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On the number of representations of n by az? + by(y — 1)/2,
ar? 4+ by(3y —1)/2 and ax(x —1)/2 + by(3y — 1)/2

by

Zu1-HoNG SuN (Huaian)

1. Introduction. For k = 3,4,5,... the k-gonal numbers are given by
pr(n) = (k —2)(3) + n. Thus,
2 2
n+n 3n“ —n
5 ) =n' ps(n) == —.
Let Z and N be the set of integers and the set of positive integers, respec-

tively. Let Z2 =Z x Z = {(z,y) : 7,y € Z}. For n € N let

r(n = f(z,y)) = {{x,y) € Z* :n = f(a,y)}]-

For 143 values of (a,b) the formula for r(n = azx(x — 1)/2 + by(y — 1)/2)
is known (see [3, [4]). In [2] the author determined r(n = (322 — x)/2 +
b(3y? — y)/2) for b = 1,2,5. In this paper, using some results for binary
quadratic forms in [4, 5] we determine r(n = 22 + by(y — 1)/2) in the cases
b=1,2,3,4,5,6,8,9,10,11, 14,15, 16,21, 29, 30, 35, 39, 51, 65, 95, r(n = 2>+
b(3y? —y)/2) in the cases b =1,2,3,4,5,7,8,13,17 and r(n = (2® —x)/2 +
b(3y? — y)/2) in the cases b = 1,2,3,5,7,10,11, 14,15, 19, 26, 31, 34, 35, 55,
59,91,115,119,455. For example, we have

oo yly =1\ —2b _
r(n—:): +b2> =2 ) (k for b= 3,5,11, 29,

k|8n+b

_ o2 yBy -1 —6b _
r(n—x —I—bT = Z 7 for b=5,7,13,17,

k|24n-+b
r(n _ola=l) - 1>> > (—5b>

k|12n+(b+3) /2

p3(n) =

for b= 7,11,19, 31,59,

where () is the Legendre-Jacobi-Kronecker symbol.
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A negative integer d with d = 0,1 (mod 4) is called a discriminant. Let
d < 0 be a discriminant. The conductor of d is the largest positive integer
f = f(d) such that d/f? = 0,1 (mod 4). As usual we set w(d) = 2,4,6
according as d < —4,d = —4 or d = —3. For a,b, ¢ € Z we denote by [a, b, (]
the equivalence class containing the form ax? + bxy + cy?. It is known ([I])
that

(1.1) [a,b,c] = [c, —b,a] = [a,2ak + b,ak* + bk +¢] for k € Z.
For n € N and a,b, ¢ € Z with a,c¢ > 0 and b — 4ac < 0 let
(12 Rab.din) = |{(z.y) € Z% - n = az® + bay + s’}

That is, R([a, b, c],n) = r(n = ax®+bxy+cy?). It is known that R([a, b, c],n)
= R([a, —b,c],n). If R([a,b,c],n) > 0, we say that n is represented by [a, b, c|
or ax? + bxy + cy?. Let H(d) be the form class group consisting of classes
of primitive, integral binary quadratic forms of discriminant d. For n € N,
following [5] we define

(1.3) 5(n,d)zz<z>, N(n,d)= Y  R(K,n).

kln KeH(d)

When n is odd and a € Z, we also define 6(n,a) = 3 ,,(%), where () is
the Jacobi symbol. In the paper we mainly use the formula for N(n,d) and
reduction formulas for R(K,n) in [5] to determine r(n = az?+by(y —1)/2),
r(n = az? + by(3y — 1)/2) and r(n = az(x — 1)/2 + by(3y — 1)/2) for some
special values of (a, b).

In addition to the above notation, throughout this paper [z] denotes the
greatest integer not exceeding x and (a,b) denotes the greatest common
divisor of integers a and b. For a prime p and n € N, ord,n denotes the
unique nonnegative integer o such that p® || n (i.e. p*|n but p®*! {n).

Throughout this paper, p denotes a prime and products over p run
through all distinct primes p satisfying any restrictions given under the
product symbol. For example the condition p = 1 (mod 4) under a product
restricts the product to those distinct primes p which are of the form 4k +1.

2. Basic lemmas. Let d < 0 be a discriminant and n € N. Recall that
o(n,d) = Zk\n(%) By [5, Lemma 4.1], we have

H(ﬁ):l(l + ord, n)
(2.1) 6(n,d) = if 2 | ordg n for every prime ¢ with (g) =—1,

0 otherwise.

When n is odd and d is not a discriminant, (2.1) is also true. By (2.1),
(%) = —1 implies 0(n,d) = 0.
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LeEMMA 2.1 ([5, Theorem 4.1]). Let d < 0 be a discriminant with con-
ductor f. Let n € N and dy = d/f%. Then

0 if (n, f2) is not a square,

SRR POV ety

o if (n, f2) = m? for m € N.
In particular, when (n, f) =1 we have N(n,d) = w(d)d(n,dp).
LEMMA 2.2 ([4, Lemma 2.2]). Let a,b,n € N with 2{n.
(i) If 24 a and 41 (a — b)b, then

R([a,0,4b],n) = {OR([aaOabLn) ifn=a (mod 4),

If2ta, 2|band 81b, then

R([a, 0,4, n) = {R([“’O’ ) = 0 (mod ),

otherwise.

(ii) If21 (a+0b) and 8 t ab, then

R(l4a,4a,a + b, n) = { R([a,0,b],n) ifn=a+b (mod 8),
0 otherwise.
LEMMA 2.3 ([, Theorem 2.1]). Let b € {6,10,12,22,28,58}, b = 27bg
(21bo), neN and 21n. Then

20(n,—b) ifn=1 d S8
R([l,o, 4b],n) — { (n7 ) an . (mo )7

0 otherwise,

20(n,—b) ifn=>b+1 d8
N A

0 otherwise,

26(n,—b) ifn=0b d8
R([2T+2,O, bo],n) _ { (n7 ) 'lfn 'O (mO );

0 otherwise,

R(272,272 97 4 by] m) = { 26(n, —b) if n=2"+ by (mod 8),
0 otherwise.

LEMMA 2.4 ([4, Theorem 2.6]
Then

~—

. Let n € N and n = 5%ng with 5 { ny.

26(np/9,—20) if 9|n and ngp = +1 (mod 5),
R([1,0,45],n) = { 26(no, —20) if 3|n—1 and np = +1 (mod 5),
0 otherwise,
26(np/9,—20) if 9|n and ngp = +1 (mod 5),
R([5,0,9],n) = { 20(ng, —20) if 3|n —2 and np = +1 (mod 5),

0 otherwise.
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3. Formulas for r(n = az? + by(y — 1)/2)
LEMMA 3.1. Let a,b,n € N. Then
r(n = az? +by(y —1)/2)
:{R([8a,0,b],8n—|—b) if 810,
R([a,0,b/8],n+b/8) — R([a,0,b/2],n 4+ b/8) if 8|b.
Moreover, if 4t a and 2t b, then
r(n = azx® 4 by(y — 1)/2) = R([2a,0,b],8n + b);
if24a,2||band41a—>b/2, then
r(n = ax® 4+ by(y — 1)/2) = R([a,0,b/2],4n + b/2).
Proof. Tt is clear that
r(n = az® 4+ by(y — 1)/2) = r(8n = 8ax? + b(2y — 1)? — b)
= {{z,y) € Z® : 8n + b = 8az® + by*, 2 1 y}|
= R([8a,0,b],8n 4+ b) — R([8a,0,4b],8n + b).

When 8 1 b, we have (8a,4b) { 8n + b and so R([8a,0,4b],8n +b) = 0.
If 41 a and 2t b, by the above and Lemma 2.2 we have

r(n = az® 4+ by(y — 1)/2) = R([8a,0,b],8n + b) = R([2a,0,b],8n + b);
if 2ta, 2|/band 41a—b/2, by the above and Lemma 2.2 we have

r(n = az® 4+ by(y — 1)/2) = R([8a,0,b],8n + b) = R([4a,0,b/2],4n + b/2)
= R([a,0,b/2],4n 4+ b/2).

This completes the proof.

THEOREM 3.1. Letn € N. Then
n—+ 2

20 ,—2) if n =0 (mod 4),
r(n=a®+16y(y —1)/2) = 26(n +2,-2) if n=1 (mod 4),
0 if n=2,3 (mod 4),
r(n=x?+4y(y — 1)/2) = 26(2n + 1, —2),
r(n=a+yly —1)/2) = 26(8n + 1, -2).
Proof. If n = x? + 16y(y — 1)/2 for some x,y € Z, then n = 22 (mod 8)
and son # 2,3 (mod 4). Now assume n = 0,1 (mod 4). As 22 = n+2 (mod 4)

is insolvable, we see that R([1,0, 8],n+2) = 0. Thus, by Lemmas 2.1 and 3.1
we have
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r(n = z? + 16y(y — 1)/2)
= R([1,0,2],n+2) — R([1,0,8],n 4+ 2) = R([1,0,2],n + 2)
=N(n+2,-8)=25(n+2,-8)
{ 26((n+2)/2,-2) if n=0 (mod 4),
20(n+2,-2) if n=1 (mod 4).
As r(4n = 22 + 16y(y — 1)/2) = r(n = 2? + 4y(y — 1)/2) and r(16n =
22+ 16y(y — 1)/2) = r(n = 22 + y(y — 1)/2), by the above we deduce the
remaining result. So the theorem is proved.

THEOREM 3.2. Let n € N. Then

20(n+1,-1) if 4|n,
r(n =2 +8y(y —1)/2) = { 46((n+1)/2,-1) if8|n—1,
0 otherwise,

r(n=a%+2y(y —1)/2) = 26(4n + 1, —1),
r(n =2z +y(y —1)/2) = 26(8n + 1, —1).
Proof. If n = 22 + 8y(y — 1)/2 for some z,y € Z, then n = 2? (mod 8)

and so 4|n or 8| n — 1. Now assume 4 |n or 8| n — 1. By Lemmas 2.1 and
3.1 we have

r(n =2+ 8y(y —1)/2) = R([1,0,1],n + 1) — R([1,0,4],n + 1)
= N(n+1,-4) — N(n+1,-16)
45(n+1,-4) — 26(n+1,—4) if4|n,

_{46(n+1,—4)—0 if 8|n — 1.
This yields the result on r(n = 22 + 8y(y — 1)/2). Since r(4n = 2% +
8y(y — 1)/2) = r(n = 2% + 2y(y — 1)/2) and r(8n = 2% + 8y(y — 1)/2)
=r(n =222 +y(y —1)/2), from the above we deduce the remaining result.
So the theorem is proved.

THEOREM 3.3. Letn € N, m € {3,7} and a € {1,2,m,2m}. Then
2 -1 k
r(n—ax2+;n-y(y2)) =2 Z (m)
k|dan+m

Proof. 1t is known that H(—4m) = {[1,0,m]} and f(—4m) = 2. Thus,
by Lemmas 3.1 and 2.1 we have

r(n = x*+ 2my(y —1)/2) = R([1,0,m],4n +m) = N(4n +m, —4m)
—m k
=2 — ) =2 = .
kﬁg—:l-m< k > k|§i—m <m>

Now replacing n with an we obtain the result.



86 7. H. Sun

THEOREM 3.4. Let a,n € N, a|30 and 4an + 15 = 3%ng (3t ng). Then
30 y(y—1) no k
= PIZ ) = (14— (2 ).
r(n ar® + 70T (5 )) 25
klno
Proof. If a =1, then by Lemma 3.1, [5, Theorem 9.3] and (2.1) we have
r(n = x>+ 30y(y — 1)/2) = R([1,0,15],4n + 15)

~(rer(3) 2 ()

Observe that } 450, ( 5) = Zk|n0(15) We see that the result is true for
a = 1. Since r(an = 22 + 30y(y — 1)/2) = r(n = az? + 2y(y — 1)/2), the
result follows.

THEOREM 3.5. Letn € N and b € {3,5,11,29}. Then

r(n =z + by(y — 1)/2) = 26(8n + b, —2b),
r(n =bz? +y(y —1)/2) = 26(8n + 1, —2b).

Proof. By Lemma 3.1 we have r(n = 22 +by(y—1)/2) = R([8,0,b], 8n-+b)
and r(n = bx? +y(y—1)/2) = R([1,0,8b],8n+1). Thus applying Lemma 2.3
we deduce the result.

THEOREM 3.6. Let n € N and a € {1,9}. Then

26(8n +9/a,—2) if 3|n —a,
9 yly-1
r(n—am +E 9 >: 26(871—;9/@’_2) if9|n—9/a,
0 otherwise.

Proof. From Lemma 3.1 we have r(n = 22 + 9y(y — 1)/2) = R([2,0, 9],
8n+9) and r(n = 922 + y(y — 1)/2) = R([1,0,18],8n +1). Since H(—72) =
{[1,0,18],[2,0,9]} and f(—72) = 3, applying [5, Theorem 9.3] and (2.1) we
deduce the result.

LEMMA 3.2 ([4, Theorem 4.2)). Let m € {5,7,13,17}, i € {1,2,3,6},
n € N and in = 2%3Png with (6,n0) = 1. Then R([i,0, 6m/i],n) > 0 if and
only if 2| ord, ng for every prime q with (%Tm) =—1 and
1,6m + 1 (mod 24) if 2| o and 2| 5,
2m +3,8m + 3 (mod 24) if 2|y and 21 S3;,
3m+2,3m+8 (mod 24) if21a; and 2| 4;,
m,m+ 6 (mod 24) if 24 a; and 21 ;.

Moreover, if R([i,0,6m/i],n) > 0, then

R([i,0,6m/i],n) = 2 H (1 4 ord, no).
(=9m)=1

ng =
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THEOREM 3.7. Let m € {5,7,13,17}, a € {1,3,m,3m}, n € N and
8an + 3m = 3ng with 3{ ng. Then r(n = az® + 22y(y — 1)/2) > 0 if and
only if 2| ordy ng for every prime q with (76Tm) =—1 and

{ 1 (mod 3) if m € {7,13} and 213,
ng =
0 2 (mod 3) otherwise.

Moreover, if the above conditions hold, then r(n = az® + 32y(y — 1)/2) =
2 H(ﬂ)zl(l + OI‘dp no).
P

Proof. Clearly ng = (2 4+ (—=1)%)m (mod 8). By Lemma 3.1 we have
r(n = 2243my(y—1)/2) = R([2,0,3m], 8n+3m). Now applying Lemma 3.2
we deduce the result for @ = 1. Noting that r(an = 22 + 3my(y — 1)/2) =
r(n = az® + 22y(y — 1)/2) we deduce the remaining result.

LEMMA 3.3 (J4, Theorem 4.3]). Let m € {7,13,19}, i € {1,2,5,10},
n € N and in = 2%5%ng with (10,n9) = 1. Then R([i,0,10m/i],n) > 0 if
and only if 2 |ord, ng for every prime q with (%) =—1 and
1,9,1+ 10m,9 + 10m (mod 40) if 2| o and 2| B,
542m,5+8m,5+ 18m,5 + 32m (mod 40) if 2|a; and 21 5;,
5m +2,5m + 8,5m + 18,5m + 32 (mod 40) if 21 a; and 2| 4;,
m,9m, 10 + m, 10 + 9m (mod 40) if 24 i and 21 ;.
Moreover, if R([i,0,10m/i],n) > 0, then

no:

R([i,0,10m/i],n) =2 [ (1+ ordyno).

(=om)e

THEOREM 3.8. Let m € {7,13,19}, a € {1,5,m,5m}, n € N and 8an
+5m = 5ng with 51 ng. Then r(n = az? + 22y(y — 1)/2) > 0 if and only
if 2| ordg ng for every prime q with (%) =—1 and

+1 (mod 5) if m =19 and 213,
ng =
0 +2 (mod 5) otherwise.

Moreover, if the above conditions hold, then r(n = az? + 22y(y — 1)/2) =
2 H(*lOm):1<1 + Ol“dp no)
P

Proof. Clearly ng = 5m or m (mod 8) according as 2|5 or 2 {1 5. By
Lemma 3.1 we have r(n = 22 + 5my(y — 1)/2) = R([2,0,5m],8n + 5m).
Now applying Lemma 3.3 we deduce the result for « = 1. Noting that
r(an = 2% + 5my(y — 1)/2) = r(n = ax? + 22y(y — 1)/2) we deduce the
remaining result.
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THEOREM 3.9. Let n € N. Then
k
=+ 10y = /2 = 3 (ORI (E) < gutan+5)
k|4n+5

where ¢4(m) is given by
g [T =™ =¢%) =" gatm)q™ (lgl <1)
k=1 m=1

or by [6, Theorem 4.5(ii)].

Proof. 1t is known that f(—80) = 2 and H(—80) = {[1,0,20],[4,0, 5],
3,2, 7], [3,—2,7]}. Thus

R([1,0,20],4n+5)+R([4,0,5], 4n+5) = N(4n+5, —80)—2R([3,2, 7], 4n+5).

If 4n+5 = 3224 2xy+ Ty? for some z,y € Z, then 4n+5 = —a? +2zxy —y? =
—(z — y)? (mod 4). This is impossible. Thus R([3,2,7],4n + 5) = 0. Hence,
using the above and Lemma 2.1 we see that

R([1,0,20],4n + 5) + R([4,0,5),4n + 5)
_ _80) = 20 _ k=12 <k>
N(4n +5,—80) 2]%;5 ( - ) 2’%;5( 1) -
On the other hand, by [6, Theorem 2.2] we have
R([1,0,20],4n + 5) — R([4,0,5],4n + 5) = 2¢4(4n + 5).
Hence
R([4,0,5],4n +5) = Y (-1)*=D/2 <§> — p4(4n +5).
k|4n+5
By Lemma 3.1 we have
r(n=x? +10y(y — 1)/2) = R([8,0,10],8n + 10) = R([4,0, 5], 4n + 5).
Thus the result follows.

4. Formulas for r(n = az? + b(3y? — y)/2)
LEMMA 4.1. Let a,b,n € N. Then
2r(n = ax® + b(3y? — y)/2)
= R([24a,0,b],24n + b) — R([24a,0,4b],24n + b)
— R([24a,0,9b], 24n + b) + R([24a, 0, 36b], 24n + b).
In particular, if 31b and 81 b, we have
2r(n = ax® + b(3y? — y)/2) = R([24a,0,b],24n + b).
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Moreover, if A{a, 21b and 31b, then
2r(n = az® + b(3y* — y)/2) = R([6a,0,b], 24n + b).
Proof. Clearly

2r(n = az? + b(3y? — y)/2) = 2r(24n + b = 24az® + b(6y — 1)?)
= [{(x,y) € Z? : 24n + b = 24ax® + by?, 21y, 31 y}|
= {(z,y) € Z? : 24n 4 b = 24az® + by?, 2t y}|
— {{z,y) € Z% : 24n 4 b = 24ax® + b(3y)?, 21y}
= R([24a,0,b], 24n + b) — R([24a, 0, 4b], 24n + b)
— (R([24a,0,90], 24n + b) — R([24a, 0, 36b], 24n + b)).
If 31b and 8 1 b, we then have 2r(n = az? + b(3y* — y)/2) = R([24a,0,],

24n+Db).1f4 1 a,2 1 band 3 1 b, by Lemma 2.2 we have R([24a, 0, b], 24n+b) =
R([6a,0,b],24n + b). So the lemma is proved.

THEOREM 4.1. Let n € N. Then
r(n =%+ 4(3y* —y)/2) = §(6n + 1, —6),
r(n=x*+ (3y° — y)/2) = §(24n + 1, —6).
Proof. As H(—24) = {[1,0,6],[2,0,3]} and m = 222 + 3y? implies
m # 1 (mod 6), using Lemma 2.1 we see that R([24,0,4],24n + 4) =
R([1,0,6],6n 4+ 1) = N(6n + 1,—24) = 26(6n + 1, —6). Now putting a = 1
and b = 4 in Lemma 4.1 and applying the above we obtain r(n = x? +

4(3y* —y)/2) = 6(6n + 1, —6). Replacing n by 4n we deduce the remaining
result.

THEOREM 4.2. Let n € N. Then

5(3n—+1,-3) if 4| m,
r(n=2? +8(3y* —y)/2) = 26((3n+1)/4,-3) if8|n—1,
0 otherwise,

r(n =22 +3y* —y) = 6(12n + 1, -3).

Proof. If n = x? + 4(3y? — y) for some z,y € 7Z, then clearly 4|n or
8|n — 1. Now assume 4 |n or 8| n — 1. From Lemma 4.1 we have

2r(n = x + 8(3y* — y)/2) = R([24,0,8],24n + 8) — R([24,0,32], 24n + 8)
= R([1,0,3],3n+ 1) — R([3,0,4],3n + 1)
=N@Bn+1,-12) — R([3,0,4],3n + 1).
If 4|n, then 3n + 1 = 322 + 4y is insolvable. Thus, by Lemma 2.1 we have
N(@Bn+1,-12) — R([3,0,4],3n+ 1) = N(3n+ 1,—12) = 2§(3n + 1, —3).
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If 8| n — 1, then 3n +1 =4 (mod 8). By Lemma 2.1, [5, Theorem 9.3] and
(2.1) we have
N(3n+1,-12) — R([3,0,4],3n + 1)
=60((3n+1)/4,-3) —26((3n+1)/4,—-3) =45((3n + 1)/4, =3).
Now combining the above we obtain the result for 7(n = 2% + 4(3y? — ¥)).
As r(4n = 22 + 4(3y? — y)) = r(n = 22 + 3y? — y), applying the above we
deduce the remaining result.

THEOREM 4.3. Letn € N and b € {5,7,13,17}. Then
r(n = x>+ b(3y? —y)/2) = 6(24n + b, —6b),
r(n =bz? + (3y? —y)/2) = 6(24n + 1, —6b).
Proof. From Lemma 4.1 we have
2r(n = 22 + b(3y* — y)/2) = R([b,0,6],24n + b).

It is easily seen that H(—24b) = {[1,0,6b],[2,0,3b],[3,0,2b],[6,0,b]} and
24n + b cannot be represented by x2 + 6by?, 222 + 3by? and 32 + 2by?.
Thus, using the fact that f(—24b) = 1 and Lemma 2.1 we deduce

R([b,0,6],24n 4+ b) = N(24n + b, —24b) = 26(24n + b, —24b).
Now combining the above we obtain 7(n = 22 + b(3y? — y)/2) = §(24n + b,
—6b). Replacing n with bn we deduce the remaining result.
THEOREM 4.4. Let n € N. Then

r(n =z + 3(3y* —y)/2)
25(ng, —2) if9|n—1 and 8n+1=3%g (31 no),
=4 08n+1,-2) if3|n orn=4,7 (mod9),
0 if n =2 (mod 3)
and
r(n =322 + (3y* —y)/2) = 6(24n + 1, —2).
Proof. From Lemmas 4.1 and 2.2 we see that
2r(n = 2 + 3(3y* — y)/2) = R([24,0,3],24n + 3) — R([24,0,27],24n + 3)
= R([8,0,1],8n + 1) — R([8,0,9],8n + 1)
= R([2,0,1],8n + 1) — R(]2,0,9],8n +1).
Since H(—8) = {[1,0,2]}, by Lemma 2.1 we have R([2,0,1],8n + 1) =
25(8n + 1,—2). It is known that H(—72) = {[1,0,18],[2,0,9]} and f(—72)
= 3. Thus, by [5, Theorem 9.3] and (2.1) we have

20(8n+1,—-2) if 3|n— 2,
R([2,0,9],8n+1) = ¢ 26((8n +1)/9,—2) if9|n —1,

0 otherwise.
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When 9|n —1 and 8n+ 1 = 3%ng (31ng), we have

= () 265G ()5 @)

k|8n+1 K| - k|no k|no

Now combining all the above we obtain the result for 7(n = 22+3(3y>—y)/2).
Note that r(3n = 22 + 3(3y? — y)/2) = r(n = 322 + (3y*> — y)/2). We then
obtain the remaining result.
5. Formulas for r(n = a(z? — x)/2 + b(3y> — y)/2)
LEMMA 5.1. Let a,b,n € N. Then
2r(n = a(x?® — x)/2 4+ b(3y* —y)/2)
= R([12a,12a,3a + b],24n + 3a + b) — R([12a, 0, 4b], 24n + 3a + b)
— R([12a,12a, 3a + 9b], 24n + 3a + b)
+ R([12a, 0, 36b], 24n + 3a + b).
If 41 a, we also have
2r(n = a(z? — 2)/2 + b(3y* — y)/2)
= R([3a,0,b],24n + 3a + b) — R([3a,0, 4b], 24n + 3a + b)
— R([3a,0,90],24n + 3a + b) + R([3a, 0, 36b], 24n + 3a + b).
Proof. Clearly
2r(n = a(z? — x)/2 + b(3y* — y)/2)
= 2r(24n 4 3a + b = 3a(2z — 1)? + b(6y — 1)?)
= |{{x,y) € Z% : 24n + 3a + b = 3az® + by*, 2 xy,3 { y}|
= |{(x,y) € Z*: 24n + 3a + b = 3ax® + by?, 2 { zy}|
— H(z,y) € Z* : 24n + 3a + b = 3az® + b(3y)?, 2 t zy}|
= |{(z,y) € Z*: 24n + 3a + b = 3a(2z + y)® + by*, 2t y}|
— {(x,y) € Z%: 24n + 3a + b = 3a(2x + y)* + 9by?, 2 { y}|
= |{{z,y) € Z* : 24n + 3a + b = 12az* + 12azy + (3a + b)y*, 21 y}|
— {{z,y) € Z% : 24n + 3a + b = 12az® + 12azy + (3a + 9b)y>, 2 1 y}|
= R([12a,12a,3a + b],24n + 3a + b)
— R([12a,24a,4(3a + b)],24n + 3a + b)
— (R([12a,12a, 3a + 9b], 24n + 3a + b)
— R([12a,24a,4(3a + 9b)], 24n + 3a + b)).
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Using (1.1) we see that [12a,24a,4(3a + b)] = [12a,0,4b] and [12a,24a,
4(3a + 9b)] = [12a, 0, 36]. Thus the first part follows.

Now assume 4 { a. If 24n + 3a + b = 3az? + b(6y — 1)? for some z,y € Z,
then clearly 2 1 x. Thus,

2r(n = a(z? — 2)/2 + b3y? — y)/2)
= 2r(24n + 3a + b = 3a(2z — 1)? + b(6y — 1)?)
= 2r(24n + 3a + b = 3az® + b(6y — 1))
= |{(z,y) € Z* : 24n + 3a + b = 3az® + by*, 21y, 3 1 y}|
= |{(z,y) € Z* : 24n + 3a + b = 3az® + by*, 2 1 y}|
— {(x,y) € Z*: 24n + 3a + b = 3az® + b(3y)*, 2t y}|
= R([3a,0,b],24n + 3a + b) — R([3a, 0, 4b],24n + 3a + b)
— (R([3a,0,90],24n + 3a + b) — R([3a, 0, 36b], 24n + 3a + b)).

This completes the proof.
THEOREM 5.1. Let n € N. Then
r(in= (2% —2)/2+ (3y* — y)/2) = 20(6n + 1, —3).

Proof. From Lemmas 5.1 and 2.1 we see that

2r(n = (2* —2)/2 + (3y2 —-y)/2)
R([12,12,4],24n + 4) — R([12,0,4],24n + 4)
R([3,3,1],6n+ 1) — R([3,0,1],6n + 1)
N(6n+1,-3) — N(6n+1,—12)
= 65(6n +1,-3) —2§(6n + 1,-3).
This yields the result.
THEOREM 5.2. Let n € N. Then

r(in=a%—z+ (3y° —y)/2) = §(24n + 7, —6),
r(n= (2% —x)/2+ 3y> —y) = 6(24n + 5, —6).

Proof. For x,y € 7 it is clear that 22 + 6y> # 5 (mod 6) and 2z% +
3y? # 1 (mod 6). Since H(—24) = {[1,0,6],[2,0,3]} and f(—24) = 1, using
Lemmas 5.1 and 2.1 we have

2r(n = a? —x + (3y* — y)/2) = R([6,0,1],24n + 7)

= N(24n +7,-24) = 25(24n + 7, —24)
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and

2r(n = (2% — 2)/2 + 3y° — y)
= R([3,0,2],24n + 5) — R([3,0,8],24n + 5) = R([2,0, 3], 24n + 5)
= N(24n +5,—-24) = 26(24n + 5, —24).
This yields the result.
THEOREM 5.3. Let n € N. Then

r(n= (2 —2)/2+3(3y* — y)/2)
0(dn+1,-1) if3|n—1,
=1 20(4n+1,-1) if3tn—1and9%n—2,
0 if 9|n — 2.
Proof. Putting a =1 and b = 3 in Lemma 5.1 we see that
2r(n = (2° —x)/2+3(3y* — y)/2)
= R([12,12,6],24n + 6) — R([12,12,30],24n + 6)
= R([2,2,1],4n + 1) — R([2,2,5],4n + 1).

By Lemma 2.1 we have R([2,2,1],4n+1) = N(4n+1,—4) = 46(4n+1,-1).
As H(—36) ={[1,0,9],[2,2,5]}, by [5, Theorem 9.3] and (2.1) we have

20(dn+1,-1) if 3|n—1,
(5.1) R([2,2,5],4n + 1) = 46((4n+1)/9,—1) if9|n—2,
0 otherwise.

If9|n—2and 4n+ 1 =3%ng (31 ng), then
0(4n+1,-1) —6((4n+1)/9,-1)
-1 -1 -1
e 72 () () =
k|4n+1, kt(4n+1)/9 k|no
Now putting all the above together we obtain the result.
THEOREM 5.4. Let n € N. Then
r(n=3(x*—z)/2+ (3y* —y)/2) = 6(12n + 5, —1).
Proof. Putting a =3 and b =1 in Lemma 5.1 we have
2r(n = 3(a* — 2)/2+ (39 = 1)/2)
= R([36,36,10],24n + 10) = R([18,18,5],12n + 5).

By (1.1), we have [18,18,5] = [5,—18,18] = [5,2,2] = [2,—2,5]. Thus
R([18,18,5],12n + 5) = R([2,2,5],12n + 5). Now applying (5.1) we deduce
the result.
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THEOREM 5.5. Letn € N, a € {1,5} and 3n+(a+3)/4 = 2% (21 no).
Then
22—z 5 3y’—y k
- 2. =2 ~).
T(” o te T 2 ) gz(w)
no

Proof. Set b = 5/a. It is known that H(—60) = {[1,0, 15],[3,0,5]} and
f(—60) = 2. For x,y € Z we see that 2+ 15y # 2 (mod 3) and 322+ 5y #
1 (mod 3). Thus, using Lemmas 5.1 and 2.1 we have

2r(n = a(z® — x)/2 + b(3y* — y)/2)
R([3a,0,b],24n + 3a + b) — R([3a, 0,4b],24n + 3a + b)
R([3a,0,b],24n + 3a + b) — R([12a,0,4b], 24n + 3a + b)
R([3a,0,b],24n + 3a + b) — R([3a,0,b],6n + (3a + b)/4)
N(24n + 3a + b, —60) — N (6n + (3a + b)/4, —60)

2 Z (f)—(1+(—1)n+<a+3)/4) Z <k1;5>

k|6n+(3a+b)/4 k|(6n+(3a+b)/4)/4

-2 ((30)+ (=) 12 ()

This yields the result.
THEOREM 5.6. Letn € N and b € {7,11,19,31,59}. Then
r(n = (z? — x)/2 4+ b(3y* —y)/2) = 6(12n + (b + 3)/2, —3b),
r(n=b(z? —x)/2+ (3y* —y)/2) = §(12n + (3b+ 1)/2, —3b).

Proof. As b= 3 (mod 4) we see that 3+ b=3b+ 1 =2 (mod 4). Thus,
R([3,0,4b],24n+ 3 +b) = 0 and R([3b,0,4],24n + 3b+ 1) = 0. Hence, using
Lemma 5.1 we get

2r(n = (2% —2)/2 +b(3y* — y)/2)

= R([3,0,b],24n + 3+ b) — R([3,0,4b],24n + 3 + b)
— R([3,0,9%],24n + 3 + b) + R([3,0,36b], 24n + 3 + b)
= R([3,0,b],24n + 3+ b)

and

2r(n = b(z? — x)/2 + (3y* — ) /2)
— R([3b,0,1],24n + 30 + 1) — R([3b,0,4],24n + 3b + 1)
— R([3b,0,9],24n + 3b + 1) + R([3b,0,36], 24n + 3b + 1)
— R([1,0,30],24n + 3b + 1).
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It is known that we have H(—12b) = {[1,0, 3b],[3,0,],[2,2, (3b+1)/2], 6, 6,
(b+3)/2]} and f(—12b) = 1. One can easily see that 24n + 3 + b cannot be
represented by z? + 3by?, 222 + 2xy + 3b+1 y? and 622 + 6xy + b+3y2 and
24n + 3b + 1 cannot be represented by 31‘ + by?, 222 + 2zy + 3b+1 y? and
622 + 6y + b+3 y?. Thus, applying Lemma 2.1 we have

R([3,0,b],24n + 3+ b) = N(24n + 3 + b, —12b)
— 26(24n + 3 + b, —12b)
= 25(12n + (b+ 3)/2, —3b)

and

R([1,0,3b],24n + 3b+ 1) = N(24n + 3b + 1, —12b)
= 26(24n + 3b+ 1, —12b)
=25(12n + (3b+1)/2, —3b).

Now combining all the above we deduce the result.
THEOREM 5.7. Let n € N, m € {5,7,13,17} and a € {1,2,m,2m}.

Then
2 —x 2m 3y’ —y —6m
r<n:a 5 +7‘42 ): Z ( k >
k|24n+3a+2m/a

Proof. If 24n + 3a + 2m/a = 3az® + 22y? for some z,y € Z, then 2 { x
and so ZZ(1 — 4y?) = 2 _ 8.2 = (mod 8). This is impossible. So
R([3a,0, 8m/a] 24n + 3a + 2m/a) = (. Hence, using Lemma 5.1 we see that

-z

2 2m  3y* —
2r<n —aZ 5 p oy 5 y> R([3a,0,2m/al,24n + 3a + 2m/a).
a

It is known that H(—24m) = {[1,0,6m],[2,0,3m], [3,0,2m], [6,0,m]} and
f(=24m) = 1. Let n’ € N with (n/,6) = 1. It is easily seen that
n =22 +6my®> = n' =1,146m (mod 24),
n' =2z% 4+ 3my? = n =3m+2,3m+ 8 (mod 24),
n' = 32?4+ 2my* = n/ =2m + 3,8m + 3 (mod 24),
n' =62+ my®> = n' =m,m+ 6 (mod 24).
Since 1,14 6m,3m +2,3m+8,2m+3,8m + 3, m, m+ 6 are distinct modulo
24, we see that n’ is represented by at most one class in H(—24m). As
(24n+3a+2m/a,6) = 1, we see that 24n+3a+2m/a cannot be represented

by any class K € H(—24m) with K # [3a,0,2m/a]. From the above and
Lemma 2.1 we derive
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2 2
— 2 32 —
2r<n:am w+m.H>

5 " 5 R([3a,0,2m/al,24n + 3a + 2m/a)

N(24n + 3a + 2m/a,—24m)
26(24n + 3a + 2m/a, —24m).

So the theorem is proved.
THEOREM 5.8. Let n € N. Then
r(n=15(2® — 2)/2 + (3y* — y)/2) = §(12n + 23, —5),
r(n=3(x* —2)/2+53y* —y)/2) = 6(12n + 7, -5).

Proof. Suppose 12n + 23 = 5%n; with 51 n;. From Lemma 5.1 and the
fact that 24n + 46 = 2 (mod 4) we have R([45,0,4],24n + 46) = 0 and so

2r(n = 15(z® — ) /2 + (33> — y)/2)
= R([45,0,1], 24n + 46) — R([45,0, 4], 24n + 46)
— R([45,0,9],24n + 46) + R([45, 0, 36], 24n + 46)
= R([45,0,1],24n + 46) = R([1,0,45],5% - 2ny).
Since 24n 446 = 1 (mod 3), applying the above and Lemma 2.4 we see that
< 22—z 3y% - y) {6(2n1, —20) if n; = +2 (mod 5),
2 2 0 if ny = £1 (mod 5).
If ny = £1 (mod 5), as n; = 5% = 12n 4+ 23 = 3 (mod 4) we see that
(= 20) (;—f’) = —(;’1) = —(%) = —1 and so §(n1,—20) = 0 by (2.1). Since
5(2711, —20) = §(n1, —20), we always have

(o) -2 () - 2, (5)

k|n1 k|12n+23

Now suppose 12n + 7 = 5%ny with 5 { ny. From Lemma 5.1 and the fact
that 24n + 14 = 2 (mod 4) we have R(]9,0,20],24n + 14) = 0 and so

2r(n = 3(z* — x)/2 + 5(3y* — y)/2)
= R(]9,0,5],24n + 14) — R([9,0, 20], 24n + 14)
— R([9,0,45],24n + 14) + R([9,0, 180], 24n + 14)
= R([9,0,5],24n + 14) = R([5,0,9],5" - 2ny).
Since 24n+ 14 = 2 (mod 3), applying the above and Lemma 2.4 we see that

-z 3y —vy §(2ng, —20) if ng = +2 (mod 5),
rln=3 +5 = .
2 2 0 if ng = £1 (mod 5).

(mod 5) as ng = 5%y = 12n 4+ 7 = 3 (mod 4) we see that

If ng = 1
- (%5) = _( ) —("#) = —1 and so Zk|n2(_720) = 0 by (2.1).

(53)
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Since 0(2n2, —20) = d(ng, —20), we always have

r<n:3$22_x +53y22_y) = <_k20> -y (;{5>

k|ng k|12n+7

The proof is now complete.

THEOREM 5.9. LetneN and 4n+3 = 5%ng (51 no). If no = £1 (mod 5),
then

2 _ 2 _ 2 _ 2 _
r(n:x T 53 y>:r<n25x T, g3y y):o.

2 2 2 2
If ng = +2 (mod 5), then

25(ny,—5) if 9|n —6,

2 _ 32_
r(n:m2x+15y2 y): 0 if3|n— 2,

d(no,—5)  otherwise,
9 25(n1,—5) if9\n—6,

2 _ _
T<n:5x2m+33y2 y>: 0 if 3|n—1,

d(no,—5)  otherwise,
where ny is given by ng = 3°n1 (34 ny).
Proof. By Lemma 5.1 and the fact that 24n + 18 = 2 (mod 4) we have

2r(n = (¢ — 2)/2 + 15(3y* — y)/2)
= R([3,0,15], 24n + 18) — R([3,0,60], 24n + 18)
— R([3,0,135],24n + 18) + R([3,0, 540], 24n + 18)
= R([3,0,15], 24n + 18) — R([3,0, 135], 24n + 18)
= R([1,0,5],8n + 6) — R([1,0,45],8n + 6)

and

2r(n = 5(2* — ) /2 +3(3y” —y)/2)
— R([15,0,3],24n + 18) — R([15,0,12], 24n + 18)
— R([15,0,27], 24n + 18) + R([15,0,108], 24n + 18)
= R([15,0,3],24n + 18) — R([15,0,27], 24n + 8)
= R([1,0,5),8n + 6) — R([5,0,9],8n + 6).
For m € N, 5m = 22 + 532 (z,y € Z) implies 5|z and m = 5(x/5)? + y>.
Thus R([1,0,5],5m) = R([1,0,5], m). Hence
R([1,0,5],8n + 6) = R([1,0,5],5% - 2ng) = R([1,0,5], 5" - 2np)
=---=R([1,0,5],2ng).
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If ng = &1 (mod 5), then 22 = 2ng (mod 5) is insolvable and so
R([1,0,5),8n + 6) = R([1,0,5], 2n0) = 0.
Hence, by the above we have r(n = (2% — x)/2 + 15(3y? — y)/2) = 0 and
r(n=5(x%—1z)/2+3(3y* —y)/2) = 0.
Now we assume ng = £2 (mod 5). Then 2ny = +4 (mod 5) and so

2ny cannot be represented by 222 + 2zy + 3y?. Since H(—20) = {[1,0, 5],
2,2, 3]}, from the above and Lemma 2.1 we see that

R([1,0,5],8n + 6) = R([1,0,5],2n¢) = N(2ng, —20) = 26(2ng, —20).
From Lemma 2.4 we know that
26(2n0/9,—20) if9|n —6,
R([1,0,45],8n +6) = ¢ 26(2ng, —20) if 3|n — 2,
0 otherwise,
26(2n0/9,—20) if9|n —6,
R([5,0,9],8n +6) = { 26(2ng, —20) if 3|n—1,
0 otherwise.
Since §(2ng, —20) = §(ng, —5), §(2n0/9, —20) = 5(no/9, —5) and ng = 3°n,
(31n1), we see that for n =6 (mod 9),

5(2ng, —20) — 0(2np/9, —20)
-5 -5 -20 -5
-2 (#)-2(e) (w) =2 (%)
k|no, ktno /9 k|n1 k|n1
Now putting all the above together we obtain the result.

LEMMA 5.2 ([4, Theorem 6.1]). Leti,n € N, i |30 and in = 2435 5%ng
with (no,30) = 1. Let m € {7,11,23} and

[i,0,15m/i] if 244,

A; = 1/ 15m
'3 e . 2 ..
[2’1’2<2+i/2>] if 2|
—15m

Then R(A;,n) > 0 if and only if 2|ordyng for every prime q with ( .
= -1, (%) = (—1)((m+1)/4)ai+ﬁi7 (%0) _ (_1)a¢+[(m+2)/3m¢+% and (%) _

(—=1)@tBitm=3)/51% - Moreover, if R(A;,n) > 0, then

R(A;,n) =2 H (1 + ordy, no).

(Lmy=y

THEOREM 5.10. Let n € N, m € {7,11,23}, a € {1,5,m,5m} and
12n+ (3a+5m/a)/2 = 57ng (51 ng). Then n is represented by a(x?—2x)/2+
57"1(3@/2 —y)/2 if and only if 2| ordy ng for every prime q with (%) =-1




Number of representations of n by axz® + by(y — 1)/2 99

and
1)[(m—3)/5]y ifa=1,

(=1)

no (—1)lm=3)/5](v+1) ifa =5,

<5> I S ) L (G (R R A )
(—1)1+(m=3)/5]y if a = 5m.
Moreover, if the above conditions hold, then
5
r(n = a(z? — 2)/2 + Tm(gyZ - y)/2> = H (1 + ord, no).
()=

Proof. As 3a+5m/a = 2 (mod 4), we see that R([3a,0,20m/a], 24n +
3a + 5m/a) = R([12a,0,20m/al,24n + 3a + 5m/a) = 0. Hence, using
Lemma 5.1 we get

( 22—z 5m 3y —y
2rin=a

a 2

From 12n + (3a + 5m/a)/2 = 57ny we deduce that ng = (3a 4+ 5m/a)/2
a(3+5m)/2 = a(m — 1)/2 (mod 4) and (—1)"ng = 5'ng = m/a

am (mod 3). Thus

-1 1 ng am a

o) = (—1)m—1-2a)/4 DO ooy (2 lmA2)Bl 2
(%)= (1) = ( ) ‘
For a = 1 we have 3(24n + 3+ 5m) = 2-3 - 5'ng. For a = 5 we have
15(24n + 15 +m) = 2 -3 - 57 ng. For a = m we have 5(24n + 5 + 3m) =
2.57ng. For a = 5m we have 24n + 1+ 15m = 2-57ng. Thus applying the
above and Lemma 5.2 we deduce the result.

> R([3a,0,5m/al,24n + 3a + 5m/a).

—

Using Lemma 5.1 and [4, Theorems 6.2 and 6.3] one can similarly prove
the following result.

THEOREM 5.11. Let n € N, m € {13,17}, a € {1,7,m,Tm} and 12n +
(3a + Tm/a)/2 = T'ng (7 1 ng). Then n is represented by a(x? — x)/2 +
777"(33/2 —y)/2 if and only if 2| ordy ng for every prime q with (_2%) =-1

and )
{3,5,6(m0d 7 ifa=1,7,
ng =

1,2,4 (mod 7) if a=m,Tm.
Moreover, if the above conditions hold, then

r<n=a(m2x)/2+7gb(3y2y)/2): H (14 ordy ng).

(=2m)=y

Let p(n) denote the Mébius function. Using Lemma 5.1 and [4, Theo-
rem 8.1] one can similarly deduce the following result.

THEOREM 5.12. Leta,n € N, a|455 and 12n+(3a—|—455/a)/2 = 577%0
with (ng,35) = 1. Then n is represented by a(z? — x)/2 + 455( y)/2
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if and only if 2|ordyng for every prime q with (%) = —1 and (%2) =
—(%) = (=1)7*9u(a). Moreover, if the above conditions hold, then

r<n:a( )/2+4ﬁ( )/2) IT (1 +ord,no).

(71365):1

REMARK 5.1. Let n € N and 4n + 1 = 5%y = 3°n; with 5 f np and
31 n1. By [2, Theorem 4.4] we have

(5.2 T<n: 39:22—x +553,?;22—y) _ 1+2(’E°) 3 <_l<;5>

kln1

Suppose n1 = 5%ny. Then 5 1 ng and ng = 3Pns. Since ng = 1 (mo
ng = (—1)5 (mod 4), we have (%) = (i) = (_—5) = ( —5 ) = (_—5) and

no no 3Bn4

Zk\nl( °) = Zk\m( °). By (2.1), kag( ks) # 0 implies () = ;3) =
Hp|n2( > Syordpn2 — 1 Thus, by (5.2) we have

(5.3) r(n - 3”522_”3 +53y22_y> = (;5) =3 (‘;)

k|na k|ni
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