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2-adic and 3-adic part of class numbers and properties of
central values of L-functions

by

MAaTtIA Kazavickl (Madison, WI)

1. Introduction and statement of results. Let K = Q(v/—d) be
an imaginary quadratic field, and let Cl(Q(v/—d)) denote its ideal class
group. Starting with Gauss, who developed genus theory, many people have
investigated the structure of the 2-Sylow subgroup of C1(Q(v/—d)). In the
case when d = p is prime, Barrucand and Cohn [1] in 1969 discovered the
beautiful fact that the class number

h(=p) := MQ(V—p))
is divisible by 8 if and only if p = 22 + 32y2, where  and y are integers. In
the early 1980s, Williams [22] showed that if € = T'+ U, /p is a fundamental
unit of the real quadratic field Q(,/p), then

(1.1) h(—p) =T+ (p—1) (mod 16),

where 8 | h(—p). Yamamoto [23] and Stevenhagen [I8] proved this and similar
results by studying small degree extensions of Q(/p) and Q(v/—p).

Let d be prime or the product of two primes. We study the connection
between the 2-part and 3-part of the class numbers h(—d) and h(—3d) and
ray class groups of Q(v/d) unramified outside 2 and 3. More precisely, if p;
and po are primes above 2 and 3 in Q(v/d) (we assume that 2 and 3 split),
we investigate the ray class groups Gy, of Q(v/d) of modulus

m = py'p3,
where m,n > Cy for some constant Cy. If r,(Q(v/d)) denotes the k-rank of
any such G, ,,, we obtain the following “reflection” theorems.
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THEOREM 1.1. Suppose that p is prime.
(1) If p=1 (mod 16), then

4] h(—=p) & r4(Q(v/p)) =1,
81| h(—p) < ra(Q(v/p)) =2 and rs(Q(y/p)) = 1,
16| h(=p) & 13(Q(\/p)) = 2.

(2) If p=9 (mod 16), then

4[lh(=p) = m(Q(v/p)) =1
8l h(=p) < rs(Q(vp)) =2,
16 |h(—p) < r4(Q(/p)) =2 and rs(Q(y/p)) = 1.
REMARK. Since h(—p) is odd for p = 3,7 (mod 8) and h(—p) = 2
(mod 4) for p =5 (mod 8), the only interesting case is p =1 (mod 8).
THEOREM 1.2. If p and q are primes for which p,q = 3,5 (mod 8) and
pqg =1 (mod 8), then
1h(=pg) & ra(Q/FD) = 1,
811 h(—pg) & rs(Q(yFD) =2
16| h(~pg) < r4(Q(y5)) =2 and r(Q(yD)) = 1.
THEOREM 1.3. If p =1 (mod 8) is prime, then 3 t h(—3p) if and only
if r3(Q(y/p)) = 1.

As a consequence of these theorems, we recover and we obtain
the following result relating the divisibility of class numbers to congruence
properties of fundamental units.

For primes p and ¢, we denote by (g) and ( %) 4 the quadratic and quartic
residue symbol.

THEOREM 1.4. If p and q are primes for which p,q =5 (mod 8), then
T =9 (mod 16) if () =1 and (2),(%), = -1,
T =4 (mod8) if (%) = -1,

where T + U,/pq is a fundamental unit of Q(\/pq). When Norm(e) = —1,
we choose the fundamental unit such that T =1 (mod 4).

REMARK. If p,¢ = 3 (mod 8) then 4| h(—pq). Therefore, we do not
consider this case.

Using class field theory and facts about fundamental units, we show for
the quadratic fields in Theorems that the structure of the ray class
groups Gy, is constrained by the 2- and 3-adic valuation of the regulator
of Q(\/ZZ) On the other hand, the regulator is connected via the p-adic
class number formula to the value at 1 of the 2- and 3-adic L-functions of
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the character that corresponds to Q(\/&) The following result relating class
numbers to p-adic L-function implies Theorems [1.1

THEOREM 1.5. Let p and q be primes.

(a) If p=1 (mod 16), then 16| (§L2(1, xp) + 3h(—p)).

(b) If p=9 (mod 16), then 8|| (§L2(1, xp) + 3h(—p)).

(c) If pg =1 (mod 8) and p,q = 3,5 (mod 8), then 8| (§La2(1, xpq) +

3h(—pq)).

(d) If p=1 (mod 8), then 3| (Ls(1, xp) + 2h(—3p)).

REMARK. Shanks, Sime and Washington, in their paper on zeros of 2-
adic L-functions [15], obtained results that are similar to parts (b) and (c)
of Theorem In those two cases the 2-adic L-function has only one zero.
The L-function from part (a) has more than two zeros.

We prove Theorems by studying congruences between certain
half-integral weight modular forms, the Cohen—Eisenstein series and the
cube of the Jacobi theta function.

We also consider L-functions associated to Ramanujan’s Delta-function,

Az) =Y r(n)z" =g [J(1 =M™,
n=0 n=1

the unique weight 12 normalized cusp form for the full modular group. Also,
denote by ox(n) =34, d* the sum of kth powers of divisors of n. Ramanu-
jan observed that modulo the powers of certain small primes, there are
congruences relating 7(n) and ox(n). For example, for the powers of two the
following congruences are due to Kolberg [10]:

7(n) = o11(n) (mod 2') if n =1 (mod 8),

7(n) = 1217011 (n) (mod 2'3)  if n =3 (mod 8),

7(n) = 1537011 (n) (mod 2'?)  if n =5 (mod 8),

7(n) = 705011 (n) (mod 2'1)  if n =7 (mod 8).
By the work of Eichler, Shimura, Deligne and Serre, for every prime [ there
is a 2-dimensional [-adic Galois representation p; : Gal(Q/Q) — GL2(%Z;)
with the property that Tr(p(Froby)) = 7(p) for every prime p # I (Frob, €
Gal(Q/Q) is a Frobenius element for the prime p). Swinnerton-Dyer [19]
showed that the image of these representations is “small” for primes [ =
2,3,5,7 and 691. Moreover, he showed that Kolberg’s congruences determine

the structure of ps. More precisely, up to conjugation by an element of
GL2(Q2), the image of py consists of matrices of the form

14274 2B
g = y
2C 142D
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where A, B,C, D € Zs,. Since the representation ps is reducible modulo 23,
inspired by the Bloch—Kato conjecture, one expects to find some congruences
modulo the powers of two between the algebraic part of the central value
of the L-function associated to the Delta function and its quadratic twists,
and a value of the corresponding Dirichlet L-function.

For a positive fundamental discriminant d, we denote by A, the twist
of A(z) by the quadratic character (4) Square roots of the algebraic parts

L2g( Ay, 6) will be defined later in this section. We prove the following
theorem.

THEOREM 1.6. If d is a positive fundamental discriminant, then:

VILA8(Ag,6) =49 - 4L5(11, xq) (mod 2%)  for d =1 (mod 16),
LA8(Ag,6) = 71 -4L5(11, xq) (mod 2°)  for d =5 (mod 16),
LA18(Ag,6) = 369 - 4L5(11, xq) (mod 2°)  for d =9 (mod 16),
LA8(Ay,6) = 7-4Lo(11, xq) (mod 27) for d =13 (mod 16),

VLH8(A4,6) = d - 12L3(15,xq) (mod 3%)  for all d.

REMARK. The question of how congruences modulo a power of a prime
between the coefficients of Hecke eigenforms give rise to congruences be-
tween the algebraic parts of the critical values of the associated L-functions
was initially studied by Mazur [12], [13]. Using modular symbols to study
algebraic parts of L-values, Vatsal [20] proved a general result for congru-
ences between Eisenstein series and cuspidal newforms of weight 2. Vatsal
remarks that his result could be generalized to higher weights k, but only if
p > k. Here, we consider small primes p € {2,3}.

Another approach to these questions, introduced by Maeda in [11], is
to use the Kohnen—Waldspurger theorem to translate congruences between
L-values to congruences between half-integral weight modular forms that
correspond to integral weight modular forms via Shimura correspondence.
More precisely, one can show [14, p. 154] that the Kohnen newform in
Sgivlv/z( 0(4)) associated to A(z) is

(12)  g(x) = ib(n) - Bila00(:) _ O(Ei()0(:)

2 16 ’

where for integer k, Eo(z) is the normalized Eisenstein series of weight 2k
on SLy(Z), and © is Ramanujan’s Theta-operator defined by

e <§: a(n)q") = i na(n)q"
n=0

n=0
Now the Kohnen—Waldspurger theorem for positive fundamental discrimi-
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nants d implies that

A Ay
120d11/2<g 9
(where (-, -) is the standard Petersson inner product). We define the algebraic
part of L(Ag,6) to be L¥8(Ag,6) := b(d)?, and we define the square root of
the algebraic part to be /L#8(Ay,6) := b(d). Koblitz [§] showed that the
Shimura lifting on cusp forms, as modified by Kohnen, extends to Eisenstein
series. The weight 6 + 1/2 modular form that corresponds to Ej2(2) is the
Cohen-Eisenstein series Hg/9(2) € Mgi1/2(I0(4)). In general, for r > 1
we have Cohen-Eisenstein series of weight r 4+ 1/2:

r+1/2 ZH T, N q € 7"+1/2(F0(4))
N>0

L(Ada 6)

(cf. [3]), where H (r, N) is an explicit arithmetic function. For example, if D=
(=1)"N is a discriminant of a quadratic field, then H(r, N)=L(1 —r, xp).
Koblitz proved that the congruence A(z) = Ej2(z) (mod 691) descends
to the congruence g(z) = —252Hg1/2(2) (mod 691), and Datskovsky and
Guerzhoy [4] generalized this to other weights. We have an analogous the-
orem for moduli which are powers of 2. The difference is that we prove
congruences modulo a theta series of weight 1/2. More precisely we write

f(z) = g(2) (mod N) & f(2) — g(2) = h(2) (mod N)
for some p-adic modular form h(z) whose non-zero coefficients are supported
on squares.
For a modular form f(z) = > a(n)q¢", we denote by

ft= > am)g¢* and f(z)" = Y a(n)q"
n=1 (mod 8) n=5 (mod 8)

the modular forms obtained by “twisting”.

THEOREM 1.7. With g(z) as in (1.2), we have
9(2)* = 49-4Hg,1/5(2)" (mod 2%),  g(2)” =" 39-4Hg,1/5(2)” (mod 27).

When we compare Hg 1 /5(z) and 0p(z)* modulo powers of two and three,
we get the following corollary.

COROLLARY 1.8. Let d be a positive fundamental discriminant.

(a) Ifd =1 (mod 8), then 2° | \/L?8(A4,6) + 12h(—

(b) Ifd =1 (mod 8), then 33| \/L*2(Ay,6) — 120d - H(—3d).
Here, H(—N) denotes the Hurwitz class number.

Kohnen first proved in [9] results similar to part (b), and he used them
together with the result of Davenport and Heilbronn on the 3-part of the
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class group to obtain non-vanishing of a positive proportion of central L-
values L(Ag, 6).

2. Preliminaries for the proofs of the theorems

2.1. Ray class groups and class field theory. In this subsection we
use class field theory to show that the structure of the 2- and 3-parts of
ray class groups from the introduction are determined by 2-adic and 3-adic
properties of fundamental units.

Let E be the unit group of the real quadratic field K = Q(v/d). For
a prime p of K, denote by U, the group of units of the completion Kp.
Fix a rational prime P that splits in K. Denote by p; and po primes of
K above P. For integers m,n > 0 let I, , be the ray class field of K of
modulus m = p7"py. Let

Unn=1+p1)A+p3), U=[]0, U=][w U"=]]0,
pIP ptP

be subgroups of I, the group of ideles of K (we put 1 at all other places).
As usual, we embed K diagonally in Ix. The image of E in U’ = Uy, Uy,
under this map is denoted by E. Let H be the Hilbert class field of K.

We will determine the structure of Gy, , by studying Gal(F,,,/H) and
CI(K) separately. It is easy to describe the structure of Gal(F}, ,/H) using
the idelic formalism (see [21, pp. 269, 396)).

THEOREM 2.1. Using the notation above we have

Gal(Fn/H) = (T] Up) / BV
plp
Proof. By class field theory, K*U and K*U"U,y,, are open subgroups
of finite index of I that correspond to the fields H and F),,. Hence, we
have
Gal(Fy,,n/H) 2 K*U/K*U" Uppp, = (K*U"Upyp)U' | K*U" Upp 1,
= U /(U NK*U" " Upp).

Next we show that U'NK*U" Uy, n = EUpp, 5. One inclusion is easy; if e € F
then we have € € U’ and € = e(g) € K*U". For the other direction, let
r e K*, u" € U and u € U,,y. Suppose that zu”u € U’. First, observe
that x is a unit since it is a local unit for every finite place. Next, note that
zu” € E. Hence, we have 2u"u € EUp, ;.. w

The following two lemmas imply that for the real quadratic fields of
interest, the Hilbert class field is disjoint from the cyclotomic extension.

For prime p, we define the first step of cyclotomic Z,-extension of number
fields L/K to be the intermediate field F', such that Gal(F/K) = Z/pZ.
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LEMMA 2.2. Ifd =1 (mod 4) is a positive fundamental discriminant,
then the first step in the cyclotomic Zy-extension of Q(v/d) is Q(v/2,Vd),
and the extension Q(v/2,v/d)/Q(v/d) is ramified over primes above 2.

Proof. The first statement is well known (e.g. see [2I], p. 319]). For the
second statement, note that 2 ramifies in the extension Q(v/2,v/d)/Q since
it ramifies in Q(4/2), but that it does not ramify in Q(v/d)/Q. Hence, primes
above 2 must ramify in Q(v/2,vd)/Q(vd). =

LEMMA 2.3. Ifd is a positive fundamental discriminant such that 3 1 d,

then the first step in the cyclotomic Zs-extension of Q(\/&) s ramified over
primes above 3.

Proof. Let Q(¢) be the first step in the cyclotomic Zs-extension of Q.
Then Q(¢)/Q is ramified above 3. Since 3 does not ramify in Q(v/d), it
ramifies in Q(v/d, ¢)/Q(v/d), which is the first step in the cyclotomic Zs

tower over Q(v/d). m
Now consider P = 2 and P = 3 in detail.

Ray class groups unramified outside 2. In this case U, = Z; =
1+ 2Zy, and we have the following well known result.
For prime p, we define v, to be the p-adic valuation on Z,, normalized
such that v,(p) = 1.
LEMMA 2.4. The 2-adic logarithm induces an isomorphism
1+ 275
1+ QkZQ
Under this map an element € with 2 < va(e — 1) =t < k is mapped to the
element of 7./2*27 of order 2F.
REMARK. More precisely, the 2-adic logarithm induces an isomorphism
1+47,
T 1+ 2kZ,
The isomorphism from Lemma maps x € (1 + 2Z3) — (1 + 4Z3) to
(1,&(—x)), and it maps = € 1 + 4Zs to (0,P(x)).

We will need the following proposition from group theory.

>~ 7./27. x 7./]2*27.

&~ 475 /2% 7 = 7.)28 27

PROPOSITION 2.5. Let G = Gg X G1 x Go be a direct product of cyclic
groups of order 2, 281 and 2%2, and let 1 € Gy, e, € Gy and €3 € G5 be
elements of order 2, 21 and 2!2. Denote by H the subgroup of G generated
by (1,€e1,€2). Then

G/H o Z/Qmin(kl—ll,kg—lz)—‘rlz X Z/2k1+k2—min(k1—l1,k2—l2)—max(l17l2)Z.
Proof. We may assume that min(k; — 11, ko — lo) = k1 — 1. Let g1 € G

7l1

and go € G9 be generators such that ¢; = g%kl and e = ggkrb. It is
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easy to check that the element ¢ = (1,g1,g%k27l27(k17l1>) € G generates the
subgroup of G/H isomorphic to Z/2mn(ki—like—l2)+17 The G component
of €" is not a power of ¢; for 0 < r < 2M1=4 50 it is not in H. Also, the Gy
component of € is 1, so € is not a square in G/H. Now the claim follows since
H contains an element of order 2, which implies that G/H is a product of
two cyclic groups. =

Now we work out in detail the special cases of Theorem for K =
Q(v/d) where d =1 (mod 8) is prime, or a product of two primes ¢, = 3,5
(mod 8).

THEOREM 2.6. Let ¢ = T+UVd (T,U €Z) be a fundamental unit of K,
and let k = vay(Norm(e — 1)) — 2.

(a) If d = 1 (mod 8) is prime, or a product of two primes p,q = 5
(mod 8), if Norm(e) = —1, and if m,n > 2 are integers, then

Gal(Fn/H) = 7)287 x 7,/2m0(mn) =27,

In particular,
Py (QUVA)) = 2.

(b) Ifd = pq is a product of two primes with p,q = 3 (mod 8), orp,q =5
(mod 8), and if Norm(e) = 1, then

Gal(Fon/H) =2 7/2Z x Z/Qmin(m,n)—zz'

In particular,
7421#»1@(01(@(\/3)))(@(@)) = 2.

REMARK. It is easy to show that if Norm(e) = —1, then vg(Norm(e—1))
= v9(logy €) + 1. From the proof of part (b), we will see that for suitable e,
va(logy €) = 2, and va(Norm(e — 1)) = 4. We need these facts to relate the
structure of ray class groups to the regulator in the class number formula

(see Section [3.2)).

Proof of Theorem|[2.6, (a) Using Theorem [2.1]and Lemma [2.4] it follows
that
)27 x 7.]2" 27 x 7.)27 x 7.]2"?7
<_17 €> ‘
Here (—1,¢€) is the group generated by the image of —1 and € under di-
agonal embedding of E into Uy, Uy, composed with the isomorphism from
Lemma (See the Remark after Lemma ) Next, we calculate €. Let
€1 € Zy and ez € Zy be embeddings of € in Uy, and U,,. Since 2| e — € =
2U/p, we can assume vz(e; —1) = 1. Then va(ea —1) = k+1. Since the norm
of € is —1, a short calculation shows that e = 1 +2 4224 ... 4+ 2F 4 2k+2p
for some r € Zs, and hence vy(—e; — 1) = k + 1. Therefore, € = (1,e1,0, e2)

Gal(Fypn/H) =
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where e; € Z/2™ 27 and ey € Z/2" 27 are of order 2™ k~1 and 2n—F-1,
Proposition together with the fact that —1 = (1,0, 1,0) implies that

Gal(Fm n/H) ~ Z/Qmin(m—Q—(m—k—l),n—2—(n—k—1))+1Z « Z/2min(m,n)—2Z'

For the second statement, assume that d = pq (if d = p there is nothing
to prove because h(p) is odd). First, we recall that, if the extension L =
K(m)/K is unramified outside 2, then (n) = I* - J, where I and J are
ideals of Og, and J is a product of primes above 2. Since p,q =5 (mod 8),
the primes above 2 are not principal (22 — pgy? = 42 does not have solution
mod p), and since they have an even order in the class group, L can be
either K (v/2), K (y/€), or K(v/2¢). Hence, we see that ro(Gal(Fy, ,/K)) = 2,
and we can write Fy,,,/K as a product of two cyclic fields, one of them
containing H. There is a totally real Zs-extension Ky of K (the cyclotomic
extension) that is unramified outside 2. It is disjoint from H by Lemma
and obviously Gal((Fy,, N Ky) - H/H) = 7,/2™n(mm) =27, Tt follows that

Gal(Fm n/H) it Z/2k+v2(CI(Q(\/a)))Z % Z/Qmin(m,n)72z

and that T 9k4va (CLQ(VA))) (Q(\/a)) =2.

(b) We argue as in (a). The difference is that now the norm of € is 1.
A calculation shows that we can choose € such that €;,ea = 5 (mod 8).
Now, let € = (0,e1,0,e2), where e; and ey are generators of Z/2™ 27 and
Z/2"2Z. From Proposition the first claim follows. An argument similar
to the one in (a) implies the second statement. =

Ray class groups unramified outside 3

LEMMA 2.7. The 3-adic logarithm induces an isomorphism
1+ 3%Zs
1+ 3kZs
Under this map an element € € 1+ 3Zs with vs(e — 1) =t < k is mapped to
the element of Z/3*='Z of order 3F—1.

A= ~ 7./27 x 7./3*" ' 7.

THEOREM 2.8. Ifp =1 (mod 4) is prime, and if € is a fundamental unit

of Q(y/p), then
r3(Q(v/p)) =1 & 31h(p) and v3(Norm(e — 1)) = 1.

Proof. Let m,n > 0 be integers. We have 73(Q(/p)) = 1 if and only if
3 1 h(p) and the 3-part of Gal(Fy,,/H) is cyclic since H is disjoint from
the Zs-cyclotomic extension of K by Lemma [2.3] From Theorem [2.1] and
Lemma 2.7} it follows that

)27 x )3 YL x ZJ27 x 7.)3"'Z
<_17 €> ‘

I

Gal(Fp, ,/H)
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Here (—1,€) is the group generated by the image of —1 and e under the
diagonal embedding of E into Uy, Uy, composed with the isomorphism from
Lemma Let €1 € Z3 and €2 € Z3z be embeddings of € in Uy, and Uy,.
We may choose € such that ¢ = 1 (mod 3), and €3 = 2 (mod 3) since the
norm of € is —1. One may check that (e; —1)/(—e2 — 1) is a unit. It follows
that if € = (0,e1, 1, e), then e is a generator of Z/3™ 17 if and only if ez
is a generator of Z/3"~'Z, which by Lemma is equivalent to 3|/ € — 1,
or v3(Norm(e — 1)) = 1. m

REMARK. Hoelscher in [7] obtained interesting results about ray class
groups of quadratic and cyclotomic fields unramified outside one prime.

2.2. L-values and class numbers as the coefficients of modular
forms. We use modular forms to study congruences between L-values and
class numbers. In this subsection we introduce modular forms whose Fourier
coefficients are essentially the L-values that interest us. The main reference
for this subsection is [14].

Modular forms and the Shimura correspondence ([14, pp. 52,
154]). For a positive integer k, and a positive and squarefree integer N, we
will denote by My 1/5(Io(4N)) the space of half-integral weight modular
forms of weight k + 1/2 and level 4N, and by M;+1/2(F0(4N)) the Kohnen
plus-space. It is the subspace of Mj, 1 /o(I0(4N)) consisting of modular forms
whose nth Fourier coefficient vanishes whenever (—1)*n = 2,3 (mod 4). The
significance of these subspaces is that the restriction of Shimura correspon-
dence to the new part of M, " /2(F0 (4N)) defines an isomorphism of Hecke

modules to the new part of Mo (IH(2N)), a space of integral weight modular
forms. When k = 6, the map defined by the formula ([9, Theorem 1])

S b - D)+ Y <Z d%(;f))q"

n>0 n>1 “dn

is an isomorphism between M7 . . (I3(4)) and Mi2(I5(1)). The modular

6+1/2
form from ,
o(=) = 3 b(n)g" = E4(42)0(00(2))  O(F4(42))00(2)
n=1

2 16 ’

corresponds under the above map to A(z), and the Cohen-Eisenstein series
Hg1/2(z) corresponds to the Eisenstein series E12(z).

The theta function ([14, pp. 12, 134]). A prototypical example of a
half-integral weight modular form is the theta function.
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DEFINITION 2.9. The theta function 6y(z) is given by the Fourier series

Bo(2) =1+2Y q" € M (In(4)).

n=1
We will be interested in
o0
Bo(2) =Y r(n)g" =1+6¢+12¢° +8¢> +--- .
n=0

A classical result of Gauss states that

12H(—4n) ifn=1,2 (mod 4),

24H(—n) if n =3 (mod 8),

r(n/4) if n =0 (mod 4),

0 if n =7 (mod 8).

Here H(—n) is a Hurwitz class number. It is related to the class number
h(—n) by the following formula:

. _ h(=D) -D\
H(-n) w(_D)%u(d)< 2)ots/a,

where —N = —Df? (=D is a negative fundamental discriminant), w(—D)
is half the number of units in Q(v/—D), and u(d) is the Mdbius function.

r(n) =

Cohen—Eisenstein series ([14, p. 14]). To study special values of Di-
richlet L-functions at negative integers we define Cohen—Eisenstein series.

DEFINITION 2.10. If r > 2 is an integer, then the weight r4+1/2 Cohen—
FEisenstein series is defined by
HT‘(Z) = Z H(T’ N)qN'
N=0
Here H(r, N) is defined by

H(r,N) = L(1=r,xp) Y _ s(d)xp(d)d" " g2,-1(n/d),
dln

where xp(d) = (£). In particular, H(r,N) = L(1 —r,xp) if D = (—1)"N
is a fundamental discriminant.

Cohen proved the following important result ([3]).

THEOREM 2.11. If r > 2 is an integer, then H,(z) € M, 1/2(Io(4)).

Sturm’s theorem ([I7, p. 171]). Sturm’s theorem states that in order
to prove congruences between modular forms it is enough to check congru-
ences between a finite number of their Fourier coefficients.
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Let f(z) = >.,2ya(n)g™ € My(I'), be a modular form of weight k € Z
for a congruence group I < SLa(Z) with a(n) € Ok, and let m C Ok be an
ideal. Define

ordy(f) = min{n : a(n) ¢ m}.
THEOREM 2.12 (Sturm). If
ordm(f) > %[SLQ(Z) : I,
then ordy(f) = oo.

We will apply this result to half-integral weight modular forms. We call
the quantity in the theorem the Sturm bound for My(I").
Let N, M and 2k be integers. Assume 4| N and N | M. We define

M (M,N) = @Mkfo ),

where the sum is over all Dirichlet characters of conductor dividing N.

PROPOSITION 2.13. Let k be an integer and f(z) € Myyy/2(M, N). If

2k + 1 1
ordu(f) > =5, —M¢(N) 11 <1 + p),

p|M

then ordm(f) = oc.
For the proof, we will need the following elementary lemma.
LEMMA 2.14.
SLa(2) () 1] = o0 T (14 3).
p|M
Proof. 1t is easy to see that the map Iy(M) — (Z/NZ)* given by

(2%) +— d (mod N) is surjective with kernel Iy (M) NI (N). Since [SLa(Z) :

Io(M)] = M ], (1 +1/p), the claim follows. m

Proof of Proposition (2.13. If f(z) € Mj1/9(M,N), then f(z)? €
Mosj11(M, N). By Lemma the Sturm bound is

2k +1 1
M” 1+—1.
12 <+p>
p|M

The result follows. =

2.3. Weight 1 Eisenstein series. Let p be prime, and let n > 2 be
a positive integer. In this subsection, we construct a weight one Eisenstein
series W, =1 (mod p").
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DEFINITION 2.15. For primitive Dirichlet characters ¢ and ¢ such that
(V) (—1) = —1, we define an Fisenstein series

B} (2) = 8()L(0,%) + 6()L(0,9) +2 Z a5’ (n
Here 6(¢) = 1 if ¢ = 1, and 0 otherwise, and the generahzed divisor sum is
Slp) — n
W =3 0(2)otm
Also, for a positive integer ¢, we define
Eib’d”t(z) = Eim’(tz).
The following well known result gives a basis for the Eisenstein subspace

of weight 1 (for the proof see [5, p. 141]).

THEOREM 2.16. Let N be a positive integer. Let Ax be a set of pairs
({e, ¢},t) where b and ¢ are primitive Dirichlet characters of modulus u
and v, such that (Y¢)(—1) = —1, and t is a positive integer such that tuv | N.
Then the set

{BP*(2): ({90} 1) € An}
represents a basis of the Fisenstein subspace of Mi(I'1(N)).

Recall that the group of Dirichlet characters of modulus 2" is isomorphic
to Z/27 x 7,/2" 7. Also, if 1 is an odd Dirichlet character of conductor f,
we have

L(0,9)) = =By = — Zw

where B 4 is a generalized Bernoulli number.

THEOREM 2.17. Let n > 2 be a positive integer, and let 1 and ¢ be the
generators of the group of Dirichet characters of modulus 2" of order 2 and

2"=2 Then the Eisenstein series
on— 2

Wn—zazq ——22 B}V (2) € My(11(2")

satisfies W, = 1 (mod 2m).
Proof. First we will check that ap = 1. We have
2n—2_1 2n—2_1

ap=-2 Y  (1)'L(0,¢") =2 > (—1)'By yy
=0 =0

on—2_1 2n—1 2n—1 oan—2_1

_9 z; zlnz_;(_lyw Z¢ e Y (—1)'¢'(0).
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For a positive integer m, define the polynomial

Pu(z) = (1—2)(1+22)---(1+2*"") = 3 (-1)'a’.
=0
Since the order of 9 is 2772, we have P, _2(1(c)) = 2" 2 if ¢)(c) = —1, and
P,_2(¢(c)) = 0 otherwise. If 0 < ¢ < 2™ — 1 then ¢(c) = —1 implies that
c=2""2—-1orc=2"2+1.In the first case, we have ¢(c) = —1, and in
the second, we have ¢(c) = 1. Therefore
2 _
a0 = o Z 2" 2eh(c) = 1.
c=2n—2_12n—241

To complete the proof, for a positive integer j, consider

2n2-1
aj=—4 > N (=1)p(m)¢'(m) = 4 1h(m) Pa_a(¢(m)).
=0 mlj mlj

As before, 2”2 | P,_o(¢(m)), so the theorem follows. m

Now consider prime p > 2. In this case the group of Dirichlet characters
is cyclic.

THEOREM 2.18. Let n be a positive integer, let p > 2 be prime, let ¢
be a generator of the group of Dirichlet characters of modulus p™, and let
u=—-2/((p—1)(2—p")). Then the Eisenstein series

S (p—1p"~1/2—1 -
Wi=>aq'=up > E7(x) € My(IL(p")
i=0 i=0
satisfies W) =1 (mod p™).

Proof. First we calculate ag. We have

(p—1)pn~—1/2—-1 ' (p—1)pn~—1/2—-1
ag = up Z L(0, *" ™) = —up Z By g2it1
i=0 i=0
(p—1)p"1/2— 1y ol up (p=Dp""t/2-1
= —up Z Z ¢27,+1 _ Z Z (Z)21+1(C).
i=0 —0

For a positive integer m, define the polynomlal
(p=1)p™~1/2-1
P, ( x) _ Z x2i+1'
i=0
The following identity is easy to check: P, y1(x)2P~1 = Py, (aP).
Let ¢ be a (p — 1)p™ 'th root of unity. It follows from the previous
identity, by an inductive argument, that if { ¢ {—1,1}, then P,({) = 0.
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Now we have

—U Pl —U
a=—F D" ePa(9(e) = —E(Pa(1) + (" = DP(0(" ~ 1))
c=0
_ _p’lip (p - 12)pn1 (1 _pn 4 1) = 1.

For a positive integer j, we have
(p—1)p"~1/2-1

aj =up Z Z ¢**(m) = UPZ Pr(p(m)).
1=0 m|j

mlj

Now, since p"~ 1| P,(¢(m)), the theorem follows. =

3. Proofs of the theorems

3.1. Congruences between class numbers and special values of
Dirichlet L-functions. We require the notions of U- and V-operators and
of a twist. We briefly recall these ideas.

DEFINITION 3.1. If d is a positive integer, the U- and V-operators are
given by

(D ema™) [U@) = 3 eldn)g™s (D elma") [V(d) = 3 cln)g™

n>no n>ng n>ng n>ng
PROPOSITION 3.2.
(a) If f(2) € Myy1/2(I'1(4N)) and if d| N, then we have f(2)|U(d) €
M, 11/2(11(4N)).
(b) If f(2) € Myy1/2(I1(4N)), then f(2) | V(d) € M, y1/2(11(4Nd)).

DEFINITION 3.3. Suppose that 1 is a Dirichlet character, and

o0
9(2) = c(n)q" € Myi15(TH(4N), x).
n=0
Then the ¢-twist of g(z) is given by gy(2) =D 2 ¥(n)c(n)q".
PRrOPOSITION 3.4. If o is Dirichlet character of conductor m, and if
g(2) is as in the previous definition, then gy (2) € MT+1/2(F0(4Nm2),X¢2).
For a power series f(z) = Y c(n)q", and positive integers a < b with
ged(a, b) =1, denote by f(2)q, the power series 3, —; (moap) ¢(1)q"-

REMARK. The previous proposition implies that if f(z) is a modular
form of level 4N, then f(2)* = f(2)1,8 and f(2)” = f(2)s5,s defined in
the introduction are modular forms of level 256 N. In general, f(z),.; is a
modular form of level 4Nb?. In fact, it follows from Proposition that
if f(Z) € Mk+1/2(M7 2N)a then f(z)a,2b € Mk+1/2(M ’ 22bamax(2Na2b_1))'
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Moreover, if N is a positive integer, then ©(f(z)) is modular form modulo N.
More precisely, we find that

O(f(2))= ) af(z)an (mod N).
0<a<N
The following propositions imply Theorem
PropoSITION 3.5. The following congruences hold:

(a) We have 209(z)*" = 596p(2)" + 64F1(z) — 8Hyiq/2(2) " (mod 128),
where F1(z) = >0 ga(n)g™ € Mi(I'1(128)) is an Fisenstein series.
Moreover, for prime numbers p and q,

a(p) =0 (mod 2) ifp=1 (mod 16),
a(p) =1 (mod 2) ifp=9 (mod 16),
a(pg) =1 (mod 2) ifp,q=3,5 (mod 8) and pg =1 (mod 8).
(b) We have
9(Hzy1/2(2)|U(3)) " = 6(60(2)*|U(3)) +260(2)* +9(6o(2)|V (9)) " (mod 27).
Proof. (a) By applying Proposition to the form
290(2)3+W6(Z) — 5990(Z)+W5(Z)4 — 64F1 (2)90(2) + 81:[4+1/2(2,“)+
€ My, 1/2(256,128),

we get Sturm’s bound 9216.
The Eisenstein subspace of M;(I7(128)) has dimension 80, and

Fi(2) = g+ ¢ + ¢ + ¢ + ¢+ ¢® + ¢ 1 267 + 5¢°! — 40¢°2 + 5243
— 58¢%* — 204 + 104¢%0 + 8¢%7 — 9¢% — 724”0 — 48¢°" + 12¢"?
—26¢" — 28¢™ — 32¢” +2¢"" + 78¢”* — 10¢” + O(¢'").
Since Fi(z) is an Eisenstein series of weight 1 and level 128, it follows

from Theorem that if p = p’ (mod 128) and ¢ = ¢’ (mod 128) are
primes, then

a(p) = a(p) (mod 2),  al(pg) = a(p'q’) (mod 2).
So to prove the second statement, one finds a prime in each relevant residue
class modulo 128, and then checks the statement for these primes using a
computer. To check the first two congruences, we produce Table 1. We omit

the details for the congruences a(pgq) mod 2.
(b) Proposition implies that Sturm’s bound for the modular form

9(Hs11/2(2) |U3))F = 6(00(2)* |U(3)) " W(2)* — 200(2) T Wy (2)°
—9(00(2) | V(9))"W{(2)® € M3y 1/5(2%-9,4-9)
is 16128. m
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Table 1
mod 128 p a(p) mod 128 p a(p)

257 275436 65 193 103678

9 137 30489 73 73 3449

17 17 22 81 337 729396

25 281 377907 89 89 6757

33 673 8209442 97 97 9326

41 41 451 105 233 195569

49 433 1752562 113 113 15540

57 313 562819 128 761 12342375

To relate Ly(1,x) and L,(1 — n, x), we need the following result of Shi-
ratani [16].

PROPOSITION 3.6 (Shiratani). For a prime p, p-adic integers s,s’, and
a Dirichlet character x of the first kind, we have
Ly(s,x) = Ly(s',x) (mod p*=*)71g%),
where g =4 if p = 2 and q = p otherwise.
Proposition [3.6] implies the following corollary:

COROLLARY 3.7. If d # 8 is a positive integer (we exclude the field

Q(V2)), then:
(a) La(1,xa) = La(1 — 2% xq) (mod 32).
(b) L2(11,xa) = L2(11 - 2% xq) (mod 27).
(c) L3(1,xq) = L3(1 = 3,xq) (mod 9).
(d) L3(15, xa) = L3(15 — 3%, xa) (mod 3*).

PROPOSITION 3.8. Let g(z) be as in (1.2).
(a) We have
9(z)" =49-4He 1 p(2)" +200 Y Lo (mod 29),
d=1 (mod 2)
g(2)” =39-4Hg1/2(2)” (mod 29).

(b) We have
9(2)T =369 4H5yp1)9(2)" +64- 27 - 4Hz4.15(2)1,16
+4-21 Y a2 > dig® (mod 2M),
d=1(mod 2) d=+1 (mod 8)
9(2)” =T -4Hz54,1/5(2) + 64 - 4Hsy12(2)5,16 (mod 2'7).
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(c) We have
9(z) =4-30(Hi341/2(2) [U(3)) +9- 5Zd4qd2 (mod 3%).
d>1
(d) We have
1
9(z)t =50(00(2)* | U(3) " + ?5 Z d2¢” (mod 3%).
d==+1 (mod 6)

Proof. First note that

d2
1
200 Z 3—2 =200 Z 590(z)i725 (mod 29),

d?2=1 (mod 8) =1 (mod 8)
0<i<2®
421 > dqT =421 > 20p(2), (mod 2'),
d?=1 (mod 8) 1=1 (mod 8)
0<i<2”
412 Y dqT =412 > P0(2);2 (mod 2').
d?2=1 (mod 16) 1=1 (mod 16)
0<i<24

For part (a), we apply Proposition to the forms

1
g(2)" =49 - 4Hg 1 5(2)" — 200Wy(2)° Z ;90(2)2‘,25 € Mgi1/2(2'%,2%),

=1 (mod 8)
0<i<2°

g(Z)_ —39- 4H6+1/2(Z)_ € M6+1/2(28, 23)
The Sturm bounds are 26624 and 832.
For (b), we find that

g(2)T - Wr(2)'0? — 369 - 4Hgy11/9(2)" — 6427 - 4Hguy1/9(2)1,16

—4-2TW(2)%7 Y iP60(2); o7

i=1 (mod 8)
0<i<2”

— 4 T2Wy(2)** Z *00(2)i 20 € Msgy1/2(2'°,27)
i=1 (mod 16)
0<i<24

and
9(2)™ - We(2)'%% = T-4Hsy 1 )5(2)” —64-4Hs415(2)516 € Msar1/2(2'0,2°).

In this case, the Sturm bounds are 28573696 and 223232.
To prove the rest of the proposition, note that

4-30(Hiz4102(2) |U(3)) =43 Z i(Hyz11/2(2) |U(3))ig1 (mod 3*),
0<i<81



2-adic and 3-adic part of class numbers 69

1
9.5 dig” =95 i 500(2)io (mod 3%),

d>1 0<i<9
50(60(=)° |UB)T =5 Y i(Bo(2)* | U(3))f5 (mod 3%),
0<i<27
15 o 2 15 , 5
- Yoo &t = 7 D> ifo(2)ig (mod 3%).
d?=1 (mod 3-8) 1=1 (mod 24)
0<i<9

Now a calculation as in (a) and (b) shows that we can “lift” forms from
part (c) to the space Mz /(4 3,4 -3%) whose Sturm bound is 19131876.
Similarly, we can lift forms from part (d) to the space Mg 1/2(2%-37,22-3%)
with Sturm bound 21835008. =

3.2. Proofs of Theorems [1T.1H1.5|

Proof of Theorem[1.5 1f d = 1 (mod 8) is a positive fundamental dis-
criminant, then Proposition [3.5|implies that 3h(—d) = L(—3, x4) (mod 16),
16h(—3d) = L(—2,x34) (mod 3). Moreover, if d = 9 (mod 16) is prime,
or d = pq where p and ¢ are as in the statement of the theorem, then
16 || L(—3, xa) — 3h(—d). To prove parts (a)—(c) of the theorem we prove the
congruence L(—3,xq) = §La2(1, xa) (mod 32).

To relate the Dirichlet L-function to the 2-adic L-function we need the
following formula [21], p. 57]:

(3.1) Ly(1—2" xa) = (1 = xa(2)2*" ") L(1 - 2", xa)-
Corollary [3.7(a) implies that
Lo(1,xa) = L(1 = 2%, xa) = (1 + xa(2)2°)L(1 = 2%, xa)
=9L(-3, xq) (mod 32)
since xq(2) = 1 for d = 1 (mod 8). For the 3-adic L-function we have the
following identity (again [21], p. 57])
(3-2) Ls(1 = 3" xa) = (1 = x34(3)3”" ") L(1 = 3", x34)-

From this formula it follows that L3(1 — 3,x4) = L(1 — 3, x34) (mod 9).
On the other hand, Corollary [3.7(c) implies that L3(1, xq) = L(1 — 3, xa)
(mod 9). Hence, we conclude that h(—3d) = L3(1, xgq) (mod 3). m

For the rest of this subsection we need the p-adic class number formula
[21) p. 71]. Let d = 1 (mod 4) be a positive integer, and let € be a fundamental
unit of Q(v/d). Then (up to sign)

QWW%ﬁZQ_M@

~1
- ) L1 xa)-
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Proof of Theorem [1.1, Assume that 4| h(—p). Then Theorem [L.F|a)
implies that 4 La(1, xp). On the other hand, it follows from the 2-adic
class number formula that 4 || h(p) logy €. Now in the notation of Theorem
[2.6] (see the Remark following the theorem), we have

k=wva(logye) =1 =1—vy(h(p)).
Hence 74(Q(y/p)) = 1. Since all implications in this argument are equiva-

lences, the claim follows. Similar arguments can be used in the other cases
of the theorem. m

Proof of Theorem [I.3. The argument is the same as for the previous
theorem. In the case when Norm(e) = 1, we use the Remark after Theorem

2.6l =

Proof of Theorem . Let € be a fundamental unit of Q(,/p). We fix an
embedding of Q(,/p) in Q2. Assume that 3 { h(—3p). By Theorem (d)
this is equivalent to 3 1 L3(1, x,), and by the 3-adic class number formula,
it is equivalent to 3| h(p)logse. Scholtz’s result [21, p. 191] implies that
3 1 h(p). Hence, vs3(logs €) = v3(Norm(e — 1)) = 1 where the first equality
follows from the fact that Norm(e) = —1 and that vs(logge) = vs(e — 1) if
€ =1 (mod 3). Now Theorem [2.8|implies that r3(Q(,/p)) = 1.

If r3(Q(\/p)) =1, then Theorem [2.8implies 3 { h(p) and v3(Norm(e — 1))
= v3(logge) = 1. Hence, 3| h(p)logs €, which we showed is equivalent to
3th(—3p). =

Proof of Theorem . Since X? — pqY? = 44 has no solution mod 8
unless X and Y are both even, we see that U and T are integers. We will
show that va(logy(€)) > 2. First, consider the case when Norm(e) = —1. If we
reduce the equation 72 —pqU? = —1 modulo 8, we immediately see that 4 | T'.
Hence Norm(e — 1) = —27". We conclude that 4| log,(¢). If Norm(e) = 1,
we reduce T? — pqU? = 1 modulo 8 to get T'= 1 (mod 4). By plugging in
T = 5+ 8T" to the previous equation, we get

pqU? = 8(8T" 4 107" + 3).

Hence 8 || pqU?, which implies that 7 = 1 (mod 8) and v (logy(€)) > 2. Note
that we showed in that vy (logy(€)) = 2.

Theorems|L.2)and [2.6]imply that 16|2(—pg) if and only if va(h(pq) logy(€))
= 3. Since 2| h(pq) by genus theory, it follows that 16 | h(—pq) is equivalent
to 2| h(pg) and 4 || logy(e). Then Theorem 2 of [2] implies that 2 || h(pq)
happens if either (%) = 1 and (%)4(%)4 = —1, or (%) = —1. Finally, the
result of Dirichlet [6] implies that in the first case the norm of a fundamental
unit is 1, while in the second case it is —1. Now logy(e) = 2 implies in the
first case that 7= 9 (mod 16) and in the second case that 7= 4 (mod 8). =

REMARK. The same argument reproduces the result (|1.1)) of Williams.



2-adic and 3-adic part of class numbers 71

3.3. Proofs of [1.6H1.8|
Proof of Theorem . Part (b) of Proposition implies that
9(2)1,16 = 49 - 4Hs441/2(2)1,16 (mod 2'),
g(2)516 =" 71+ 4Hs4,1/2(2)5,16 (mod 210y,
9(2)0,16 = 369 - 4Hyy 11 5(2)0,16 (mod 2'),
9(2)13,06 =' 7+ 4Hz54115(2)13.16 (mod 2'°),
39(2) =' 2% - 320 (Hy341/2(2) | U(3)) (mod 3°).
Using formulas and , we get
Ly(11 — 25 x4) = L(11 — 25, x4) (mod 2'1),
L3(15 — 33, xq) = L(15 — 3%, x34) (mod 3%).

Now by recalling the interpretation of the coefficients of g(2) and H, 1 /5(2),
the statements follow from Corollary parts (b) and (d). =

Proof of Theorem[1.7]. This follows from Proposition n

Proof of Corollary[1.8 Propositions and [3.6] imply that
29 e(d) —49 - 4L(1 — 6,xq), 2°|12h(—d) + 4L(1 — 4, x4q),
Lo(1 —6,xq) = La(1 — 4, xq) (mod 2%).

Part (a) of the corollary now follows from formula (3.1). The formula is true
if we replace 2" by any even integer. Part (b) of the corollary follows directly
from part (d) of Proposition n

Acknowledgments. I would like to thank Ken Ono for suggesting this
project to me, and for his comments on drafts of the paper. Also, I would like
to thank Tonghai Yang for his comments and suggestions. Finally, I would
like to thank the referee for his numerous helpful comments that greatly
improved the exposition of this paper.

References

[1] P. Barrucand and H. Cohn, Note on primes of type x* 4 32y*, class number, and
residuacity, J. Reine Angew. Math. 238 (1969), 67-70.

[2] E. Brown, Class numbers of real quadratic number fields, Trans. Amer. Math. Soc.
190 (1974), 99-107.

[3]] H. Cohen, Sums involving the values at negative integers of L-functions of quadratic
characters, Math. Ann. 217 (1975), 271-285.

[4] B. Datskovsky and P. Guerzhoy, On Ramanujan congruences for modular forms of
integral and half-integral weights, Proc. Amer. Math. Soc. 124 (1996), 2283-2291.

[5] F. Diamond and J. Shurman, A First Course in Modular Forms, Grad. Texts in
Math. 228, Springer, 2005.


http://dx.doi.org/10.1090/S0002-9947-1974-0364172-9
http://dx.doi.org/10.1007/BF01436180
http://dx.doi.org/10.1090/S0002-9939-96-03334-5

72

[6]

M. Kazalicki

P. G. L. Dirichlet, Finige neue Satze iber unbestimmte Gleichungen, Abh. K. Preuss.
Akad. Wiss. 1834, 649—664.

J. L. Hoelscher, Ray class groups of quadratic and cyclotomic fields, Int. J. Number
Theory 6 (2010), 1169-1182.

N. Koblitz, p-adic congruences and modular forms of half integer weight, Math.
Ann. 274 (1986), 199-220.

W. Kohnen, Modular forms of half-integral weight on I'v(4), ibid. 248 (1980), 249—
266.

O. Kolberg, Congruences for Ramanujan’s function 7(n), Arbok Univ. Bergen Mat.-
Natur. Ser. 1962, no. 11.

Y. Maeda, A congruence between modular forms of half-integral weight, Hokkaido
Math. J. 12 (1983), 64-73.

B. Mazur, Modular curves and the FEisenstein ideal, Inst. Hautes Etudes Sci. Publ.
Math. 47 (1977), 33-186.

—, On the arithmetic of special values of L functions, Invent. Math. 55 (1979),
207-240.

K. Ono, The Web of Modularity: Arithmetic of the Coefficients of Modular Forms
and g-Series, CBMS Reg. Conf. Ser. Math. 102, Amer. Math. Soc., 2003.

D. C. Shanks, P. J. Sime and L. C. Washington, Zeros of 2-adic L-functions and con-
gruences for class numbers and fundamental units, Math. Comp. 68 (1999), 1243~
1255.

K. Shiratani, On certain values of p-adic L-functions, Mem. Fac. Sci. Kyushu Univ.
Ser. A 28 (1974), 59-82.

W. Stein, Modular Forms, a Computational Approach, Grad. Stud. Math. 79, Amer.
Math. Soc., 2007.

P. Stevenhagen, Divisibility by 2-powers of certain quadratic class numbers, J. Num-
ber Theory 43 (1993), 1-19.

H. P. F. Swinnerton-Dyer, On [-adic representations and congruences for coefficients
of modular forms, in: Modular Functions of One Variable, III (Antwerp, 1972),
Lecture Notes in Math. 350, Springer, 1973, 1-55.

V. Vatsal, Canonical periods and congruence formulae, Duke Math. J. 98 (1999),
397-419.

L. C. Washington, Introduction to Cyclotomic Fields, 2nd ed., Grad. Texts in
Math. 83, Springer, 1997.

K. S. Williams, On the class number of Q(v/—p) modulo 16, for p =1 (mod 8) a
prime, Acta Arith. 39 (1981), 381-398.

Y. Yamamoto, Divisibility by 16 of class number of quadratic fields whose 2-class
groups are cyclic, Osaka J. Math. 21 (1984), 1-22.

Matija Kazalicki

Department of Mathematics
University of Wisconsin

480 Lincoln Drive

Madison, WI 53706, U.S.A.
E-mail: kazalick@math.wisc.edu

Received on 21.10.2009
and in revised form on 26.4.2010 (6180)


http://dx.doi.org/10.1142/S1793042110003447
http://dx.doi.org/10.1007/BF01457070
http://dx.doi.org/10.1007/BF01420529
http://dx.doi.org/10.1007/BF02684339
http://dx.doi.org/10.1007/BF01406841
http://dx.doi.org/10.1090/S0025-5718-99-01046-7
http://dx.doi.org/10.1006/jnth.1993.1001
http://dx.doi.org/10.1215/S0012-7094-99-09811-3

	Introduction and statement of results
	Preliminaries for the proofs of the theorems
	Ray class groups and class field theory
	L-values and class numbers as the coefficients of modular forms
	Weight 1 Eisenstein series

	Proofs of the theorems
	Congruences between class numbers and special values of Dirichlet L-functions
	Proofs of Theorems 1.1–1.5
	Proofs of 1.6–1.8


