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Introduction. The relation between the spinor L-function of Siegel
modular forms of integral weight and Siegel @ operator was studied by
Zharkovskaya [5]. She showed the commutation relation between the Siegel
@ operator and the Hecke operators acting on the space of Siegel modular
forms of integral weight; moreover she showed that the homomorphic map
from the Hecke ring of degree n to that of degree n — 1 is surjective; finally,
she showed that the quotient part of the spinor L-function of a Siegel modu-
lar form F' of degree n can be written by using the quotient part of the spinor
L-function of the Siegel modular form @(F') of degree n — 1 where &(F) is
the image of F' under the Siegel @ operator. This theorem of Zharkovskaya
was generalized to arbitrary levels by Andrianov [1].

The even zeta function of Siegel modular forms of half-integral weight
was studied by Zhuravlev [6], [7]. Oh-Koo—Kim [3] showed the commutation
relation between the Siegel @ operator and Hecke operators acting on the
space of Siegel modular forms of half-integral weight, and also that the map
from a suitable Hecke ring of degree n to that of degree n — 1 is surjective.

In this article we show the relation between even zeta functions of Siegel
modular forms of half-integral weight of degree n and of degree n — 1 (The-
orem 2). Note that the case of degree n = 2, level ¢ = 4 and character y = 1
of our Theorem 2 has already been treated by Hayashida—Ibukiyama [2].
Our main result is deduced from the theorem of Oh-Koo—Kim [3].

Notation. We let Z, Q, R and C have the usual meaning. Let M, ,,(A)
be the set of all m xn matrices over a commutative ring with unit A, and put
My (A) = M, n(A). For matrices N € M,(A) and M € M, ,,(A), we define
N[M] = *MNM where *M is the transpose of M. We put M* = ‘M~
Let E, be the identity matrix and let GL,(A) be the group of invertible
matrices in M,(A) and SL,(A) the subgroup consisting of matrices with
determinant 1. If A C R, and A7 is the group of positive units of A, then
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we put
GSpy (A) = {M € My, (A) | "M J, M = ~v(M)J,, v(M) € AY},

where J, = ( E? 753”). We denote the positive determinant matrices in

M, (A) by M,F(A). We define Sp,,(A) as follows:
Sp,(4) = {M € GSp,; (4) | v(M) = 1}.
We put e(M) = exp(2mic(M)), and (M) is the trace of the matrix M. Let
3. ={Z=X+iY eM,(C)|Z="ZY >0}

be the Siegel upper half-space of degree n. We denote the action of Sp,,(R)
on 3, by

M(Z)=(AZ+B)(CZ+ D)™ for M= (.7)€Sp,(R), Z€ 3n.

For a positive integer q,

If(q) ={M = ( ) € Sp,(Z) ’ C =0 (modq)}

is the congruence—subgroup of the symplectic group Sp,,(Z).
We set (a,b) = ged(a,b) and (n) =n(n+1)/2 for a,b,n € Z.

1. Hecke rings. The Hecke ring ZZ(R) was introduced by Zhuravlev
[6], [7] to interpret the even zeta function of Siegel modular forms of half-
integral weight for general degree. The aim of this section is to describe this
ring following [6], [7].

1.1. Hecke pair and Hecke ring. Let I' be a group and let S be a
semigroup in the multiplicative group G. (I',5) is called a Hecke pair if
I'S = SI' = S and if for any g € S the quotient sets I'\I'gI" and I'gI"/T’
are finite. Let L(I,S) be the C-module spanned by the left cosets (I'g),
g € S. By the Hecke ring D(I',S) we mean the I'-invariant submodule of
L(I',S) consisting of X = . a;(I'g;) such that X -y = X for any v € I,
where X -y = >, a;(I'giy). For X =3, a;(I'g;) and Y = 3, b;(I'h;) in

D(I',S), we define X Y =}, a;b;(I'gih;). Then D(I,5) is an associative
ring with generators (I'gI") = El(FgZ), where g € S and I'gl’ = |J, ['g; is
the left coset decomposition.

We define subgroups I (q) and I} of Sp(n,Z) as follows:
I'v(q {M ( )ESan ‘C’EO(modq)},
FO_{M (4 5)espn,z)|C =0}
We set Z[p~'] = {a/p" € Q | a,r € Z}. We define multiplicative sets S,

Spe and Spp in GSp; (Z[p~1]) as follows:
={M=(27)eGSpl(Zp™"]) | C =0 (modq), y(M) =p},
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St ={M=(}7)€GSpi(Z[p™")) | C =0 (modq), y(M) = p*},
n A B n

Stp={M=(.,) €Sy |C=0}
We put

Ap=SL(n,Z) and Gp ={D € M,(Z)|detD=p", 6=0,1,...}.
It is known that (I (q), Sp), (15'(a), S;2), (15, Sgp) and (An, G}) are Hecke
pairs. We denote the corresponding Hecke rings by L (q) = D(I(q), Sy),
LZQ(q) = D(I§(q), ng), Ly, = D(I§,S5,) and Hy = D(A,, Gy).

1.2. Universal covering group. The universal covering group & for

GSp;(R) consists of the pairs (M, p(Z)), where M = (g g) is in GSp;' (R),

©(Z) is holomorphic on 3, and |¢(Z)? = det M~/?|det(CZ + D)|, with
the group operation

(M, p(2)) - (L, (Z)) = (ML, o(L(Z))(Z)).
We define the standard theta series and a function j by

e"(2) =Y e(Zm]) (Z € 3n),
mezZ™
0" (M(Z))

o"(2)

We define an injective homomorphism j : IJ'(¢) — & by setting j(M) =
(M,j(M,Z)). We set I§(q) = j(I3(q)), I§ = j(I3); these are subgroups
of &.

We define the projection P : & > (M,¢(Z)) — M € GSp,(R) and
we put S = P1(Sp), S = P7Y(S), S§, = P'(S§,)- It is known
that (f(?(q), :9\;1), (f(?(q), :9\;12) and (fon, §61p) are also Iiecke pAairs.;I‘he cor-
responding Hecke rings are denoted by Ly (q) = D(I¢'(q),5,), LZQ (q) =
D(IF(q), S)z) and L, = DI, Sg,,)-

J(M,Z) = (M € TJ(4), Z € 3,).

R 1.3. 1216 reduction of the Hecke riizg. We define a hor/r\lomorphism E\QQ:
Ly(q) — Lg,, as follows: for any £ € Sy, there exist v = If'(¢) and & € Sy
such that & = v&p; then we define
0I5 (@)ElE (q) = To&
For an odd integer 2k —1, we define a homomorphism Py_1 : Zg,p — Lg,
by

R . 7 —2k+1

where o= (M, ¢(Z)) € §&p and the function ¢(Z)|p(Z)|~! does not depend
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on the choice of £, because of the definition of ]A};‘; moreover ¢(Z)|o(Z)|7!
is a constant function of Z € 3, because of the definition of §&p.

A surjective homomorphism (2, : Lg,, — Hg[til], where ¢ is transcen-
dental over H', is defined as follows: for X € Ly, written in the form

X=>, ai(FgL(péiDD;k Bi ), we set

D;

Let zg, . .., zy be algebraically independent over C, let h=> ", a;td (AnD;)
be in Hg[tﬂ], and suppose that for D; we take upper triangular matrices

with diagonal elements p®1, ..., p%n. Then we define an injective homomor-
phism ¢ : H[t*'] — ClzF!, ..., 2] by setting
n
p(h) =Y awy [ (p7)%.
i j=1

Altogether, the above maps are as follows:

l‘il

> €40 7y Par— 2n ®
Ly(q) =5 L, = Loy, = Hp[t71] 5 Clag, o]

0,p 0,p

1.4. The Hecke ring Eg(n) We consider the commutative subring Eg(ﬁ)
(C Egg(q)) which is generated over C by T(Ky), ..., T(Kn_1), T(K,)*!,
where T\(Ks) = (fg‘(q)l?sfgl(q)), Ky = diag(E,_s, pEs; p*E,_s,pEs) and
K= (K,,p™ /) are the corresponding elements of &. We define Ly (k) =
PQkflg(LO(Eg(H)). Let CW2 [.T}(:)tl, ..., o1 be the ring of Wa-invariant poly-
nomials, where Ws is the automorphism group generated by the permuta-
tions of x1,...,x,, the transformations g — xzox;, ; — xi_l, Tj = T
(j #0,4;4 =1,...,n), and the transformation xg — —xg, x; — x; (i # 0).
Then the homomorphism ¢ o (2, gives an isomorphism of Lj(x) with the
polynomial ring C"2[zF!, ..., 2] (see Zhuravlev [7]).

Namely, there exist isomorphisms

(1) LM (k) ~ LM (x) ~ C"2[zF, ... 2],

2. Siegel modular forms of half-integral weight and Hecke op-
erators. In the theory of modular forms, the Hecke rings have a represen-
tation on the space of modular forms, and this representation is important
when considering the multiplicative property of Fourier coefficients of mod-
ular forms. In this section we describe the representation of Hecke rings
on the space of Siegel modular forms of half-integral weight according to
Zhuravlev [7].
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2.1. Siegel modular forms of half-integral weight. Let k be an integer,
let x be a Dirichlet character modulo ¢, and let 4|g. Then a holomorphic
function F(Z) on 3, is said to be a Siegel modular form of weight k — 1/2
and character x € I'}'(q) if

. — A
F(M(Z)) = x(det D)j(M, Z)** " 'F(Z) forany M = (1) € I3'(q),
and in the case n = 1 the function F(Z) is holomorphic at all cusps of I3 (q).
We denote the set of such functions by DJTZ_I/Q(q, X)- If n = 0 then we set
me /2(q, x) = C for k > 0. Siegel modular forms have a Fourier expansion
F(Z)= Y f(N)e(N2Z),
NeN,

where 91, is the set of symmetric positive semi-definite half-integral matrices
of size n. From the definition of 93?2_1/2(% x) it follows that f(N[U]) = f(N)

for U € SL,,(Z).

For any function F(Z) on 3, and for { = (M, o(Z)) € I (q) we set

Fle1ja§ = y(M)"PF D=y (det A)p(2) " F(M(2)).

It follows from the definition that F,_1 /2, &1|p—1/2,x&2 = Flk—1/2,x§182, and
if Fe mgfl/z(q,x), then F]k_l/zxg = F for any & € I (q).

2.2. Representations of Hecke rings on Siegel modular forms of half-
integral weight. For F' € I | /Q(q,x)7 we define a representation of the
Hecke ring LZQ(q) by setting

FlicijonX =Y aiF|p_1/o, Mi
i

where X = > ai(fgb(q)]\//fi) € ZZQ (¢). We define a representation of the
Hecke ring Ly, by setting

Fli1/oxX = 3 biFli-1ap M
J
where X = b;(I7'M;) € Ly, and where

—~ —~

Fly—1jsyM = Fly_y5, M and M = (M,y(M)~"/*|det D|'/?)

for M = (g [B)) € GSp, (Q).

The following equation was shown by Zhuravlev [7]: for F' € 9} /2(q, X)
and X € EZQ (¢), we have

(2) F|k71/2,x*}? = F‘k71/2,XP2k—1gq,0()?)'

By virtue of this equation, we can consider the action of the Hecke ring
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EZQ(Q) on the Siegel modular forms M}, /Q(q, X) as the action of the corre-
sponding Hecke ring in Ly,

3. The ¥ operator and Siegel ®-operator. The ¥ operator was
introduced by Andrianov [1] to generalize the theorem of Zharkovskaya [5]
to arbitrary levels. It was also considered for Siegel modular forms of half-
integral weight by Oh-Koo-Kim [3]. In this section we recall this operator
and the theorem of [3].

5 D*
Let X = Y, ai(IJgi) € Lg,, where g; = (p ODI gi). We can take D;
upper triangular and set D; = (%’ pfii ), where D} is also upper triangular.

We define a homomorphism ¥(X,u) : Lg,, — L”_l[uﬂ] by

Zal ([vnl )

(* ’éji* gﬁ) and B, denotes the

block of size n — 1 in the upper left corner of B;. If n = 1, we set ¥(X,u) =

Zi aiu_(si (up_l)di .

We define a C-linear homomorphism

where u is an independent Vaurlable7 g. =

Mnu (C[xoﬂ, R (C[xo ye .,xf}l,uil]
by the following condition:
nn,u(mo) = CUOUilv nn,u(xn) =u, nn,u(mi) =T (z =1,...,n— 1);
then the following diagram is commutative:
of2n
L, ‘ (C[:Uoil, N
(3) w(—,u)l lnn,u
0f2p—1x1
L ) 2 et et

where ¢ o £2,—1 X 1 is the ring homomorphism defined by o 2,1 x 1 =
wof2, 1on LOp , (o 82,1 x 1)(ut) = utl.

Let F' e M 1/2((] X). We define & : SUEZ_I/Q(Q,X) — Sﬁz:im(q,x) by

Z
B(F)(Z) :Ali_{goF< ) ZOA ) Z €31

This @ is called the Siegel @-operator.
The following theorem was shown by Oh-Koo-Kim [3].

THEOREM 1 (Oh-Koo-Kim). Let F € My, (g, x) and X € L7 (q).
Then

(4) gzs(]-'?\k—l/zx)?) = O(F)|p—1/2,¥(X, pnf(kfl/z)X(p)fl)v
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where X = ng_lé\q,o()?) € L87p2. (If n = 1, then the right hand side
of the above equation is the action of Lg’pg = C on zmg_m(q, x) = C,
which is just the multiplication of complex numbers.) Moreover, the map
W (x, p"= =12y (p)~1) - Ly(k) — Lg_l(ﬁ) is a surjective ring homomor-
phism. If F' is an eigenfunction for the action of Ly(x) and if ®(F) is
not the zero function then ®(F) is also an eigenfunction for the action of
Ly~ (k).

4. The even zeta function of Siegel modular forms of half-in-
tegral weight. The even zeta function of Siegel modular forms of half-
integral weight was studied by Zhuravlev [7]; he generalized a theorem on
the degree 1 case of Shimura [4] to the general degree. In this section we
recall the result of [7].

Let v(z) be the polynomial defined by

n
y(z) =[] —@iz)(1 —a7'2).
i=1
The right hand side of this equation has expansion

2n
v(2) =Y (F1)'R}~,
i=0
where R € CW2[z3!, ... 2!]. Because o 2, is an isomorphism (see (1)),

there exists a Hecke operator R, € Lyj(x) such that ¢ o £2,(R},) = R}
Let F(Z) =) f(M)e(MZ) € M} _ 1/2(q, X) be an eigenfunction for the

action of Lyj(x). We denote the eigenvalues of F' for the Hecke operators
R, by Ap(R},). Since Ry, ;, = R} and Ap(Rj5, ) = 1, we define the p-
parameters {a;’t]} of F' as follows:

n 2n
H(l _ ai7pz)(1 — Q. ,]}Z) = Z(—l)l)\F(RZp)Z/L
i=1 =0

Now we describe the result of Zhuravlev [7]. Let A be a completely mul-
tiplicative function which grows no faster than some power of the argument,
and let N be a positive definite matrix in 91,,. When the real part of s is suf-
ficiently large, the following series, called the even zeta function, has Euler
expansion:

A(det M) f( Pry(N, A, p®)
(5) > +k 3 - 11 P—7
s /2
vesLo g (M) pprime @FP(AP77)
(det M,q)=1

where Pp,(N, A, z) is a polynomial of z of degree at most 2n (the explicit
form of this polynomial, given in [7], is not needed here) and Qrp(A, 2) is
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a polynomial of z of degree 2n. In particular Q (A, 2) does not depend on
the choice of N. The polynomial Qr (A, z) was defined as follows:

n

(6) Qrp(X 2) = [J(1 = aipx(P)AP)2) (1 — a; ) x()A(P)2),
i=0
where affpl are the p-parameters of F.

5. Main theorem. Let F' be a Siegel modular form of weight k£ — 1/2
belonging to I'j'(¢), where ¢ > 0 is an integer divisible by 4. We assume
that F" is an eigenfunction for the action of Ly (x) (§1.4). Let A be a com-
pletely multiplicative function which grows no faster than some power of
the argument.

We put L(s, A, F) =[], =1 Qep(X, p*TF732) 71 (see (5), (6)).

Then we obtain the following theorem, an analogy of the theorem of
Zharkovskaya [5].

THEOREM 2. If &(F) # 0, then

L(S') )\7 F) - LI(S —n+ 17 A7 E2k—2n,x2)L(S7 )‘7 @(F))’
where
Li(s, M Bapoann2) = [ (1= 2@p™*) (1 = Ap)x(p)?p™ 17971
pi(p,g)=1
If K > n+1 then Li(s,\, Egg_op \2) is the L-function of the Eisenstein
series of degree 1 of weight 2k — 2n with character x? twisted by \.
Proof. We define R} (z) € Ly (x)[z] by
2n A .
Rp(z) = (-1)'R},7,
i=0
where R}’ are the elements of Ly (x) defined in Section 4. By using (3) and
(4), we have

QS(F\k—l/z,ng(Z)) = QS(F)’k—l/Q,X‘I’(Rg(z)aPni(k*l/Z)X(p)fl)
= (1 —p" 12y (p) 1) (1 = p*F D7 x(p)2)
X @(F)|k—1/2,XRg_1(Z));

moreover,

O(Fli1/0 5 (2)) = ([T = a702) (1 = cip2) ) B(F),
=1
+1 _

, and we can regard a;t; (i=1,...,n—1) as the p-pa-

where O‘i[p are the p-parameters of F'. From the above we can take «

(x(p)~tpr—(k=1/2))*

rameters of ¢(F).
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We have
QF,p(/\ap_s+k_3/2) = (1 =A@ H = Ap)x(p)?p 72

X Q@(F),p()‘ap_s+k_3/2)-
Consequently, we have proved Theorem 2.
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