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Linear relations among theta series
of genera of ternary forms

by

Y. CHOIE and Y. CHUNG (Pohang)

1. Introduction. It is well known that the orthogonal complement of
the subspace of cusp forms with respect to the Petersson inner product is
generated by the Eisenstein series of weight k& > 5/2. Moreover, in [5] it was
shown that the orthogonal complement FEj /2(4D, x¢) of the space of cusp
forms of weight 3/2 with level 4D, D a square free integer, is generated by
some HEisenstein series, which were explicitly constructed. Here £ is a positive
divisor of D.

In this paper we compute the dimension of the space spanned by the
theta series of the genera of positive definite ternary forms of level 4D and
find linear relations among them; first we find all distinct genera of positive
definite ternary forms of level 4D, D square free, with character y, and find
a maximal independent set of the space spanned by the genus theta series.
Secondly, by checking the values of the genus theta series at all cusps of
I'h(4D) explicitly, linear relations among them are found. As a result we
show that the Eisenstein space Es/5(4P, x¢) of prime level P is spanned by
the theta series of the genera of positive definite ternary forms.

2. Number of genera of positive definite ternary forms. In this
section we find all genera of ternary forms of level 4D, D square free, and
character y, using the local behavior of ternary forms. For more detailed
results we refer to [3].

Two integral quadratic forms are said to be semi-equivalent if they are
equivalent over the p-adic integers for all primes p, and are equivalent over
the real numbers (see [3] for more details). Semi-equivalent forms are said
to be in the same genus of forms; equivalent forms are semi-equivalent, so
we say classes of forms belong to a genus. To count the number of genera
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of positive definite ternary forms having level 4D and character x, we first
need the following lemmas. Throughout this paper, D denotes a square free
integer and / is its divisor.

LEMMA 2.1. Let p be an odd prime. Let f be a ternary form of level 4D
and character x¢, £| D. Let o, 3 and ~y be p-adic units and € be a nonsquare
p-adic unit.

(1) If p| D and p| ¢, then f is equivalent to ax? + By? + vpz? over Zy.
Moreover there are two equivalence classes of this type with discrim-
inant p or ep over L.

(2) If p| D and pt4, then f is equivalent to ax® + Bpy® + ypz? over Z,.

(3) If ptD, then f is equivalent to ax® + By* + v2z%. Moreover, there
are two equivalence classes of this type with discriminant p* or ep?
over L.

(4) There is a unique equivalence class of unimodular forms over Z,, with
discriminant € or 1.

(5) For all the above forms, their equivalence classes are determined by
the discriminant of their unimodular part.

Proof. Tt is clear that 22 + y? + pz? and 22 + ey® + epz? are the only
inequivalent forms having discriminant p. Also, 22 + ey® + pz? is the only
form (up to equivalence) having discriminant ep. The remaining assertions
are similar by looking at the discriminant, so we omit the detailed proof. =

Next we consider ternary forms with level 4D over Zs.

LEMMA 2.2. Let f be a ternary form with level 4D and character xj.
Let a, B,v, a5, i = 1,2,3, and (1 be units in Zo. Then:

(1) f is equivalent to one of the forms asx® + yz, ax?® + By? + v2% =
122 +2(B1y? + f122 +yz) or azx® +4yz over Zo. Here 31 € {0,1}.
Furthermore, even if «;, © = 1,2,3, may be distinct, their values
modulo 4 are all the same.

(2) The number of equivalence classes of the type ax? + By? + v22 is 2.

(3) The number of equivalence classes of the type ax? + yz is 1.

(4) There is one-to-one correspondence between the forms of the type
ax? + yz and those of the type ax® + 4yz.

Proof. The results can be obtained by direct computation and we omit
the detailed proof. =

The following theorem is a necessary and sufficient condition for the
existence of a form over Q with given local conditions.

THEOREM 2.3 ([4, p. 203]). Suppose an n-ary quadratic space Vi is
gien over Qp. In order that there exists an n-ary space V over Q such
that Vi) =V for all primes p, it is necessary and sufficient that
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(1) there is a dy € Q with dV{;,) = do for all p,
(2) SpVipy =1 for almost all p,

() I, Vi) = 1-

Here, S,V|;) denotes the Hasse symbol defined as follows. If V' is a binary
quadratic space over Q, then a quadratic form f on V can be written as
f(z,y) = a12? + azy? with a1, a2 € Q. The Hasse symbol S,V = (a1, as) at
p is given by

(a1,a2) = {

The Hasse symbol on an n-ary quadratic space V is defined by

1 if a12? 4+ asy? = 1 is solvable in Qp,

—1 otherwise.

Spf = H (aj,aj) for f = Zaix? cV.
i=1

1<i<j<n

The following theorem gives the number of genera of positive definite
ternary forms having level 4D and character y,. A more general result was
stated in [3]. Here, we deal only with the case of a square free level D.

THEOREM 2.4. Let go(4D) be the number of genera of positive definite
ternary forms having level 4D, D square free, with character xg, £| D. Then

96(4D> — 2t(D)+1.
Here, t(D) denotes the number of distinct prime factors of D.

Proof. Let f be such a ternary form. We consider the following three
cases:

(1) Suppose that f is equivalent to ax? 4 yz over Zs. Lemma 2.2 implies
that this is the only equivalence class over Zs. Hence the Hasse symbol of
f at the prime 2 takes exactly one value among 1 or —1 and the Hasse
symbol of f at an odd prime p, p| D, may be taken both 1 and —1. So, by
Theorem 2.3(3), the number of genera of the above type is oUD)—1,

(2) Suppose that f is equivalent to ax? 4 By? +vz% over Zy. Lemma 2.2
shows that there are two distinct equivalence classes over Zo. Hence there
are two possible values of the Hasse symbol of f at the prime 2, that is, 1
or —1. The Hasse symbol of f at an odd prime p, p| D, can be 1 or —1.
Tl(leg)rem 2.3 implies that in fact the number of genera of the above type is
24D),

(3) If f is equivalent to ar? + 4ay over Zso, then by the same argument
as( 11)1 (2), we conclude that the number of genera of the above type is also
2t D —1_

Therefore, by summing all three cases we get the result. »
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3. Theta series of genera of ternary forms. In this section we study
theta series of genera of positive definite integral ternary forms and find their
values at each cusp.

Let f(x1,x2,x3) be a positive definite quadratic form with integral co-
efficients, and Ay = (9%f /0xs0x¢). Put

0¢(z) = Z exp(zmApm'/2), exp(z) =™, z€EMH,

mezZ3

0(f) = #{S € Msxs(Z) | SA;S' = Ay},
_ 1\ ' (2)
Ogen f,7) = (Z 0<fi>> 200

fi i
where the f; run over a complete set of representatives of the equivalence
classes in the genus of f. f(gen f,z) is called a theta series of genera of
ternary forms or a genus theta series of ternary forms.
Then from the results in [6] and [7] we have the following theorem:

THEOREM 3.1. Let f be a positive definite integral ternary form with
level NN =0 (mod4), and x = (m%(/l,-)). Then:

(1) 04(z) belongs to M35(N, X),
(2) O(gen f, z) belongs to Es/5(N, x).

By evaluating 2¢(P)+1 theta series of genera of ternary forms at all cusps,
we find a maximal independent set of the space spanned by those. Moreover,
linear relations among those genus theta series are listed; first note that the
value of f(gen f, z) at each cusp is the same as that of 6¢(z). So we only
need to compute the values of §7(z) at each cusp. Let S(4D) be a complete
set of representatives of equivalence classes of cusps of I(4D). In fact, we
can choose S(4D) = {1/t |t|4D}, and so |S(4D)| = 3 - 2t(P),

The following theorem concerns the values of 6¢(z) at each cusp:

THEOREM 3.2 ([1]). We have
lim 6¢(z) = 1.

The value of Of at each cusp a/c € S(4D), a/c # oo, can be computed as
V(07,a/c) = (—i)¥?(det Ap) /232G 4, (a, c),
where G a,(a,c) is the Gauss sum defined by
Gasla,c) = Z exp(az Az’ /2¢).
2 (mod ¢)

The next proposition gives the values of Gaussian sums:
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PRrROPOSITION 3.3 ([1]). (1) If (¢,¢') =1, then
Gala,cd) = Gylac, )G a(ad ).

(2) For each odd prime p, there exists an invertible matriz S over the
ring Zy of p-adic integers such that

SASt = diag(alpﬂl, - akp/’)’“),

where a;,det S € Z; and 0 < B1 < --- < By are rational integers.
Then

Ga(a,p™) = Z exp(az Az /2p™)

2 (mod p™)
/
— pmim 0o (m+0i)/2
=™ 11 B S P ,
Bi<m
where o, = 27 a; (modp™ =) and eq = 1 or i according as d = 1
or 3 (mod4). Here, l,, = #{0: | Bi > m}.
(3) There exists an invertible matriz S over the ring Zs of 2-adic inte-
gers such that

L i 0 1 2 2 1
sast = @az o @az () | )edru(] )
=1 7j=1 1 0 s=1 L2

where o, Bj,vs € Z3, and s; > 1,t;,us > 0 are rational integers.
Here, ly, = #{si | s > m+1}+2#{t; | t; > m} +2#{us | us > m}.

Then
GA((I, 2m) = 2mlm H G17m+1_5i(aa,~, 2m)
si<m—+1
> H 2m+tj H (_1)m—u52m+u5’
t;<m us<m
where
0 ift=1,

Gr(ae;, 2™) = { (1 +i%)2m=t2  if t is even,
om—(t=1)/2¢miaci/4  if ¢ > 1 gnd odd.

Now we give the explicit value of 0, at the cusp a/c, V(0y,,a/c).

PROPOSITION 3.4. Let f; = fi(x,y,z) be a positive definite ternary form
with level 4D, D a square free odd positive integer. Let €;; be the discriminant

of the unimodular part for f; over Zy,, where p; is a prime such that 1/p; €
S(4D).
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(1) If f; is equivalent to ax® + By? + 'y]ojz2 over Zy;, then
. —1/2 —3/2 €ij
VO.1/p,) = (=)ot A7) e (2 )32
(2) If f; is equivalent to ax® + ﬁpjyz + ’y]ojz2 over Zy,, then
) —1/2. —3/2 €ij \ 5/2
V(0. 1/p) = (—)%/2(det Ag,) /2%, (p—;)p/ |
(3) If f; is equivalent to f := o'z + yz over Zs, then
V(0y,,1/4) = (=i)¥2(det Ay,)V/2473/2(1 442 . 22,

(4) If f; is equivalent to g5, := ax®+By*+72% =2 /22 +26y*+2022+2y=
over Zs, then

V(05,,1/4) = (—i)*/?(det Ap,)"Y2473/2(1 4+ i)2. (—1)%23,

Here, 6o =0, 61 = 1.
(5) If f; is equivalent to h := o'z? + 4yz over Za, then

V(0y,,1/4) = (—i)*2(det Ap,)"V2473/2(1 4 4¢")2. 2%,
(6) V(0y,,1/2v) =0 for all v| D, for every ternary f;.
Proof. Use Example 4.2 in [1] and Proposition 3.3. We omit the detailed
proof. =
In general we have the following;:

PROPOSITION 3.5. Let f; = fi(z,y, 2) be a positive definite ternary form
of level 4D, D square free, and character x;, and let ¢ be a divisor of D.
Then the value of the theta series of f; at each cusp is the following:

(1) We have
V(05 1/c) = (=i)*(det Ap,) 232 T] Gay, (1/pj, 1))

pile

— (—i)3/2(detA .)71/2673/2
€ €ic/pj
I (@) T ()
pile sl 77 pilepitt ’
(2) If f; is equivalent to f = o/ + yz over Zs, then
V(0y,,1/4c) = (—i)*?(det Ay,)"12(4¢) 732 (1 4 i")2 - 22

€ij 6z'jc/pj 5/2
< 11 - (%)J 11 6’”( Pj )pj '

‘C pj |l |Cvpj1'l




Linear relations among theta series 393

(3) If fi is equivalent to g5, = ax? 4+ By? +v2% =2 o/ 2?2 4+200% + 2022 + 2y
over Zs, then

V(0y,,1/4¢) = (—i)*?(det Ap,)"H2(4¢)3/2(1 +i%)2 - (=1)°23

2 G5\ 2 €ijc/pj\ 5/2
X H 6pj<p_j>pj H 5Pj< . )pj :

pjle,pjlt pjle, pifl bi
(4) If f; is equivalent to h = o/x? + 4yz over Zs, then
V(0;,,1/4c) = (—i)*?(det Ay,) V2 (4¢) 732 (1 4+ i%)2 - 21

2 (€ij ), 2 €ijc/pi\ 5/2
X H Epj<_.>pj H EPj( P; )pj :

pjle pjll J pjle, pitl
Proof. Use Propositions 3.3 and 3.4. We omit the detailed proof. m

REMARK 3.6. Fix a cusp 1/c and let f; run through all genera of level
4D with a fixed character. According to Proposition 3.5 we note that:

(1) The factor (det Ay,)~1/2 Hpj\c(%j) in V(0y,,1/c) is the only factor
depending on f;.

(2) The factor (det Ay,)~1/2(—1)%2* Hpj‘c(%]?) in V(0y,,1/4c) is the only
factor depending on f;. Here 2* denotes the power of 2 in V' (0y,,1/4c)
and ¢ is defined in Proposition 3.5.

4. Main theorem. In this section we state our main result. First we
need the following lemma.

LEMMA 4.1 ([2, p. 319]). Let G be a group and K be a field. Let x1, ...
.., Xn be distinct characters of G in K. Then they are linearly independent
over K.

THEOREM 4.2. Let D be an odd square free positive integer and let £ be
a divisor of D.

(1) The number of linearly independent genus theta series 6(gen f, z)
for ternary quadratic forms f with level 4D and character xy is
3-2PO)=1 where t(D) is the number of prime factors dividing D.

(2) Let fi, gi and h; be the ternary forms with the same discriminant in
the unimodular part over Zy, for a prime p| D, which are equivalent
to the forms f = o'2? + yz, gs, = &'2? + 2yz and h = o/z% + 4yz
over Za, respectively. Then there is a linear relation among their
genus theta series:

30(gen g;, z) = O(gen f;, z) + 260(gen h;, ).
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Proof. Note that by Theorem 2.4 there are 2t(P)+1 genera of positive
definite ternary forms having level 4D and character y,, and the number of
nonzero V(0y,,1/c) is |S(4D)| — 2P) = 24P)+1 We consider the 2/(P)+1 x

2tD)+1 matrix

V(efi’ 1/Cj) V(efi’ 1/4Cj)
V(eg.i; .1/Cj) V(egi.’.l./llcj)

V(On;,1/cj) V(On;;1/4c))

where f;, g;, and h; run over all genera with level 4D, character y, and
i 2 f= o’z? + Yz, gi = 9s; = o'z? + 2(5(y2 + 22) 4+ 2yz, 7 = 0,1, and
h; & h = o/2? + 4yz over Zy. Here, 1/c;,1/4c; € S(4D) with ¢; | D.

Our aim is to show that there are 3 - 24P)~1 linearly independent rows

in H. We write the matrix H in the following form:

Afvcj Af,4C]'

H = Agaoycj A95074Cj
|4 A ’

951 ,Cj 957 4¢5

Ape;  Anae

where Ay .. denotes the values of 0y, at the cusp 1 /cj and A f.4c; denotes the
values of 6y, at the cusp 1/4c;, where f; is equivalent to f. The other values
are defined in a similar way. Here {c1,...,coup)} is the set of all divisors
of D. By Proposition 3.5 and Remark 3.6, we can decompose the matrix H
as follows:

H = diag((—i)*?(det A;,)~"/?) . Hy

. c/p;
-diag <dj H s]%jp?- H Ep; ( ;iJ )p?/2>,

2<pj‘(:j,l50 (modpj) 2<pj|Cj,l¢0 (modpj)

where

{0-3/2 if1<j< 21D
d; =

J
(46]')_3/2 if 2t(D) < ] < 2t(D)+1

)
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and
[p1e, (52)

€xt(D)—1 1,5
Hpj‘cl( Pj + ])

Hli

: . '
Hpj\cl (%)

Further note that

€3.0t(D)=1_1 ;
Hpj\cl( Dj +])"'

H1 = HQ . diag(l, 1, NN

where
Hpj e1 (%ﬂ)

€ot(D)~14q ;
Hpj\m( Dj +1J)

H2 = ' €,1(D) .
Hpj\cl( : pj+1d)

[I

-diag (dj

-diag(1,1,..

II (463‘2“1))‘1“,]‘
pjler Pj

)

2<pj|c;, =0 (mod p;)

€ot(D)=1,q ;
' Hpjlcl ( Dj ’

Sot(D) 11,
'Hpjlq( D) !

: Hpj|c1 (%])(1 +i1)2 - 22

)(1 4 e1e)2 . 23

(1,231 +49), . 23(1 + iy,

€1,
Hpj\cl (p_;)
€ot(D)~14q ;
Hpj\t:l( p;j +1])2
Cot(D) 41,5
Hpj\cl( pj ’

)(=1)2

)4

()

I1 (463'2“[))_%1,3'
pjler Pj

2 2
&p,;Pj

[1

2<pjle;, 10 (mod pj)

. 1’23(1 _I_Z'Clo/)7 N .’23(1 —f—’L'Ct(D)a/))'

(L +d99)(=1)2- 23 ...

395

")

Now it is enough to consider Hs to find the linearly independent rows
of H. First note that Hasse symbol S, f;, for each odd prime pj, is deter-
mined by the square class (%’) One also checks that Sa(f) = S2(gs,) =
Sa(h) and S2(gs,) # S2(gs,)- On the other hand, using Theorem 2.4, one
finds that Hp 42 Sp = S2. So, we may reduce the matrix H» to the following
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form:
A A
A 2A
Hy =
A =24’
A 4A

Here A and A’ are 2UP)—1 x 9UD)_matrices. Since (f,) is a nonsingular
matrix by Lemma 4.1, all rows of

A A
A 24
A =24

are linearly independent. Since (A,4A) = 3(A,2A) — 2(A, A), we have
(det Ap,)/20(gen hy, z) = 3(det Ay, ) /%0 (gen gi, 2) — 2(det Afi)1/20(gen fiy 2).

After dividing by the common factors of (det Ap,)Y/2, (det A,,)"/? and
(det Afi)l/ 2 we have the stated linear relation between the genus theta
series of ternary forms. The proof is complete. u

COROLLARY 4.3. The genus theta series of ternary forms with level 4D
and character x; generate the Eisenstein space E3/9(4D,xq) of weight 3/2
and level 4D with character xy if and only if D is prime.

Proof. Note that dim(E3/5(4D,x¢)) = 2UD)+1 _ 1 (see [5]). Since by
Theorem 4.2 there are 2t(P) 4+ 24P)=1 Jinearly independent genus theta series
of ternary forms, 21(P) 4 2UD)=1 — 9t(D)+1 _ 1 if and only if D itself is an
odd prime. =

5. Examples and theta identities

ExaMPLE 5.1. Consider ternary forms with level 4D = 12. In this case
there are 4 different classes which belong to 4 different genera. More pre-
cisely, the table in [3] gives the following:

(1) Forms of level 12 and character x; = id are (o; € Z5, i =1,2,3):

(a) f1 = 2?4+ y% + 322 + 2y, equivalent to f = ayx? 4 yz over Zo,

(b) g1 = 2% + 3y + 322, equivalent to g5, = aax? + 2yz over Zo,

(c) g2 = 32? +2(y?* + 22 + yz), equivalent to g5, = 322+ 2(y? + 2 + y2)

over Zo,

(d) hy = 322 + 4y® + 422 + 4yz, equivalent to h = asx? + 4yz over Zo.

Theorem 4.2 implies the following linear relation among theta series:
3 Z q:c2+3y2+322 _ Z q:c2+y2+3z2+xy +9 Z q3z2+4y2+4z2+4yz.
T,Yy,2€L T,y,2€L z,Y,2€L
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)

) f1= z2 + y% + 2% + zy, equivalent to f = a2 + yz over Zo,

) g1 = 22 + 3% + 322, equivalent to 950 = asx? 4 2yz over Zs,

(c) g2 = 2%+ 2y? + 222 + 22y, equivalent to gs, = z% + 2(y? + 22 + zy),
(d) hy = 22 + 4y® + 422 + 4yz, equivalent to h = azz? + 4yz over Zs.

Theorem 4.2 implies the following linear relation among theta series:

3 E: q:v2+y2+3z2: E qzz+y2+z2+xy+2 § q12+4y2+4z2+4yz.
537%262 m’y7zez m’y7zez

ExaMPLE 5.2. Consider ternary forms with level 4D = 28. There are 5
different classes and only two of them belong to the same genus [3].

(1) Reduced ternary forms of level 28 and character y = id are:

(a) f1 =22+ 2y + 722 + 2y, equivalent to f = ayz? + yz over Zs,

(b) g1 = 2 + Ty? + 722, 222 + 4y? + 722 — 22y, equivalent to 95 =
asx? + 2yz over Zo,

(c) g2 = 32? + 5y? + 522 — dyz — 2z — 2wy, equivalent to gs, = azz? +
2(y? + 2% + yz) over Zo,

(d) hy = 422 + Ty? + 822 — 4xz, equivalent to h = aux? + 4yz over Zs.

Theorem 4.2 implies the following linear relation among theta series:

2 2 2 2 2 2
§ : qx +7y“+72 +9 § : q2z 4y 47z +2zy

z:yVZeZ xayyzez
— § : qac2+2y2+7z2+zy+2 § : q4x2+4y2+422+4yz'
x,Y,2€Z x,Y,2E7

(2) Reduced ternary forms of level 28 and character x7 are:

(a) f1 = 2%+ 9% + 222 — 22, equivalent to f = ayx? + yz over Zs,
b) g1 = x2+y2+722, a:2+2y2—|—422—2yz, equivalent to g5, = 0421'2—1—2]/2
0

over Za,

c) g2 = 222 + 2y 4 322 + 2yz + 2x2 + 2zy, equivalent to g5, = azz? +
g 1
2(y? + 22 + yz) over Zo,

(d) hy = 22 + 4y® + 822 — 4yz, equivalent to h = aux? + 4yz over Zs.

Theorem 4.2 implies the following linear relation among theta series:

2 2 2 2 2 2 4 2 2
Zq:c+y+7z +2qu+y+z+yz
x:yVZeZ %%ZGZ

2,2 2 2 2 2
— § : qac +y 4224z 492 § : qac +4y“+8z +4yz.
m’y7zez %y:ZGZ
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