hence the right-hand side of (2.3) is
transcendental except for a null set of o € R. The set of algebraic numbers
is countable, and a countable union of null sets is also a null set. Thus for all
0<qeQ)\ {1} and for almost all d, € R, ¢°2 is transcendental. Therefore
we obtain the conclusion by modifying the proof of Proposition 2.2. =

Proof of Theorem 1.3 and Corollary 1.4. By using Lemma 2.7 instead
of Proposition 2.2, and modifying the proof of Theorem 1.1, we obtain The-
orem 1.3. We also obtain Corollary 1.4 by using the method of proof of
Corollary 1.2. =

REMARK 2.8. Theorems 1.1 and 1.3 can be generalized to the Dirichlet
series belonging to the class S introduced in [7] (see [7, Section 2.2 and Nota-
tion]). Roughly speaking, S is the class of Dirichlet series satisfying the Ra-
manujan hypothesis and a condition similar to the prime number theorem,
continued analytically, of finite order, and having polynomial Euler product.
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