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1. Introduction. Two classical results of Wilhelm Ljunggren [6], [7] are
the complete solution in positive integers of the two Diophantine equations

X2 _9oy*=_1, X?_-5Y*=_—4

Y

In particular, Ljunggren proved that apart from (X,Y) = (1,1), only the
former equation has another positive integer solution, with the only such
solution being (X,Y) = (239, 13). The solution of the latter equation can
be viewed as the major hurdle in determining that 1 and 144 are the only
perfect squares in the Fibonacci sequence. We remark that since Ljunggren
completely solved the Diophantine equation X2 — 2Y* = —1, many other
proofs have been given, most recently in [2].

The two Diophantine equations above can be regarded as the first two
members of the family of quartic equations

(1.1) X% - (22" 4 1)yt = 2P,

In a recent paper [4], the authors used a recent theorem of Akhtari to prove
that (1.1) has at most 12 solutions in odd positive integers (X,Y). It is
worth noting that (X,Y) = (103,5) is the only non-trivial solution in the
case m = 2, and moreover, that for all 3 < m < 17, a MAGMA computation
shows that (1.1) has only the solution (X,Y’) = (1,1) in odd positive integers
X,Y. One would therefore expect that the bound of 12 is not sharp, but
rather an artifact of the method used in [4]. Indeed, it is the goal of this
paper to prove the following result for the family of equations in (1.1).

THEOREM 1.1. For all m > 0, the equation X? — (2*™ + 1)Y* = —22m
has at most three solutions in odd positive integers (X,Y).
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2. Preliminary results. We begin our analysis with the following use-
ful observation.

LEMMA 2.1. If (X,Y) # (1,1) is a solution in positive integers to
X2 (22" 4 1)yt = 2P,
then we have
+X +2ai = (14 2ai)(s+7ri)*, Y =s2+7%1r>5>0.
Proof. All coprime integer solutions (x,y) to the quadratic equation
22— (22m 4 1)y = —92m
are given by

(2.1) T4 yV/1+22m = 4£(£1 4 /14 22m)(2™ + /1 + 22m)%
for some integer i (see [5] or [4]).

For brevity, let a = 2™~ !, and let & = T+ U1 + 22m = 2™ 4 /1 4 22m,
For i > 0, define sequences {T;} and {U;} by

o' =T; + Up\/1 + 22m,

Therefore, a solution in odd positive integers (X,Y) # (1,1) to X% —
(22m +1)Y* = —22™ is equivalent to a solution to
(2.2) Y2 =Ty, +Usp, X = (4a® + 1)Uy & Top

for some k > 1, since (4a® 4+ 1)Uy, > Top, > Usy.

We first consider the case that the signs appearing in (2.2) are positive.
By the well known identities Ty, = T,g +(1 —|—4a2)U£ and Uy, = 2T Uy, (2.2)
shows that

Y? = (T, + Ug)? + (2aUy)?,
and the terms involved in this equality are pairwise coprime since a = 2!,
Y is odd and ged(Tk, Ux) = 1. Thus, there are coprime non-negative integers
r and s, of opposite parity, for which
Y=r2+s% Tp+Ui=1r%>—3s% 24U, = 2rs.

If r is even, then a divides r, and so by putting R = r/a, solving each of the
expressions for T} and Uy, substituting the result into 77— (1+4a?)UZ = +1,
and then simplifying, we are led to the equation

(s> + Rs — R%a*)? — (1 + 4a*)R?s* = £1,
or more simply
s+ 253R — 6a*R%s% — 2a°R%s 4+ o*R* = +1.
This equation can be written as

(1 + 2ai)(s +ri)* — (1 — 2ai)(s — ri)* = +4ai,
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where we have used the fact that r = aR. Let Xy be the integer such that
2X0o = (1 + 2ai)(s 4+ ri)* + (1 — 2ai)(s — ri)%;
then
Xy = st — 8as?r — 65%r? + 8asr® + 14
= (T}, + Up)? — 4a*U? + 8a*Uy (T}, + Uy) = X.
We therefore deduce that
(2.3) X =+ 2ai = (1 + 2ai)(s + ri)™.
Now consider the case that s is even. Then a divides s, and so by putting
S = s/a, solving each of the expressions for T} and Uy, substituting the
result into 77 — (1 + 4a?)U? = +1, and then simplifying, we arrive at the
equation
(r? — (Sr + S%a*))? — (1 + 4a*)S*r? = +1,
or more simply
rd — 238 — 6a25%r% + 2a2S3r + a*S* = +1.
This equation can be rewritten as
(14 2ai)(r — si) — (1 — 2ai)(r + si)* = +4ai,
which upon multiplication by i* can be written as
(1 + 2ai)(s 4+ ri)* — (1 — 2ai)(s — ri)* = +4ai.

Therefore, we similarly have equation (2.3).
Next we consider the case that the signs appearing in (2.2) are negative.
By the same argument as above, we have

(1+2ai)(s —ri)* — (1 = 2ai)(s + ri)* = +dai, Y =s>+71% s>r>0.

Let Xy be the integer such that

2Xo = (14 2ai)(s — ri)* 4+ (1 — 2ai) (s + 7).
Similarly to the previous case, we have

Xy = st 4+ 8as®r — 6s%r% — 8asr® + rt

= (T}, — Up)? — 4a*U? — 8a*Uy (T}, — Uy) = — X,

and therefore
—X +2ai = (1+ 2ai)(s — ri)*. =

LEMMA 2.2. Suppose that (X1,Y1) and (X2,Y2) are two solutions in odd
positive integers to X2 —(22m+1)Y4 = —22m Y, = 5?4—7“]2-, sjp>rj(j=1,2)
and Yo > Yy > 1. Then Yy > 2Y13.

Proof. Suppose that (X;,Y7) and (X3, Ys) are two solutions in odd pos-
itive integers to equation (1.1), with Y; = 332 + rjz, s; >rj (j =1,2) and
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Yo > Y] > 1. By the remarks in the Introduction, we may assume that
m > 17, thus Y2 > Y2 > Ty — Uy = 1 + 8a? — 4a > 2%™ > 236, Then by
Lemma 2.1 we have
+X; + 2ai = (1+ 2ai)(s; £75i)*,  j=1,2.

We will assume that

X1+ 2ai = (1 + 2ai)(s; + i), Xo =+ 2ai = (14 2ai)(s9 + r2i)?,
as the arguments for the other cases are identical. It follows that
(24) (14 2ai)(s; +rji)* — (1 — 2ai)(s; — rji)* = £dai, j=1,2.

Let _
o 1 - 20/1 Ze 1/4

w= =eY, w 0/4
1+ 2a1

=€

By (2.4) we have

(2.5) oo ()DL ,
' si—ri) | Vitdeyr 2 70T

Let t; € {0,1,2,3} be the integer such that

1/4 _ gtymif2 55 T 750 1/4 _ kmif2 5 T T

w -| = min |w , J7=12
S5 — 151 0<k<3 S5 — 151
By (2.5) we may assume that
N ) 1
u11/4 - 6tJTrz/Q J J' —, j=1,2
85 —Tjt 2
Since
o\ 4 .
55 +1jt xi/2 Sj Tt
w_( J J.> ’:‘wl/él_et]m/Q J ]»
Sj — Tj’L S]' - ’I”jZ

ri/2 8j T Tl rij2 Si T
« w1/4_etj7rz/2 J ]._’_267&]71’1/2 J J

Sj — le Sj — T‘jZ

19 Si Tl Nt Si T
w1/4 _ etﬂrz/Z J J. + (1 + Z)etﬂrz/Z J J.
S5 — T'jt S5 — T'jt

19 Si Tl Nt Si T
1/4 etﬂrz/Z J J. + (1 _ Z)etﬂrz/2 J J.
55 —1ji 5 —1ji

)

X |w )

it follows that

-\ 4
S+ 1t
S — Tjt

1/4 _ gtymif2 5 1750

w .
Sj—’l”jZ
wif2 S5+t .
> 3.8|wl/t—im/22 L I0  i=1 2,
sj—rjz
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and so
1

2
1.9Y;

1/4 _ tymif2 5 +rjt
Sj — Tj’L

w

by (2.5). Now, by the inequality

1 | pmij SLETIE  pymia S2 4 12l
Vi, — S1 — 11t So — 191
15 81+ T10 6 So + T91
< |/ _ ghrmif2 | [wt/4 _ tamif2 al
S1 — Tt S9 — T2l
we derive
Yy > 2Y7. m

3. Proof of the main theorem. We now prove Theorem 1.1.

A MAGMA computation shows that the theorem holds for 0 < m < 17,
so we may assume that m > 17 in the following proof.

Suppose that (X1,Y1), (Xo,Y2) and (X3, Y3) are solutions in odd positive
integers to X2 — (22" +1)Y* = —22™ with Y; = s?—i—r?-, s;p>rj(j=1,2,3)
and Y3 > Y5 > Y7 > 1. Then by Lemma 2.1 we have

+X; +2ai = (1+ 2ai)(s; £ i), j=1,2,3.
We will assume that

Xy +2ai = (1+ 2ai)(sy +r1i)*, Xz =2ai = (1 + 2ai)(s3 + r30)?,

as the arguments for the other cases are identical. It follows that

(14 2ai)(s1 + r1i) — (1 — 2a4)(s1 — r18)* = =+ 4ai,

(1 + 2a3)(s3 + r3i)* — (1 — 2a4)(s3 — r3i)* = =+ 4ai.
Since X 4 2ai = (1 + 2a4)(s1 + 71)*, we have
(X1 =£2ai)(s1 —719) (53 + r30)* — (X1 F 2ai) (s1 +110)* (s3 — 130)* = £Y,M4ai.
Define z,y by

T+ Yy = (81 — 7“1i)(83 + 7"3i).
It follows that
(3.1) (X + 2ai) (z + yi)* — (X1 F 2ai)(z — yi)?| = 4aY;h.
Now recall that X7 = (144a?)Usy 4Ty, k > 1. Assuming that k > 1, we

apply Corollary 2.3 of [8] to equation (3.1) with A = 2X;, B = a, N = aY}.
Then, since m > 17,

A =2X; >2(4a® + 1)Uy — 2Ty = 16a(4a® 4 1)(8a* + 1) — 4(8a* + 1)* 4 2
> 308(2a)* > 308B%,
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the hypothesis of Corollary 2.3 of [8] is satisfied and we find that
100X 4a2Y18}
64a2 * 2X; |’
and the fact that X? < (4a® + 1)Y;* shows that Y3 < 2a?Y{"/X;. It follows
from Lemma 2.2 that

2?4+ =YY< max{

16Y < 2Y3 < V3 < 2a2Y{ /X4,

which is impossible, and hence that k£ = 1.
If k=1, then

Y2 =Ty +4a = (2a)* + (2a + 1)°.
Since a = 2™~ !, we get
Yi+2a+1=2d% Y- (2a+1)=2.

It follows that 2a + 1 = a® — 1, and so a = 2. In this case the equation
X2 —17Y* = —16 has a non-trivial positive solution (X,Y) = (103, 5). This
completes the proof of Theorem 1.1. m

FinaL REMARK. The method presented here is considerably different
than that used in [4]. For the sake of the reader, we wish to explain that the
approach for bounding the number of solutions to (1.1) taken up in [4] can
be refined considerably. In particular, using the arguments contained in the
proof of the main result in [1], it can be shown that there are at most four
integer solutions (s, R) to the Thue equation

s+ 25°R — 6a2s°R? — 2a®sR> + a*R* = £1 (e =2m"1)

which arise from positive integer solutions (X,Y") to (2.2) satisfying k& > 16.
Furthermore, it is easily verified that an integer solution to Y2 = Thy, + Uay,
with 2 < k < 16, gives rise to an integer point (2™,Y") on a hyperelliptic
curve Y2 = Py (z), where Py (z) is a polynomial of degree 2k. Using the
methods described in [3], one can determine the set of rational points on
these curves with z-coordinate being a power of 2, thereby proving that
Y2 = Ty, & Uy, is in fact not solvable for 2 < k < 16 (we note that the case
k = 1 was dealt with in the preceding section). Therefore, this analysis allows
one to assert that there are at most four positive integer solutions (X,Y") to
equation (1.1) other than the solution (1,1) (that is, at most one solution
for each of the four roots of the dehomogenized quartic). Furthermore, using
an elementary modular argument, it can be shown that integer solutions
(s, R) to the above Thue equation which arise from solutions to equation
(1.1) have the property that s/R can be close to only three of the four
roots of the dehomogenized quartic, which therefore implies a bound of four
positive integer solutions to (1.1) in total, falling just short of the bound in
Theorem 1.1.
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