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Relations among certain number knots
by

Kuniak1 Horie (Hiratsuka) and M1Tsuko HORIE (Tokyo)

Let k be a global field, namely, either a finite extension over the field of
rational numbers or an algebraic function field in one variable over a finite
constant field. Let {2 be a separable algebraic closure of k. From now on,
we assume all global fields to be contained in 2. For each global field F,
let Jg denote the idele group of F, and E* the multiplicative group of E.
We then consider E* to be a subgroup of Jg by means of the canonical
injection £* — Jg. Given any finite Galois extension F' over k contained
in (2, we write Np/; for the norm map Jrp — Ji so that the restriction
Np/i|F* coincides with the norm map F* — k*. The number knot of F/k
is defined as the quotient group of k* N Ng/,(Jr) modulo Np/,(F*), and
we denote it simply by v(F):

v(F) = (k* N Npy(Jr)) /N (F7).
In general, the abelian group v(F') is known to be finite: |[v(F)| < co. On

the other hand, the so-called Hasse norm theorem states that if F'/k is a
cyclic extension, then

A global field F is called a central extension of F/k if E is a Galois extension
over k containing F' such that the Galois group Gal(E/F) lies in the centre
of the Galois group Gal(E/k). In particular, a central extension of F/k is
abelian over F. It follows that the composite of F' and any finite abelian
extension over k in {2 is a central extension of F'/k. Hence, for any abelian
extension k' over k in {2, each finite extension over F' in the composite Fk’
is a central extension of F'/k.

Now, let L/K be an extension of global fields which are Galois extensions
over k so that L/K is a finite Galois extension. We then define the natural
map v(L) — v(K) to be the homomorphism from v(L) into v(K) induced
by the canonical injection k™ N Ny, (J) — k* N N/ (Ji ). In this paper,
we shall mainly prove the following results.
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THEOREM 1. L/K being as above, assume that every central extension
of K/k in L is a subfield of the composite of K and the mazimal abelian
extension over k in L. Then the natural map v(L) — v(K) is surjective:

E* N Ngyp(Ji) = (K 0 N (JL)) Ny (K).

Consequently, in the case where L is the composite of K and an abelian
extension over k, the natural map v(L) — v(K) is surjective.

THEOREM 2. Let K and k' be global fields such that K is a Galois exten-
sion over k and k' an abelian extension over k not contained in K; Kk' # K.

For each prime number p, let 8, denote the maximal intermediate field of
the abelian extension Kk'/K such that Gal(R,/K)P = 1:

Gal(KK /R,) = Gal(KK' /K)P.

Then v(KE') =1 if and only if v(Ry) =1 for all prime numbers p dividing
[Kk' : K|. Furthermore, in the case where [Kk' : K| is a power of some
prime number q, v(L) = 1 for every intermediate field L of Kk'/K if and
only if v(L) =1 for some intermediate field L of Kk'/&,.

THEOREM 3. Let K be a finite Galois extension over k in 2, and k'

a cyclic extension over k in 2. Let t denote the exponent of Gal(K/k).
Then, for any extension E/F of intermediate fields of Kk'/K with

ged(t,[E : K]) = ged(t,[F : K]),
the natural map v(E) — v(F) is an isomorphism, so that
Np/k(F*) N Ngi(JE) = Ngi(E™).

Owing much to cohomological arguments of Razar [7], we shall base our
discussions upon the explicit description of the relation between number
knots made by means of the Hopf formula for Schur multipliers. We should
note that an essential part of Theorem 2 for the case K = k is given by
Gerth [2] and [7]. In addition, since v(k) = 1, Theorem 3 for the case K = k
coincides with the Hasse norm theorem. Among immediate consequences of
Theorems 2 and 3 are the following results on Iwasawa-theoretical extensions
of global fields.

COROLLARY 1. Let K be a finite Galois extension over k in (2. Given
any prime number p, let Z, denote as usual the ring of p-adic integers, and
let koo be a Zy-extension over k in 2 (namely, an abelian extension over k
in £2 whose Galois group over k is isomorphic to the additive group of Z,
as a topological group). Let

K=K9c...ckK®™cK"™Dc cKky
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be the tower of all intermediate fields of the Zy-extension Kkoo/K such that
[K(”) : K] = p", with n ranging over the non-negative integers. Then

V(K™Y=1 foralln>0

if and only if
V(K™Y =1 for some n > 1.

COROLLARY 2. Let K be a finite Galois extension over k_in {2 as in
Corollary 1, and let t denote the exponent of Gal(K/k). Let Z denote the
direct product of Z, for all prime numbers p, and let k be an abelian exten-
ston over k in §2 such that Gal(k/k) is isomorphic to the additive group of

7 as a topological group: Gal(k‘/k‘) A Then, for every extension E/F of
global fields with

KCF, EcCKFk, ged(t|[E:K]) = ged(t, [F: K]),
the natural map v(E) — v(F) is an isomorphism.

COROLLARY 3. Under the_assumption of Corollary 2, let I" be any in-
finite extension over K in Kk. Let Kp denote the maximal intermediate
field of I'/ K such that [Kp : K] divides t. Then, for every global field L
with Kr C L C I', the natural map v(L) — v(Kr) is an isomorphism. In
particular, when p, koo, and K™ for all integers n > 0 are the same as in
Corollary 1, the natural map v(K™)) — v(K(™) is an isomorphism for
every pair (m,m’) of integers with 0 < m < m/ such that p™*! does not
divide the exponent of Gal(K/k).

1. In this section and the next, we shall discuss some preliminary results
for the proofs in Section 3. Let H be any finite group. For each positive
integer n, let P,,(H) denote the free module with a basis the direct product
of n copies of H. Now, let us take the homomorphisms

0 :P3(H) — Py(H), & :Py(H)— Pi(H)
such that

0((o1,09,03)) = (02,03) — (0102,03) + (01, 0203) — (01, 02),
' ((01,02)) = 09 — 0102 + 01
for every (o1,09,03) € H x H x H. Noting that Im(9) C Ker(d’), we put
M(H) = Ker(9")/Im(9).

This is called the Schur multiplier of H and is nothing but the second hom-
ology group of H with coefficients in the additive group Z of (rational) in-
tegers where we understand that H acts trivially on Z. Next, let 7: F — H
be a free presentation of H, that is, let F be a free group and 7 a homomor-
phism of F onto H. Put R = Ker(7), so that [F,R] (i.e. the subgroup of
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F generated by [z,y] = zyx~ly~! for all z € F and all y € R) is a normal
subgroup of the groups F, [F,F| and R. For each ¢ in H, take an element
zy of F with w(xz,) = 0. The Hopf formula for the Schur multiplier M (H)
can be stated explicitly as follows (cf. Eilenberg-MacLane [1], Karpilovsky
[5, Ch. 2], Robinson [8, Ch. 11]):

LEMMA 1. Let f be the homomorphism Pa(H) — R/[F,R] mapping
each (0,7) € H x H to x,x,x,[F,R]. Then

f(Ker(9") = ([F,FINR)/[F,R],  Ker(f)NKer(d') =Im(9),
f|Ker(9") does not depend on the choice of {z, | o € H}, and hence f
defines an isomorphism
T M(H) = ([F,F]NR)/[F, R]
that depends only on 7.

Proof. Let Fy be the free group freely generated by |H| symbols X, for
all 0 € H, let w be the homomorphism Fy — H such that w(X,) = o for
all 0 € H, and let Ryp = Ker(w). Let g be the homomorphism Py(H) —
Ro/[Ro, Ro] mapping each (o,7) € H x H to X, X, X, [Ro,Ro]. Then g
turns out to be an isomorphism, because Ry is a free group freely generated
by its |H|? elements X, X, X! for all (0,7) € H x H (see, e.g., [5, Theorem
2.7.1(iii)]). Next, take an element

o= Z Ao, (0,T)
o, TeEH
of Py(H), with each a,, in Z. For each 7 € H, we put

bT = Z (0/0-77— — aa.’o.—lT + CLT’U).

oeH
It follows that o belongs to Ker(9') if and only if
(1) b =0 forevery 7 € H.

Since the homomorphism Rg/[Ro, Ro] — Fo/[Fo, Fo] induced by the inclu-
sion Rg — Fo maps g(a) to
[T Koxoxhrer 170, 7] = T] (X150, 7)™,
o,TeEH TEH
it also follows that the condition g(a) € ([Fo, Fo] N Ro)/[Ro, Ro] is equiv-
alent to (1). Hence we have
9(Ker(9')) = ([Fo, Fo] N Ro)/[Ro, Rol.
Furthermore, for each (p,0,7) € H x H x H,
9(0((0,0,7))) = Xo X7 X33 X o X7 X 35 X por X7 X 1} X 0o X571 X [Ro, R

- (XUXTX;})XQ(XUXTX;})_ng_l[RO, Ro],
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so that
9(Im(9)) = [Fo, Rol/[Ro, Rol-

Now let h be the composite of g and the natural homomorphism R¢/[Ro, Ro)
— Ro/[Fo, Ro]. Then, from the above properties of g, we obtain

(2) h(Ker(é?’)) = ([f(), fo] N Ro)/[.’Fg, Ro], Ker(h) = Im(a)

We denote by ¢ the homomorphism Fy — F such that ¢(X,) = z, for every
o € H, namely, m o ¢ = w. On the other hand, since F is a free group and
w is surjective, there exists a homomorphism v : F — Fy which satisfies
w o = 7. Naturally, ¢) defines a homomorphism

o= ([F, FINR)/IF, R — ([Fo, Fol N Ro)/[Fo, Rol

while ¢ defines a homomorphism

¢« ([Fo, Fol NRo)/[Fo, Ro] — (IF, FINR)/[F, R].
We then easily find that 1 o¢ is the identity map on ([Fo, Fo]NRo)/[Fo, Rol,
¢ o1 is the identity map on ([F,F|NR)/[F,R], ¢ does not depend on the
choice of {z, | 0 € H}, and
fIKer(d') = ¢ o (h|Ker(d")).
Because of (2), the assertions of the lemma follow immediately from these
facts. m

Next, let Hy and Hs be finite groups such that there exists a surjective
homomorphism A : Hi — Hy. Let 6 : £ — H; be a free presentation
of Hy. Then the composite Ao 6 : £ — Hs is a free presentation of Hs.
One can therefore apply Lemma 1 to the case m = Ao 0 as well as to the
case m = 0. Clearly, the homomorphism Ps(H;) — Py(H2) mapping each
(o,7) € Hy x Hy to (A(0), (7)) defines a homomorphism

A M(Hy) — M(H3),
which is called the residuation map for A (cf. Nakayama [6]). Put
R1 = Ker(f), Rz =Ker(Aob),
so that R1 C Ro. The inclusion [£,E] N Ry — [£,€] N R2 then induces a
homomorphism

K ([878] N Rl)/[gaRl] - ([578] N RQ)/[“:?R?]

LEMMA 2. The diagram

M(H)) —2= ([€,€] N R)/[E, RA]

N b

M (Hs) 2% ([€,€] N Ry)/[E, Ro]
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is commutative. Furthermore, there exists an exact sequence
M(Hy) 2 M(H,) — ([Hy, Hy) 0 Ker(X))/[Hy, Ker(\)] — 1.
Proof. It is not difficult to deduce the first part from Lemma 1. As
6(€, €] N Ra) = [Hy, Hi] N Ker(V),
f induces a surjective homomorphism
([€,€]NR2)/[E, Ra] — ([Hy, Hi] N Ker(X))/[Hy, Ker(A)].

However, using 6(R2) = Ker(\), we easily check that the kernel of the above
homomorphism is

([€,E1NR1)[E, Ra]/[€, Ra] = Im(j).
Hence the second part follows from the first and Lemma 1 (cf. [8, Ch. 11]). m

2. Let F be any global field which is a Galois extension over k. Let
GF denote the Galois group of F over k: Gr = Gal(F/k). Note that the
natural action of Gr on Jr makes the idele class group Jp/F* of F into a
Gp-module. In Jp/F*, let

Ap = {UFX | u € Jp, Np/k(u) S kx},

and let Br denote the group generated by (uF*)?~! = w7u~'F* for all
(u,0) € Jp X Gp. Then Ap is a subgroup of Jp/F* containing Br, and the
quotient Ap/Bp is none other than the Tate cohomology group of G in
dimension —1 with coefficients in Jr/F*. Let P be the set of all primes of
k. For each v € P, we fix a prime v of {2 lying above v, denote by G% the
decomposition group of T|F for F/k, and denote by Cor% the corestriction
map M(GY,) — M(GF). Let v denote the homomorphism from the direct
sum P, p M(GY) into M (G ) such that

vr((eo)vep) = Y Corp(cy)  for each (cy)vep € @D M(G}).

veP veEP

Then, as is well known, the composite of the so-called Tate isomorphism
M(Gp) = Ap/Bp and the homomorphism Ap/Bp — v(F) induced by
Np i, gives rise to an isomorphism

Coker(yr) = v(F).

We write ¥ for this isomorphism.

Now, let L be any finite Galois extension over k in {2, and K any Galois
extension over k in L. Let R(L/K) denote the residuation map M(Gr) —
M (Gf) for the restriction map G, — G (i.e., the homomorphism from G,
onto Gk mapping each o € G, to o|K). Given any v € P, let RZ/K denote
the residuation map M(GY) — M(GY,) for the restriction map GY — GY.
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Then the diagram
M(Gy) <5 M(Gy)
RZ/Ki lR(L/K)
M (Gy) <5 M(Gr)

is commutative, since Cor7, and Cor are induced by the inclusions G5 — G,
and G — G, respectively. We therefore obtain a commutative diagram

D,cp M(G}) 2= M(Gy)
(3) l lR(L/K)
D,ep M(Gy) 5~ M (Gk)

Here the left vertical arrow is the homomorphism, from @, p M(G}) into
@Uep M (GY,), mapping each (cy)pep in @vep M(GY) to (R%/K(CU))vep.
Thus R(L/K) induces a homomorphism

Coker () — Coker(vx).

We denote this by o7,k The following result is essentially well known (cf.
Jehne [4], Kuniyoshi [9, §4]; for a proof, see [3]):

LEMMA 3. With the symbol (L/K) denoting the natural map v(L) —
v(K), the diagram
vy
Coker(yr) ——v(L)
QL/K\L l(L/K)
YK
Coker(yx) ——v(K)

15 commutative.

3. Let us prove the theorems stated in the introduction.

Proof of Theorem 1. Let N = Gal(L/K). Then [G,N] C [GL,GL]NN,
and hence the assumption of Theorem 1 means that [G,, N] = [GL, GL]NN.
Indeed (by Galois theory), [GL, N] is the Galois group of L over a central
extension of K/k in L, and [GL,Gr] N N coincides with the Galois group
of L over the composite of K and the maximal abelian extension over k in
L. Tt therefore follows from Lemma 2 that the residuation map R(L/K) is
surjective (cf. [7, Lemma 3]), so that or/k is also surjective. Hence Lemma 3
proves Theorem 1. =

To give a proof of Theorem 2, we first prove two lemmas under the
assumption of Theorem 2.
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LEMMA 4. Let E/F be an extension of intermediate fields of Kk'/K.
Then R(E/F) is surjective. Moreover, for every v € P, R%/F is surjective.

Proof. We may just consider the case where E/F coincides with Kk'/K;
because F/k is a Galois extension, E = Fk” for some intermediate field &
of k' /k, and obviously, for any finite group H, the residuation map M(H) —
M(H) for the identity map H — H is an identity map. Let v be any prime
of k, and let N” denote the kernel of the restriction map G%,, — G%. As
Gk, Grrr] N Gal(Kk'/K) = 1 by the assumption that k’'/k is abelian, we
obtain [GY,, GY% ] N NV =1 from NV C Gal(Kk'/K). Lemma 2 therefore
proves that R(Kk'/K) and Rieys i are surjective. m

LEMMA 5. For any prime number p,
pM(Gkp) 2 Ker(R(KE'/Ry)).

Proof. Let m : F — G be a free presentation of Gip and let R =
Ker (7). For any Galois extension L over k in Kk', we let S(L) denote the
kernel of the composite of m and the restriction map Ggp — Gp. Then 7
induces an isomorphism S(L)/R = Gal(Kk'/L), while Lemma 2 gives us a
commutative diagram

M(Ggy) —"—([F,FINR)/[F,R]
R(Kk’/ﬁp)l
M(Gg,) =22~ ([F, F N S(8,))/[F. S(8,)]

where w, denotes the free presentation of Gz, defined as the composite of w
and the restriction map Gk — Gg,, and the vertical map on the right is
the homomorphism induced by the inclusion [F,F]NR — [F,F| N S(R,).
Therefore, the assertion of Lemma 5 is equivalent to

(4) (7, SE)INR)/[F, Rl < ([F, FINR)/[F, R])”.
As Gal(Kk'/R),) = Gal(KK'/K)P, i.e.,, S(R))/R = (S(K)/R)P, we obtain
S(Ry) ={v2|yeS(K), ze R}.
Now, take any x € F, y € S(K), and z € R. Then
[z, yP2] = ayPza™ 7y P € ayPayPIF R = ([2,y)y)PyPIF, R
We also see, by the fact m(y) € Gal(Kk'/K), that
ﬂ([x,y}) S [GKk/,Gal(Kk,/K)} - [GKk’aGKk’] N Gal(Kk//K) =1.

Therefore, [z,y] belongs to R so that ([z,y|y)Py P[F,R] = [z, y]P[F, R].
Consequently, we have

[z,y72] € [z, y|P[F, R], [z,y] € [F,FINR.

Since (4) follows from these, the lemma is proved. =
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Proof of Theorem 2. Let F be any intermediate field of Kk'/K such that
Coker(yp) =1, ie., v(F)=1.

Since Lemma 4 implies that R}, /F is surjective for every v € P, (3) yields
a commutative diagram

Docp M(Gp) 5 M (Grer)
l lR(Kk’/F)
D,cp M(Gy) —5— M(Gr)

in which the vertical map on the left is surjective. Hence R(KkE'/F)oykys is
surjective. It thus follows that M (G gy ) is generated by the image of gy
and the kernel of R(Kk'/F):

(5) M(Gry) = Im(yxw) + Ker(R(KE'/F)).

Next, let ¢ be a prime number dividing [Kk" : K]. Note that such a
prime ¢ certainly exists by Kk’ # K. We then see from Theorem 1 that the
natural map v(8,) — v(K) is surjective. In particular,

(6) v(K)=1 ifv(Ry) =1
Now, we assume that v(R,) = 1 for all prime numbers p dividing [Kk’ : K].

As 8, = K for any prime number p not dividing [Kk’ : K], we have, by
(5) and (6),

M(Grw) = Im(vkw) + Ker(R(KK'/Rp))
for every prime number p. Therefore, Lemma 5 shows that
M(Gkw) = Im(ykw) + pPM(Gkp)
for every prime number p, so that we have, by induction,
M(Ggr) = Im(vgw ) + nM(Ggpr)
for every positive integer n. However, |G |M(Ggy) = 0. Hence
M(Ggyr) = Im(ykp), ie., Coker(ygy) = 1.

This just shows v(KEk') = 1.

Conversely, it follows from Theorem 1 that if v(Kk') = 1, then v(K,) =1
for every prime number p dividing [Kk’ : k]. The first assertion of Theorem 2
is therefore proved.

Suppose now that [Kk' : K] is a power of a prime number ¢ and that
v(L) = 1 for some intermediate field L of Kk'/8®;. Then v(&;) = 1 by
Theorem 1. Hence v(K k') = 1 by the first assertion proved above. Therefore,
we see again from Theorem 1 that v(L) = 1 for all intermediate fields L of
Kk /K. The proof of Theorem 2 is thus completed. =
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Proof of Theorem 3. As in the statement of Theorem 3, let F/F be any
extension of global fields such that
KCF, ECKk gedt[E:K]) =ged(t,[F: K]).
Let 7 : F — G be a free presentation of Gg. We put
R =Ker(r), S(K)=nr1(Gal(E/K)), S(F)=r '(Gal(E/F)).
Since E/K is a cyclic extension and ged(t, [E : K|) divides [F': K],
Gal(E/F) = Gal(E/K)K] C Gal(E/K)*.
Therefore, it follows that
S(F)CS(K)'R={y'2 |y € S(K), z€R}.
On the other hand, Lemma 2 implies that
(7) Ker(R(E/F)) 2 (IF, S(F)| N R)/|F, R).

Now, take arbitrary x € F, y € S(K) and z € R. Noting that F is the
composite of K and an intermediate field of k/k, we have

[z, y'2] € [z, y)'[F,R], [z,9] € R,
as in the proof of Lemma 5. Hence
[z,9'2] € 2 (7 [z, ) [F, R] = elyz~ty ' [F, R].

It also follows from F/S(K) = Gk and S(K)/R = Gal(E/K) that there
exist a,b € Z, z1,2z92 € R, and yo € S(K) satisfying

o' =yiz, Y= uyoe
Consequently,
[2,y"2] € Yo 1902221 'y T2 'y IF, R] = 2120z 2y [FLR] = [FLR]

This shows that [F,S(F)] = [F,R]. Hence, by (7) and Lemma 4, R(E/F)
turns out to be an isomorphism. Lemma 4 and (3) give us, however, a
commutative diagram

D.cp M(Gp) == M(Gp)
l lR(E/F)
@veP M(G%) —Es M(GF)
in which the vertical map on the left is surjective. Therefore,

og/r : Coker(yg) — Coker(yr)

must be an isomorphism. Hence Lemma 3 completes the proof of Theo-
rem 3. m
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