ACTA ARITHMETICA
116.4 (2005)

On the structure of the Selberg class, VI:
non-linear twists

by

J. KaczorROwsKI (Poznan) and A. PERELLI (Genova)

1. Introduction. In the first paper of the series, [7], we investigated
the analytic properties of the linear twists

(1.1)  F(s,a)= Z agj) e(—na), e(z) =™ a€R, o> 1,

n=1

of functions F(s) of degree 1 in the extended Selberg class S*. Precisely,
denoting by gr and 0 respectively the conductor and the shift of F(s) (see
below for definitions) and writing n, = gqra, we proved that for a > 0
the twist F'(s,a) has meromorphic continuation to o > 0, and it has a
simple pole at s = 1 — ifp if and only if n, € N and a(n,) # 0 (see
Theorem 7.1 of [7]). In [7] we exploited such analytic properties in order to
characterize the functions of degree 1 in S*. In particular, we proved that
the only functions of degree 1 in the Selberg class S are the Riemann zeta
function ((s) and the shifted Dirichlet L-functions L(s + i6, x), with 6 € R
and primitive characters x.

It turns out that Theorem 7.1 of [7] is a special case of a general result
for functions in S* of any degree d > 0. To see this, for d > 0, & € R and
F € St with degree d we consider the non-linear twist

o0
(1.2) F(s,a) = Z %TSL) e(—n'la), o >1;
n=1
note that F(s,«) in (1.2) becomes the linear twist in (1.1) when d = 1. In
this paper we first obtain the basic analytic properties of F'(s,«) and some
uniform bounds on vertical strips, and then we turn to various applications.
We refer to the survey paper [8] and to [7] for the basic notation and
properties of the Selberg class S and the extended class Sf. Here we recall
that S denotes the class of Dirichlet series F'(s) satisfying the following five
axioms: (i) the abscissa of absolute convergence o,(F) satisfies 0,(F) < 1;
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(ii) (s—1)™F(s) is an entire function of finite order for some integer m > 0;
(iii) F'(s) satisfies a functional equation of the form
D(s) = wd(1 — s)
where |w| =1, f(s) = f(5) and
T
O(s) = Q° H I'(Ajs+ pj)F(s) = v(s)F(s),
j=1
say, with @ > 0,\; > 0 and Rp; > 0; (iv) the Dirichlet coefficients a(n)
of F(s) satisfy the Ramanujan conjecture a(n) < n® for every € > 0; (v)
log F'(s) is a Dirichlet series with coefficients b(n) satisfying b(n) = 0 unless
n=p™, m>1,and b(n) < n? for some ¥ < 1/2. Moreover, S* denotes the
extended Selberg class, consisting of the non-zero functions satisfying only
the first three axioms, mp > 0 denotes the order of pole at s = 1 of F € S*
and ~y(s) is called a ~-factor. We also recall that the degree, {-invariant,
conductor and root number of F' € S* are defined by

r r 1 .
dp =2 A, §F:2Z<ﬂj_§>:77F+19F’
j=1

j=1

qr = (27T)dFQ2 H )\?’\J’ wh = we 5 (r+1) ((2Z§d1?> H >‘j QZ\WJ’
J=1 Jj=1
respectively, and that S; (resp. Sg) denotes the subclass of S (resp. S%)
consisting of the functions of given degree d. Further, we will use f(z) < g(z)
to mean g(z) < f(x) < g(z) and s = o + it, and the value of the constant
¢ below will not necessarily be the same at each occurrence.

Ford>O,F€Sflandoa>0wewrite

0 if ng €N
= gpd— %7, - ’
floe = AP e alna) {a(na) if no € N.
The basic analytic properties of F'(s,«) are given by the following general
version of Theorem 7.1 of [7].

THEOREM 1. Let d > 0, F € Sfl and o > 0. Then F(s,«) has mero-
morphic continuation to C. Moreover, F (s, a) is entire if a(ny) = 0, while
if a(na) # 0 then F(s,a) has at most simple poles at the points

d+1 k 0
Sk 2d d Zd) k 077 5

with non-vanishing residue at sg.

It is well known that Sg = () for 0 < d < 1 (see for example Corollary 5
below). Nevertheless, we still consider the case 0 < d < 1 since Theorem 1
allows us to obtain a simple new proof of the non-existence of functions
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F e Sg with d in that range (see again Corollary 5 below). Moreover, we
remark that it is in principle possible to check the vanishing or non-vanishing
of the residue at each point s, but there are non-trivial complications in
details (see Lemmas 2.4, 2.5 and the proof of Theorem 1 below).

With applications in mind, we now turn to certain uniform bounds for
F(s,a). To this end we call a family F of L-functions in S* admissible if
every ' € F has dr < 1, mp < 1, a y-factor with

Q>1, N>1, <<l

and, moreover, satisfies

(13) S la(n)] < a*,

n<x

where the implied constants in the <-symbols depend on the family F. Note
that each F' € F has qr <7 Q? and dr > 0 (and hence dr > 1 by, e.g.,
Corollary 5 below). We remark that, conjecturally, dp < 1 implies mp < 1,
and every I’ € F has a vy-factor with @ > 1 and A; > 1. Moreover, if all
F € F C S have polynomial Euler product with uniformly bounded degree,
then (1.3) is automatically satisfied and mp < 1. Examples of admissible
families are a single F € S* with dp > 1, the set of Dirichlet L-functions
associated with primitive characters, the set of normalized L-functions as-
sociated with modular forms of bounded weight, and the set of Dedekind
zeta functions of number fields with bounded degree. Note, however, that
for a fixed primitive Dirichlet character x the set {L(s+ik, x)}kez is not an
admissible family, nor is the set of all Dedekind zeta functions or even the
set of integer multiples of ((s).

Let F be an admissible family and A > 2. We remark here that for
|s — 1| > 1/4 the functional equation and the Phragmén—Lindel6f theorem
imply the bound

(1.4) F(s) <r.a a5 (1t +2)4

uniformly for F' € F and —A < o < 2, where ¢ = ¢(F).
Given I € S* we denote by (z) the distance of x from the nearest integer
n such that a(n) # 0. Moreover, for a > 0 we write

Ja if a(ng) # 0,
Oa) = {a/(na> if a(ng) = 0.

The required uniform bounds on vertical strips are given by

THEOREM 2. Let F be an admissible family, o > 0, A > 2 and s be as
in Theorem 1 (k=0,1,...). Then for |s — si| > 1/4dp we have

(L5) Fs,a) <z qi 7 (It] +2)*5()
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uniformly for F € F, —A < o0 < 2 and ny >F 1, where ¢ = ¢(F). Moreover

rese—s, F(s,0) =whalna)ql " *nylen(F),  k=0,1,...,

where c(F) = OF (1) uniformly for F € F and co(F) # 0.

We remark here that the main goal of this paper is the description of the
analytic structure of F'(s,«) presented in Theorem 1, and that we do not
attempt to get sharp uniform bounds for F'(s, ). Sharper bounds than (1.5),
especially in the a-aspect, can be obtained by refining the arguments in
Sections 2 and 3 below.

Our first application deals with the following non-linear exponential sum
associated with the coefficients of F' € Sg. Let ¢(u) be a smooth function on

(0, 00) with compact support, ¢(s) its Mellin transform, a > 0, > 1 and

Sp(z) = Sp(z,a;¢) = Z a(n)e(—nl/da)gb(%).
n=1

A standard application of Theorem 2 gives

COROLLARY 1. Let F be an admissible family and o > 0. Then for
every A > 0 we have

Spa)=wp W 2 3 ck<F>£¢F<sk>(%)k

fa 0<k<dp At (dpt1)/2 ar
+OFg.a(a5 "0(a) ™)
uniformly for F € F and ny >x 1, where ¢ = ¢(F).

Corollary 1 should be compared with the results on the corresponding
non-linear exponential sum

(16) S0 = Y anc(-2vimo( ). >0
n=1

obtained in Appendix C of Iwaniec-Luo-Sarnak [6], and in particular with
the asymptotic formula (C.17) of [6] where the coefficients a,, come from a
degree 2 L-function. Note that the parameter ¢ in (1.6) corresponds to our
parameter .. Apart from the degree of uniformity in o (but see the remark
after Theorem 2), Corollary 1 improves and extends such results. Note also
that our approach is different from [6], and that in view of the pole of
F(s,a) at s = sg, Theorem 1 gives some further support to the conditional
asymptotic formula (C.33) of [6], dealing with a non-linear exponential sum
similar to (1.6), but over primes.
The next application deals with an {2-result for
Ap(z) = a(n)

n<x

for any F' € Sg with d > 1.
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COROLLARY 2. Let F € Sg with d > 1. Then for every polynomial
P € C[z] we have

Afp(z) = xP(logz) + Q(x(d—l)/Zd)'

Clearly, the interesting case in Corollary 2 is when P(logz) is chosen
as in (4.2) below. We remark that Corollary 2 can possibly be proved in a
classical way by means of Voronoi-type expansions, although we could not
trace this result (in the full generality of the class S*) in Chandrasekharan—
Narasimhan [3] and related papers. Moreover, the proof of Corollary 2 clearly
shows that the exponent in the 2-estimate is caused by the pole of F(s, a)
(with a suitable choice of «r) at s = sg.

Let o.(F") denote the abscissa of convergence of F' € Sg. We have

COROLLARY 3. Let F € 8% with d > 1. Then

d—1
F)> —.
oelF) = =3
In the same way as Corollary 3 we can prove the following generalization.
For F € Sg with d > 1 and any polynomial @ € C[z], the abscissa of

convergence o.(F, Q) of the series

i a(n) — Q(logn)

ns
n=1

satisfies o.(F, Q) > (d — 1)/2d.

Corollary 3, our result that Sg =0 for 1 < d < 5/3 (see [9]) and the
description of the functions of degree 1 in S (see above and Theorem 3
of [7]) allow us to obtain the following characterizations of the Riemann
zeta function and of the Dirichlet L-functions. Our proof is quite indirect,
and we wonder if there exists a simpler and direct proof.

COROLLARY 4. Let F € S5 with d > 1. If the series
2 a(n) -1 >, a(n)
S (e 3 )
n=1 n=1

converges for o > 1/5 —§ with some § > 0, then F(s) = ((s) (resp. F(s) =
L(s+10, x) with some 0 € R and a primitive Dirichlet character x).

Our last application is another proof of the well known result assert-
ing that there are no functions in Sg with 0 < d < 1; see Richert [11],
Bochner [1], Conrey-Ghosh [4] and Molteni [10] for several proofs.

COROLLARY 5. St =10 for 0 <d < 1.

In fact, suppose that there exists F' € 8(3 with 0 < d < 1 and let a(m) # 0
for some integer m. Choosing « such that n, = m, from Theorem 1 we
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deduce that F(s,a) has a pole at so = (d + 1)/2d — i0r/d with Rsg > 1, a
contradiction since F'(s, ) is absolutely convergent for o > 1. We remark
that the nature of this proof is different from those quoted above. Indeed,
our proof depends on the polar structure of the associated non-linear twist
F(s,a), while all the above quoted proofs depend on the behavior of the
coefficients a(n) of F(s).

Acknowledgments. This research was partially supported by Istituto
Nazionale di Alta Matematica, by a MURST grant and by KBN grant
1 PO3A 008 26.

2. Hypergeometric functions. Let A = (A(,...,\;) with A\; > 0,
w=(p1,...,pr) with p; € C, d = 22;:1 Aj and K > 1 be an integer. We
consider the incomplete Fox hypergeometric function

1
(2.1) Hy(z,8) = Hx(z,8; A\, ) = 5 S h(w, s)z" dw,
kT
where h(w, s) = h(w, s; X\, u) = h*(w, $)I'(w),
(N =)+ — Yw
B (,) = h* (a5 ) = [ =) 7 = )
=1 Ty +py+ Fw)

and 2% = e®'(®) [(2) denoting the branch of log z on C \ (—oo, 0] satisfying
|$1(z)] < m. In Sections 4-6 of [7] we studied the analytic properties of the
functions Hg(z,s) for 0 < o < 2, in the case d = 1 and Ru; > 0. In order
to prove Theorems 1 and 2 we need to extend the study of Hg(z,s) to the
half-plane ¢ < 2 and to obtain uniform bounds on vertical strips, in the
general case d > 0 and Rp; > 0.

We first remark that a simple transformation shows that the general case
d > 0 can be reduced to the case d = 1. In fact, writing

~ d—1 ~ Aj - Aj 1
(22) ro L N
dZQZ)‘]:L A:()‘lv---y)"r‘)a ﬁ:(ﬁlv"'aﬁr)a
=1
we have
(23) HK(Z,S; A, “) = HK(Zag; A, ﬁ)a

thanks to the identities

N = )\ o -
Aj(l—é’)wj—jwz&-(l—s)wj—gjm

-~ N\ s
)\js+uj+ziw:>\js+uj+gjw.
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Note that d = 1 and Xj > 0, while the Ji;’s are not necessarily non-negative
when 0 < d < 1, even if ®u; > 0. However, the non-negativity of the u-data
is not important in our study of the hypergeometric functions, and hence
(2.3) shows that we may restrict ourselves to the study of Hx(z,s) in the
case d = 1 and p; € C. Therefore, unless explicitly remarked, in the rest of
this section we will assume that d =1 but we will not assume the condition
Ru; >0 forj=1,...,r.

Since in view of transformation (2.3) we need to obtain the analytic
properties of Hg(z,s) in the half-plane ¢ < R with a suitable constant
R > 2, we require that the poles of h(w, s) have positive distance from the
line Rw = —K — 1/2 for every s with o < R. Clearly, the choice

(2.4) K = | max 1—i_im'uj’+22T:<|,u'|+1>+R]—l—l
j=ler 2\ pa )

ensures this (note that the full force of this choice will be used later on,
especially in Lemma 2.4 below). Moreover, with abuse of notation, in analogy
with the definition of an admissible family F C S* we say that a family F
of data (X, p) is admissible if d = 1, A\; > 1 and p; < 1, where the
implied constants depend on F. Clearly, by (2.2) every admissible family of
L-functions in S* induces an admissible family of data (/N\, ).

For clarity of exposition, we recall here the basic result on the analytic
continuation of Hg/(z,s) obtained in [7]. Let

(2.5) g=TIx\""
j=1

be the f-parameter of Hg(z,s) and
A={z€C: Rz >0},
Bz ={z€C: |z <1/} \ (-1/8,0],
Cs={z €C: || > 1/8),
Dﬁ =AU Bg U Cg.
LEMMA 2.1. Let d=1, R > 2 and K be as in (2.4). Then integral (2.1)
is absolutely and uniformly convergent on compact sets of Ax{o < R} and

Hg (z,s) has holomorphic continuation to Dg x {0 < R} as a single-valued
function.

Proof. This is essentially Theorem 4.1 of [7], with the domain {2 replaced
by the half-plane {o < R} and p; € C; the proof is exactly the same. m

In particular, from Lemma 2.1 we see that the function Hg(—iy, s) is
holomorphic for o < R, provided y > 0 with y # 1/3. Since in our appli-
cations to the study of the non-linear twist F'(s, ) we need to have control
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on Hy(—iy,s) for every y > 0, for 0 < R we write
Hi(—i/B,s) = lim/BHK(z,s),

where the limit is taken along a path where #z > 0. In Sections 5 and 6 of [7]
we proved, in the restricted range 0 < o < 2, that the limit exists and does
not depend on the path. Moreover, we studied the function Hx(—i/3,s) in
the strip 0 < o < 2, and in particular its polar structure (see Theorems 5.1
and 6.1 of [7]). In order to extend such results and to get uniform bounds we
need several lemmas. Although Lemma 2.1 already shows that Hg (—iy, s)
is holomorphic for 0 < R if y > 0 with y # 1/, for completeness we include
a sketch of proof.

For K as in (2.4) and z = —iy we write
—K—1/24iV
1(V; = — v
(V,Z,S) i S h('lU,S)Z d’l,l)7
—K—1/2—iV
) —K—1/2+iV
JE(V;z,s) = 5 S | h(w, 8)z" dw,
—oo£iV
1 oco+iV
Ty, _ w
JE(Viz,8) = 3 S h(w, 8)z" dw,

i
—K—1/24iV
and prove

LEMMA 2.2. Let F be an admissible family of data, L > 2, y > 0,
R = R(F) > 2, K be as in (2.4) and V > 0 be sufficiently large. Then
for (A, p) € F the integral I(V;—iy,s) is holomorphic for o < R, while
JE(V; —iy, s) (withy > 1/8) and JE(V;—iy,s) (with 0 < y < 1/8) are
holomorphic for —L < o < R and t € R satisfying V > c(|t| + L) with a
suitable ¢ = c(F). Moreover, for V > c(|t| + L) we have

I(V;—iy,s) <z VEy K2,

VcLy7K71/2
JE(V;—iy,s) <Fp ———
( ) <7, log By
if y>1/8 and V > clog™® By, and
. VcLy—K—l/Q
JEV; —iy, s) <Fp ————
( )<z, |log By|

if 0 <y <1/8, uniformly for (A,pu) € F and —L < o < R, where ¢ = ¢(F).

Proof. We first remark that the constants implied in the <-symbols
below may depend on F and L. Moreover, in view of (2.4) and condition
V > ¢(|t| + L)3, the paths in the integrals under consideration have positive
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distance from the poles of h(w,s). Further, we only prove the bounds for
such integrals, since their holomorphy follows by the same argument.

We start with the I-integral. Writing w = —K — 1/2 + v with =V <
v <V, by the identity

I'2)I(1—-2z2)=
()1 ?) sinmwz
we get

h(ws<<HF (1= 8)+7; — ANw) (1= XAjs — p; — Ajw)
7j=1
x sin(Ajs + pj + Ajw)

HF —i\j(t+v))'(bj — iXj(t +v))sinm(c; + iX;(t +v)),

where a; = )\j(K +3/2 - o) + 1, bj = )\j(K +1/2—0)+1-— Wi, ¢ =
Aj(o — K —1/2) + pj. Note that for o < R we have Ra;, Rb; > 0 by (2.4).
Clearly

sinm(cj 4 i\j(t +v)) < e™lt+l

and by Stirling’s formula
I(aj —ixj(t+v))D(b; — iXj(t +v)) < e ™I (1 4 |t 4 v])F

uniformly for (A, ) € F and —L < o < R, where ¢ = ¢(F). Therefore,
recalling that the value of ¢ is not necessarily the same at each occurrence,
we have

h*(w, s) < (1 + |t + v])F
and hence, again by Stirling’s formula,
1%
I(V;—iy,s) < | (1+[t+o]) (Lt [o])e 2y~ K1 2ealvlgy « veby =K1/
—V
provided V > c¢(|t| + L)3, say, as required.
Now we turn to the J*-integrals; we consider only the J*-integral since
both the treatment of the J~-integral and the resulting bound are the same.
Also, by the same reason we assume that t > 0. Writing w = u + ¢V with

u < —K — 1/2, arguing as for the I-integral and recalling that d = 1 we
have

h*(w, s) < ez t+Y) H|F (1= s) 4+ 75 + Nj(|u] —iV))

P(L=Xjs = pj + Aj(Jul = V)]
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Here we use the following form of Stirling’s formula:
(2.6) logI'(z+a)=(z+a—1/2)logz — z+ O(1)

for |z| sufficiently large, uniformly for |a| < |2|/? and |argz| < 7 — &,
for any fixed e > 0. Since (2.6) can be proved starting with the classical
Stirling formula and performing standard manipulations, we omit the proof.
Taking z = Aj(lu| —iV) and a = A\j(1 — s) +7; or a = 1 — \js — p; we
have |argz| < m/2 and, in view of the assumption V > c(|t| + L)3, also
la| < |2|Y/3. Hence from (2.5), (2.6) and d = 1 we get

B (w, 5) < e3EV) glul (2 4 y2)3(lul+1/2-0) = (V+0) arctan i —[ul

uniformly for (A, u) € F and —L < o < R. Moreover, by the same argument
we also have

e*ﬂ'V

_ _1 V arctan 2
V(2 g 2y ul2) Tl elul
=y < V) ‘ )

I'w) < i

Therefore, recalling that y > 1/, t < V13 and V > clog™% By, substitut-
ing u — —u we get

JH(V;—iy, s) < S (ﬁy)_u(UQ+V2)_‘7/26t(§—arc‘nan%)du
K+1/2
VV
:< |+ ><ﬁy>_u(u2+V2)_‘7/26t(%—arctan%) i
K+1/2 vV
VcLy_K_1/2 Vel ST lowsy . w
log By log By sy

as required.

Dealing with the J *_integrals, as before we consider only the J T-integral
and ¢t > 0. Writing w = u + iV with u > —K — 1/2 and arguing as before,
from (2.6) we get

h*(w,s) < e 2V TT T (A + gy + Ajw) D(1 = A (1 = ) = 11 + Ajw)| ™!
j=1
< 6_%(V+t)ﬁu€u (’LL2 + V2)—%(u+0—1/2)e(v+t) arg(u+iV)

uniformly for (A, u) € F and —L < o < R. Moreover, by Stirling’s formula
we have

I(w) < (02 + V?2)3(u=1/2) o=V arglutiV) o —u,

Therefore, recalling that 0 < y < 1/8 and observing that arg(u + V) <



Structure of the Selberg class 325

w/2+¢/V for —K —1/2 < u < oo, we obtain
THVi—iy.s) < | (By)"(u® + V)2tV gy
—K—1/2
\/V e °] 1 —U
< ( |+ ) <—> (u? 4+ V?)~72 du
~K-1/2 vV By
-

VcLy—K—l/Q

|log By|
and the lemma follows. =

LEMMA 2.3. Let F be an admissible family of data, L > 2, y > 0 with
y#1/8, R=R(F)>2 and K be as in (2.4). Then for any (\,pn) € F the
function Hy(—iy,s) is holomorphic for o < R. Moreover

Hy(—iy, s) < (|t] +2)y~ " 2(1 + [log By|~F)
uniformly for (A, p) € F and —L < o < R, where ¢ = ¢(F).

Proof. We give only a sketch of proof since the basic argument and
the technical details are similar to those in Theorem 4.1 of [7] (see also
Lemma 2.1) and in Lemma 2.2, respectively.

Let (A, ) € F, V > 0 be sufficiently large and s belong to the rectangle
R defined by —L < o < R and V > ¢(|t| + L)3. Assume first that y > 1/3
and consider the contour C consisting of the vertical segment [-K—1/2—iV,
—K—1/2+iV] and of the two horizontal half-lines (—oo+iV, —K —1/2+iV].
Moreover, for z = —iy let

He(z,s) = 2L S h(w, s)z" dw.

™
C

Clearly
He(—iy,s) = I(V; —iy, s) + J(V; —iy, s) + J T (V; —iy, s),

where the integrals on the RHS are those in Lemma 2.2, and hence H¢ (—iy, )
is holomorphic for s € R by Lemma 2.2. Now we apply Cauchy’s theorem
to the two closed contours obtained by joining the half-lines (—K—1/2+1V,
—K —1/2 £ i00) and (—oo £V, —K — 1/2 £ iV] by two arcs of the circle
|w| = U with U — oo. Note that the region delimited by such closed contours
does not contain poles of h(w,s)(—iy)* if s € R. Moreover, by estimates
similar to those in Lemma 2.2 we can show that the integral of h(w, s)(—iy)™
over such arcs tends to 0 as U — oo. Therefore

HC(_iya S) = HK(_Zy7 5)7
and hence Hg (—iy, s) is holomorphic for s € R. Since L and V are arbitrary,
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we see that Hg (—iy, s) is holomorphic for 0 < R in this case. Moreover, for
—L <0 < R we have

(27)  Hg(—iy,s) = I(V;—iy,s) + J (Vi —iy,s) + J*(V; —iy, s)

with V' > ¢(|t| + L)3 and a suitable constant ¢ = ¢(F).

The case 0 < y < 1/ is dealt with in a similar way, by considering in
place of C the contour C’ consisting of the vertical segment [—K—1/2 — iV,
—K — 1/2 +iV] and of the two horizontal half-lines [-K — 1/2 £ iV,
0o + iV). Using the integrals JE(V; —1y,s) in Lemma 2.2 instead of the
corresponding integrals J*(V'; —iy, s), in this case by Cauchy’s theorem we
deduce that Hg (—iy, s) is holomorphic for ¢ < R and

(2.8)  Hy(—iy,s) = I(V;—iy,s)+ J (Vi—iy,s) + J(V; —iy, s)
for —-L <o < Rand V > ¢(|t| + L)3.

In order to get a uniform bound for Hg (—iy, s) in the strip —L <o < R
we inject the bounds of Lemma 2.2 into (2.7) and (2.8). Suppose first that
y > 1/8. If |t| > log~2 By we choose V = c(|t| + L)? > log™® By in (2.7),
and hence from Lemma 2.2 we get

. c - - 1
Hy (—iy,s) < ([t] +2)y~ " 1/2<1+ M)

If |t| < log™2 By we choose V = ¢(L? 4+ log™ By) > (|t| + L) in (2.7), and

hence from Lemma 2.2 we have

Hg(—iy,s) < (log By) Ly 1/2<1+

1
log ﬁy)
Therefore, for y > 1/ we have
Hi (—iy, s) < ([t| +2)%y ™ 2(1 + log™" By)
uniformly for (A, pu) € F and —L < o < R. A similar (even simpler) argu-

ment applies to the case 0 < y < 1/ as well, and the lemma follows. =

We recall that for F' € S* the &-invariant 7 (see the Introduction) is
defined in terms of the p-data. In analogy with &g, starting from the data
(A, i) we define

(2.9) _QZ i —1/2) =n+ib

and write
'

A(s) =D _(Aj(1 = 25) — 2iSp;) log 22,
j=1

and, for any non-negative integer m,
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K1 o r(i-s5+5+5 /it
R s S 1O
F(1—5+5)0(s—1+i0+m)
+ﬁf(§—l—E)F(§+§+m)F(l+§+§+m)
2 2 2 2 2 2 2 2
rE—s+§(s—1+i6+m)
FE=9IG+5+mI(E+5+5+m)

LEMMA 2.4. Let F be an admissible family of data, L >2, R= R(F) > 2,
K be as in (2.4) and £ be as in (2.9). Then for any (A, pu) € F and any
integer M > cL with a suitable ¢ = c(]—") we have

Hg(—i/B,s) =e S)ZP $) Ik m(s) + gnm(s),

where the Py, (s)’s are polynomials with deg Py, < 2m and Py(s) = 1 identi-
cally, and their coefficients are uniformly bounded by a constant depending
of F and M. Moreover, gyr(s) is holomorphic for —L < o < R and satisfies
gu(s) <z ([t +2)

uniformly for (A, p) € F and —L < o < R, where ¢ = ¢(F).

Proof. This lemma is an extension of Theorem 5.1 in [7], and the main
argument in the proof is similar. Therefore, we only give a sketch of the
proof.

Let F be an admissible family of data, (A, pu) € F, z =  — i/ with
x>0and w=—K —1/2+ iv. Then for V' > 0 sufficiently large we have

1 w
(2.10) Hk(z,s) = . S + S )h(w, s)zY dw
[v|<V o>V
= HE(I)V( s5) + H§<)V(z s),

say. Moreover

(2.11) Hi(—1/B,s) = lim Hg(z,s).

z—07+
Since Hg)v(z,s) is the integral I(V;z,s) in Lemma 2.2, we infer that
Hg)v(—i/ﬁ, 5) is holomorphic for ¢ < R. Moreover, we choose V' = ¢(|t|+L)3

with a suitable constant ¢ = ¢(F) and apply Lemma 2.2, thus getting (recall
that the value of ¢ is not necessarily the same at each occurrence)

(2.12) Hy(—i/B,5) < (|t] +2)
uniformly for (A, u) € F and —L <o < R.
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In order to deal with H[(?,)v(zv s) we write a = $(1 —s) + 1 and b =
%s—i—%ﬁ , and argue as in Lemma 5.1 of [7] using the following form of Stirling’s
formula:

1
logI'(z 4+ a) = (z—l—a— —> logz— 2+ = log27r

M+2
n Z pym+ Byy1(a) Z—m+0<|a’ )

m(m + 1) |z|M+1

uniformly for |arg(z + a)| < 7 — ¢ and |a| < |2|/2, where M is any non-
negative integer and B,,(a) denotes the mth Bernoulli polynomial. Applying
this to h*(w, s) we get

Tla+5-%) (BY"), x= Quls) [ ls]*2
low I* -1 A) 2 \" "3 2) (P ~
og h*(w, s) og{e Fh+isy) <2> }—i-mZ:l o +O<|w’M—H>

with certain polynomials @,,(s) of degree < m+ 1, and taking the exponen-
tial we obtain

Dla+3=3%) (B[, N~ @) | of s
* _ JA(s) 2 2 ~ m
hi(w,s)=e F(b+%+%)<2> {H,,; w™ +O(Iw|M“>}

with certain polynomials @/, (s) of degree < 2m. Now for 1 < m < M we
use the formula

M—-—m—1

1 am Fin(B) (|8
el e D Dl +O< M )

=1

with certain polynomials Fj,,(3) of degree < [, where o and [ are param-
eters to be suitably chosen and (z),, means 1 for m = 0 and z(z + 1) ---
-+(z4+m —1) for m > 1. In this way we finally get

B (w, 5) = A F(a+—§—%)<§>“’<m§: % +gM(w,s)>,

rb+3+7%) o btz +3),

where the P,,(s)’s are polynomials with deg P,,, < 2m and Py(s) = 1 identi-
cally, and their coefficients are uniformly bounded by a constant depending
on F and M. Moreover, if we choose M > c¢L with a suitable constant
¢ = ¢(F), then gpr(w, s) is holomorphic for —L < o < R and satisfies

(It] +2)M+2
gu(w, s) < G lv] >V,

uniformly for (X, ) € F and —L < 0 < R. Hence, using I'(z + 1) = 2I'(2),
we get
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2
(213)  Hpy(2,5)

M 1 w w
Ma+i—w)p _
— A0 Pm(s) S la j: % 51) (w) <ﬁ> dw + HI(?,)V,M(Z’ s),
2772

= IN() 2

where

By (e0s) = — A 30 Pnle) F<a+%—%)”w)<@>wdw

V.M ; 1
w0 2w 2, Tty +5+m)\ 2

FeAe L F(GJF%_%)F(W)(@

1 )w

. T gu(w, s) dw.
2mi rb+s+%) 2
In view of the choice of M the second integral is convergent in the strip

—L <o < R, and hence HKVM( i/, s) is holomorphic in the same strip
and satisfies

(2.14) HK VM( i/B,s) < ([t| +2)°M
uniformly for (A, pu) € F and —L <o < R.
In order to deal with the first term on the RHS of (2.13) we observe that

each term )
R LY

; 1 w
27i K1) rb+5+%+m) \ 2

equals the function Hg)(z, s) in (5.2) of [7] with b replaced by b+ m. There-
fore, arguing exactly as in the proof of Theorem 5.1 of [7] we get

(2.15) lim eA(®) Z S Flat;-3)Iw) <&>w dw

Jim, i F(b+%+%+m) 2
N B By o
_ A(S)mZ:OPm { kzki _;E)m) (%)
e zlmn)o
N ( (_a;; D(ifub T;)C};fjbﬁ)m)}

In view of the definitions of a and b, the lemma follows now from
(2.10)-(2.15). =
LEMMA 2.5. Let F be an admissible family of data, L >2, R= R(F) > 2,

K be as in (2.4) and 0 be as in (2.9). Then for any (X, u) € F the function
Hy(—i/B,s) is meromorphic for o < R, with at most simple poles at the
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points
sH=1-k—i0, k=0,1,...,

and non-vanishing residue at s . Moreover, for |s — s(k)\ >c, k=0,1,...,
Hyc(=i/B,s) <71, (|t] +2)°%
uniformly for (A, p) € F and —L < o < R, where ¢ = ¢(F).

Proof. This lemma is an extension of Theorem 6.1 of [7], but the argu-
ment in the proof is different. In fact, the argument using binomial coefficient
identities as in [7] is apparently difficult to carry over to our present case,
and is replaced by a more theoretical argument.

Let (A,p) € F. We choose M = [cL] + 1 in Lemma 2.4 to infer that
Hg(—i/B,s) is meromorphic for ¢ < R since L can be taken arbitrar-
ily large. Moreover, by Lemma 2.4 and Stirling’s formula we find that
Hy(—i/B,s) satisfies the required bound away from its poles. Therefore,
the proof of the lemma reduces to investigating the polar structure of
HK(_Z/ﬁa S).

We start by observing that for a,b,c,d € C with ac # 0 and w with
(a — ¢)w + b — d non-negative integer, the function

I'(as+b)
I'(cs+d)

is holomorphic at s = w. In fact, denoting by f(s) the function in (2.16)
and writing & = (a — ¢)w + b — d, we have
I'(a(s —w) + zp)

£(s) = I'(a(s —w) + aw +b) = Qp(s) T(e(s—w) T 20)

I'(c(s —w) 4+ cw+d)
where Q(s) is a polynomial of degree k and zp = cw + d, and our assertion
follows at once.

(2.16)

Next we consider the meromorphic function I'x ,(s) as in Lemma 2.4,
and prove that for every m > 0 it has at most simple poles. In fact, if we
write

(2.17) Tim(s) = —5(s) + /7 A(s) — iv/7 B(s),

then X(s) has obviously at most simple poles, while the possible poles of
A(s) and B(s) are at the points

(2.18) w =E+1
with  integer > 2, coming from I"(1 — £ + g) and I'(3 — 5 + g), and
(2.19) s =1—-k—i0

with k integer > m, coming from I'(s — 1 + i6 + m). Moreover, A(s) and
B(s) have at most double poles, and this may a priori happen only when
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w; = s for some [ and k in the above ranges. But if we write

3
Cresed) o MEo3ed)
fl(s) - s 3 ) f2<8> - 1 s £ )
F(§+§+m) F(§+§+§+m)
then for w = s the functions fi(s) and fo(s) satisfy the hypotheses

of (2.16) and hence are holomorphic at s = s). Therefore, A(s) and B(s)
have at most simple poles as well, thus proving our assertion. In particular,
Hy(—i/3,s) has at most simple poles.

Writing w = —K —1/2+4v and z = = — ¢/ with > 0, from (2.15) we

have
59w <&)wdw
Srgem)\2

and by Stirling’s formula

r1—3+5%— 9w w
(1 % fv) ( )<@> < (Jv] +2)~™
FG+s+5+5+m)

2

uniformly for & — 0. Therefore, I'x ,,(s) is holomorphic for 1 —m < o
< R, and hence by Lemma 2.4 the function Hg(—i/[3, s) is holomorphic for
1<o<R.

Now we are ready to conclude the proof of the lemma. Note that the
possible poles of X(s) in (2.17) are of type w; (see (2.18)), and hence by
Lemma 2.4 the possible poles of Hx(—i/(3,s) in the half-plane o < 1 are
of type w; or s (see (2.18) and (2.19)). Let w; be such that Rw; < 1 and
w; # s for every k > 0. Since the functions I’ K.m(s) have at most simple
poles, in order to prove that Hx (—i/3, s) is holomorphic at s = wy it suffices
to show that

(2.20) reSg—w, L'km(s) =0, m>0.

Suppose first that [ is even, say [ = 2p. Then, since w; # s(), B(s) in (2.17)
is holomorphic at s = w;. Moreover, F(l -5+ g + %) is also holomorphic
at s = wy if k is odd or if k = 2¢ with integer ¢ > p — 1. Therefore by (2.17)
we get

(2.21)  ress—uw; Irm(s)

=S A 1 \
__2(2 M\2) p(kiwm € P
=0 24 (2"‘2"‘2 q+m)

I'(wy — 141460 +m)
5 DI s g om)

Ap’o’
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where for ¢ <p—1

A r(1-54+%84 2 F(z) = —o S
= ress— -——42 = —2res,—1_ z)=—
P.q s=w2p 2 "9 q z=l=ptq (p—1—¢q)
and hence
(2.22)  ress—uw,, Irm(s)

p—1

- 2(—1)”1{ =
po C)lp—-1-'I'(5+p—qg+n+m)
- I'2p—1+n+m) }
(p—DIC(p—HIp+n+m)(3+p+n+m)

= 2(=1)P"'Dy(n + m),

say. The function @,(z) is clearly meromorphic for every p, and @,(z) = 0 for
1—-2p < x < R—2p. Indeed, given x in such an interval we choose (A, p) with
Aj >0,d =1andn = RNE = x, and consider the associated functions 'k ()
and the point wa, = &+2p. Since in this case 1 < Rwop < R, we already know
that I’k o(s) is holomorphic at s = wsg)p, and hence @,(z) = 0 by (2.22). By
analytic continuation we have ®,(z) = 0 identically, therefore (2.20) follows
from (2.22) in the case of even [.

The case of odd [ can be treated in a completely analogous way, with
the role of A(s) in the second term on the RHS of (2.21) replaced by B(s).
In such a way we find that Hgx(—i/f3,s) is holomorphic at the points wy
in (2.18), provided w; # s*). The singularities of Hx(—i/,s) with ¢ < R
are therefore at most simple poles at the points s*) in (2.19) with £ > 0.
Moreover, the argument leading to Theorem 6.1 of [7] shows that the residue
of I'ko(s) at s = 50 does not vanish, while we already know that the
functions I'i,,(s) with m > 1 are holomorphic at s = s(). Since Py(s) = 1
identically, by Lemma 2.4 we conclude that the residue of Hx(—i/3,s) at
s = 5(9 does not vanish, and the lemma follows. m

By Lemmas 2.3 and 2.5 we summarize the required properties of
Hpy (—1y, s) as follows. Writing

():{1 ify # 1/8,
Y70 ity =1/,

we have

THEOREM 2.1. Let F be an admissible family of data, L > 2,y > 0, R =
R(F) > 2, K be as in (2.4) and 0 be as in (2.9). Then for any (A, p) € F
the function Hi(—1y, s) is meromorphic for o < R. Moreover
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(i) if yv # 1/8 then Hg(—iy,s) is holomorphic for o < R, while
Hy(—i/B,s) has at most simple poles at the points
sH=1-k—i0, k=0,1,...,
with non-vanishing residue at s(;
(ii) we have (for |s —s®)| > ¢, k=0,1,..., if y=1/p)
Hic(—iy, s) <x.r (|t +2)y 721+ x(y)log By| =)
uniformly for (A, pu) € F and —L < o < R, where ¢ = ¢(F).

3. Proof of Theorems 1 and 2. The proof of Theorem 1 follows the
proof of Theorem 7.1 of [7], and hence we give a sketch of the main argument,
with details where needed. Let d > 0, F' € 82 and o« > 0. Moreover, let
A>2 R > 2 to be chosen later on, K be as in (2.4), N > 2 and zy =
1/N + 2mia. For 0 < 1+ 1/d and a sufficiently large constant ¢ > 0, the
argument at the beginning of Section 7 of [7] and transformation (2.3) give

(3.1)  Fn(s,a)

() (2) 1-2s = a(n) nt/d )
=Ry (s,0) + Ry (s, 0) + w@Q an_sHK<Qz/dZN,s,)\,u

n=1

1 2 as - a(n) 5
:REV)(S,a)+R§V)(s,a)+wQ1 2 Z - S Hi <Q2/dzN S u),

where Hg (z, s; A, ) is the hypergeometric function defined by (2.1), s, A, I
are given by (2.2) and

Rg\lf)(s, @) = TeSy—d(1—s) F<s + %)F(w)z]}w,

K k
2 (=1) kN k
Rg\,)(s,a) = kgo o F(s = E)zN'
Letting N — oo, from (3.1) and the definition of n, we obtain

(3.2)  F(s,a) = RW(s,a) + R (s,a)
s W 4 n 1/ ~ 3 =~
+ Ql 2 ZWHK<_d/Bl/d<E> 7S;A7IJ’>7

n=1

n=1

where

R(j)(s,a) = lim R%)(s,a), j=12.

N—o0
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In order to deal with the first two terms on the RHS of (3.2), we write
the Laurent expansion of F'(s) at s =1 as

mg

(3.3) F@) =3 e + A

k=1

with fi(s) entire. A computation shows that

mp
Ry (s.a) = > apd Br_1,n(s)

k=1
with
1 k k 1)d
Br,n(s) = o 2:0 (1/) F(V)((l — s)d)(—log ZN)k_”z](\f_ ) ’
and hence
mpg
(3.4) RW(s,a) = Z ard”Br_1(s)
k=1
with

k
(3.5) Br(s) = %Z (i) F(V)((l — 5)d)(—log Z)k—yz(s—l)d
v=0

and z = 2mia. Therefore, R(l)(s,a) is holomorphic for 0 < 1+ 1/d, s # 1.
Moreover, from the behavior of I'")(s) at s = 0 we obtain

ADd Forpy (—1)vl —
Br(s) = —— lZO (V> (G (—log2)"™" + fo(s)

k! v) (1= s)d)FvH1 - (—log 2)” + fa(s)

(s—1)d ko4

- T ;) — (=(s = Ddlog2)” + fals)

(s—1)d 00
— e D s = Do) + fals)

((s = D)kt v/l

CN <k> (=1 (k= v)

1
NEEE + f3(s),

where f5(s), f3(s) are holomorphic at s = 1. Hence

mg

(3.6) RW(s,a) = -3 (.:—knk + fu(s)
k=1
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with f4(s) holomorphic for o < 1+ 1/d. But

Y
(3.7) R (s,a) = Z ( kll) F<8 - S)zk

is holomorphic for o < 1+ 1/d apart from the term corresponding to k = 0,
therefore from (3.3) and (3.6) we see that R (s, a) + R®)(s, a) is holomor-
phic for 0 <1+ 1/d.

Given F € Sg with d > 0, let F denote the admissible family of data
consisting only of (A, zt). We apply Theorem 2.1 to such F, with the choice
(3.8) R=2d+2, L=dA+1)+2.

Note that, by (2.2), the range of 0 as —L < RS < R contains the in-

terval [—~A,1+1/d). Note also that the 3-parameter (defined by (2.5)) of
HK(27 g: >‘7 ﬁ) is

B =dp,
while the #-invariant (see (2.9)) of Hx (z,s; X, [t) equals 0 since Sfi; = ;.
Splitting the sum over n in (3.2) as

a(ng) T - a(n) i n\Y?
(39) ’I’Llis HK <_Ea S Av u) + Z nl—s HK <_E<n_> S5 Av H’)?
@ NFNq «

from Theorem 2.1(ii) we have

: 1/d
Hi <—i<£> / EA ﬁ) < n B/ p=R/d oo,
SANLE

uniformly for —A < o < 1+ 1/d, and hence by Theorem 2.1(i) the second
term in (3.9) is holomorphic for ¢ < 14 1/d since n # n,. Moreover, if
a(nq) # 0 then by Theorem 2.1(i) the first term in (3.9) has at most simple
poles at the points %) = 1 — k — i@y with integer k£ > 0 and non-vanishing
residue at 3(0). In view of (2.2) we therefore deduce that

0o —— , 1/d
1—9s a(n) i n ~ X ~
wQ ZFHK <_dﬂl/d (E) 5 A, l"’)

n=1

is meromorphic for 0 < 14 1/d, is holomorphic for 0 < 14+1/d if a(n,) = 0,
and has at most simple poles at the points

d+1 k  Op
Sk—w—a—lj, ]{7—0,1,...,
if a(nq) # 0, with non-vanishing residue at sg. This completes the proof of

Theorem 1. =

In order to prove Theorem 2 we have to inject uniform bounds into the
above argument. Let F denote both the admissible family of L-functions
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and the induced admissible family of data (X, i), and let F € F. We
follow the argument above with K as in (2.4) and choosing R and L as
n (3.8), but here d denotes an upper bound for dr as F' € F. We first
remark that, in view of (1.3), the bound for F(s,«) is trivially true for
1+1/2dp < o <2since 1 < dp < 1, and hence we consider (3.2) in the
range —A <o <1+1/2dp.

The first two terms on the RHS of (3.2) are dealt with by means of (1.4).
By Stirling’s formula, from (3.5) we deduce that for k < mp and —A <o <
1+ 1/2dp with |s — 1| > 1/4,

Bi(s) < (|t + 2)°?log 2ma|™F oD,

Moreover, by (3.3), (1.4) and Cauchy’s formula for £ < mpr we have
ar < qF,

and hence by (3.4) for —A <o <1+ 1/2dp with |s — 1| > 1/4 we get
(3.10) RW(s,a) < ¢&(|t| + 2)°?log 2ma|™F alo =14,
Further, by (1.4) and (3.7) for no > 1 and —A < ¢ < 1+ 1/2dp with
|s — 1] > 1/4 we have
(3.11) R®(s,a) < &7 (|t| + 2)*“a’.

Therefore, since RV (s, a) + R (s,a) is holomorphic for o < 1+ 1/dp,
from (3.10), (3.11) and the maximum modulus principle we have

(3.12) R (s,0) + RD(s,0) < ¢5 7 (|t] + 2)°4a®
uniformly for F € F, —A < o0 < 141/2dF and n, > 1, with some constant
c=c(F).

We split the sum over n on the RHS of (3.2) as in (3.9) and apply

Theorem 2.1. Recalling that Q2 < g, for |s —si| > 1/4dp, k =0,1,..., the
contribution of the first term in (3.9) to (3.2) is

(313) < g ama)ng (1t + 2)°D < gha”to(jt] + 2)°

uniformly for F' € F and —A < 0 < 1+ 1/2dp. The contribution of the
second term in (3.9) to (3.2) is

e y N (K+1/2)/d o\ cA/d
(314) < gf*7 Y la(n)n (Jt|+2)° <n> <log—>

Ng
n#nq
< g (|t +2)26(a)

uniformly for F' € F, —A < 0 < 1+ 1/2dr and n, > 1, and hence the
required bound for F(s, a) follows from (3.2) and (3.12)—(3.14).
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Finally, by Theorem 1, Theorem 2.1, (3.2) and (3.9), for kK =0,1,... w
have

1 o~
resg—s, F(s,a) = wQl s g (ng) 7 T88a=s(®) Hg <—%, S; A, u)

and, by Cauchy’s integral formula,
es,_y Hi(—i/B, s A i) < 1

uniformly for F' € F, where the implicit constant may also depend on k.
The required expression for ress—s, F'(s, a) follows now from the definitions
of wy and gr. m

4. Proof of the corollaries. The proof of Corollary 1 is standard, so
we give only a sketch. Let ¢(u) be a smooth function on (0, co) with compact
support and let

o0

o(s) = | e(wpu" du

0

be its Mellin transform. It is well known that 5(8) is an entire function
satisfying N
o(s) < (It|+2)77 a<o<b,

for every C' > 0. Starting from

1 ~

Sr(2) = 5 | F(s,a)¢(s)2* ds,
(2)

we shift the line of integration to ¢ = —A, where A > 0 is arbitrarily

large and the line 0 = —A has distance > 1/4dp from the poles of F'(s, «).

Writing ry, = ress—s, F (s, ), from Theorem 2 we get

Sp(z)= > rrd(sp)a™ +O(qC+A6( )P | <\t\+2>cﬂ_0dt),
Rsp>—A —00

and Corollary 1 follows at once since A and C are arbitrarily large. m

In order to prove Corollary 2 we need a lemma concerning the function

o 1/d
Gts,0) =S AT o

n=1
LEMMA 4.1. Ford > 1 and o > 0 the function (4(s,a) is entire.
Proof. We first observe that the function

(4.1)  Zg(s,a) =7 1/22 T 1:2))))<(1—s+k/d)(2ma)’“
d
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is entire. In fact, for each k > 0 the pole of ((1—s+k/d) is canceled by a zero
of F(% (s — %))_1, and by Stirling’s formula the series is rapidly convergent
over C since d > 1. Moreover, by Cauchy’s theorem and the functional
equation of ((s) (see also the beginning of the proof of Theorem 1 and
Section 7 of [7]), for ¢ > 1 we get

1 r(z(1-
Z4(s,a) = lim — S r1/2 3

. 1 w 1 S\
= ]\}E}loo 5 (2) ¢ (s + E)F(w) (N + 27Tza> dw

= Cd(sa Oé),

and the lemma follows. =

We remark that Lemma 4.1 is due to Hardy [5] (see also n.3 of the
Miscellaneous Examples at the end of Chapter IX of Titchmarsh [12]), al-
though Hardy’s proof is quite different from ours. We include the proof of
Lemma 4.1 since it is a simplified version of our main idea in the proof
of Theorem 1. In fact, in this case we have nice convergence properties of
the hypergeometric function involved (corresponding to the case with “main
parameter” p < 0 in the sense of Braaksma [2]). We also remark that the
method in the proof of Lemma 4.1 is general, in the sense that it provides
the analytic continuation to C of the twist

Fy(s,a) = Z % e(—n'la), o>1,
n=1

for every F € S* and d > dp. Indeed, the series

s s+ k/d) + ;) .
wQ'? Zk.<H O s—/@/d)+ujl; )F( — 8 +k/d)(2mia)’

which is the analog of (4.1), is rapidly convergent over C for d > dp and
equals Fy(s,a) for o > 1.

Now we are ready for the proof of Corollary 2. We first remark that we
may assume

1 x®
(4.2) P(logx) = —resg—1 F(s) —,

x s
otherwise the result is trivial since xP(logx) is the “wrong” main term.
Moreover, since the functions in Sf are suitable linear combinations of shifted
Dirichlet L-functions over Dirichlet polynomials (see Theorem 2 of [7]),
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Corollary 2 holds true for Sf, and hence we may restrict our attention to
functions F' € Sfl with d > 1. As in (3.3) we write

mg

23
Fls)=Y —2k_
(=3 (52t + 50
with fi1(s) entire (the sum is empty if mp = 0). Moreover, we write
"l = c(n)
c(n) =a(n) — I]:rl loghn, H(s)= Z e
k=0 n=1
Clearly
(D
H(s) =F(s) - Z o ar1¢M (s),
k=0

and hence H(s) is an entire function. Suppose now that Corollary 2 is
false, i.e.
Ap(z) — zP(logz) = o(x(~1/2),

Therefore, by well known asymptotic formulae for the mean value of logh n
and since d > 1, by computing P(logz) in (4.2) we get

Z c(n) = o(a;(dfl)/m).

Hence, for s in a compact set, by partial summation we have

49 Tt o), oL

For @ > 0 with a(ng) # 0 we consider the function

0o c(n mp—1 Nk
o = 32 eton'lim) = Flom) = 32 G- awngom)

By partial summation, for o > 1 we get

[e.e]

o) (i) =T | (2 ot
1 n>y

and in view of (4.3) such a formula holds for ¢ > (d + 1)/2d since the integral
is convergent there. Moreover, for o > (d + 1)/2d we have

(44) H(s,a)—e(—a)H(s)= o(osoy_(d_l)ﬂd—cr dy) = O(m> )
1

d+1\"
- | — .
7 2d
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But, in view of Theorem 1 and Lemma 4.1, H(s,@) has a simple pole at
so = (d+1)/2d —i0r/d, while H(s) is entire. Therefore, for s = o — ifp/d
we have

_ _ 1 d+1\"
H(s,a)—e(—a)H(8)>>m, o — <2—d> ;

a contradiction in view of (4.4), and Corollary 2 follows. m

In the proof of Corollary 3 we may assume that F'(s) is entire, otherwise
the result is trivial. Since the convergence of the series

> _an)

n=1

is excluded by Corollary 2 with the choice P(x) = 0 identically, we have

log |A
oo(F) = limsup log | Ar(z)]
T—00 IOgZU

(see Section 9.14 of Titchmarsh [12]). Hence Corollary 3 follows at once
from Corollary 2, again with the choice P(x) = 0 identically. The gener-
alization of Corollary 3 follows by the same argument applied to the func-
tion

k

)~ e

7=0
where Q(z) = co+ 1z + -+ cpat. =

Finally, the proof of the first part of Corollary 4 uses the generalization
of Corollary 3. In fact, the abscissa of convergence o.(F — () of the Dirichlet
series

2 a(n) -1
(4.5) F(s)=((s) =Y ——
n=1

satisfies o.(F — () > (dp —1)/2dp. Since Sy = () for 1 < d < 5/3 (see
[9]) if dp > 1 then dp > 5/3, and hence o.(F — () > 1/5. This con-
tradicts our assumption that (4.5) converges for ¢ < 1/5 — 4, and hence
dr = 1. Moreover, the convergence of (4.5) for ¢ < 1/5 — § implies that
F(s) has a pole at s = 1, and the result follows since ((s) is the only
function in S; with a pole at s = 1 (see Theorem 3 of [7]). The second
part of Corollary 4 is proved in the same way, with the difference that in
this case F'(s) is entire, and hence from Theorem 3 of [7] we deduce that
F(s) is a shift of a Dirichlet L-function formed with a primitive charac-
ter. m

ns
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