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Combinatorial relations for Euler—Zagier sums
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1. Introduction. Let k1,...,k, be positive integers with k,, > 2. The
Euler—Zagier sum ((k1, ..., ky) (of weight k1 + ...+ k,, and depth n) is the
sum of the convergent series

(1.1) Z ﬁ

1<mi<...<mp my...Mn

where the sum is over n-tuples of positive integers. These sums were intro-
duced in [8] and [15] independently, but their origins go back to Euler. He
investigated the properties of ((k1, k2) and discovered a number of relations,
for example ¢(1,2) = ((3). During the last decade, many important studies
on Euler-Zagier sums (henceforth abbreviated as EZSs) have been made
(see for example [1-6, 8-11, 14, 15]).

In [13] we introduced a new class of combinatorial relations for Torn-
heim’s double series defined in [12] and discussed in [9], by means of an
elementary method. In the present paper, we apply this method to prove
some relations for EZSs, and give the proof of the following result which was
conjectured in [6] (see also [2-5, 9, 12]).

THEOREM. The Euler—Zagier sum ((ki,...,kn) can be expressed as a
rational linear combination of products of Euler—Zagier sums of depth lower
than n, provided its depth n and its weight Z?Zl k; are of different parity.

The case n = 2 of this theorem was proved in [12] and the explicit
formula for ((k1, k2) was given in [2, 9]. The case n = 3 was proved in [6].

We give some notation and lemmas in Section 2. In Section 3, we give
another proof of the above result for EZSs of depth 2. In Section 4, we give
the proof of the Theorem.
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obu Kaneko and Yasuo Ohno for their valuable advice. The author also
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expresses his sincere gratitude to the referee for valuable comments and
useful suggestions.

2. Preliminaries. We use the same notation as in [13]. Let N be the set
of natural numbers, Z the ring of rational integers, QQ the field of rational
numbers, and R the field of real numbers. Throughout this paper we fix
0 € R withd >0. Foru e Rwith1l <wu<1+4d and k € N, we define

2.1) olsu) = 3 0

ms
m>1

(s € Z).

If w > 1 then ¢(s;u) is convergent for any s € Z. For u = 1, let ¢(s) :=
B(s;1) = (2175 — 1)((s). Corresponding to ¢(s;u), we define a set {e,,(u)
of numbers by

o (THu)e” > ™
m=0
In particular when u = 1, we have
2e” = x™
F(z;1) = P ZEm(l)M’

m=0

where E,,(X) is the mth Euler polynomial (see for example [7]). Hence

(2.3) Egj(l) = Egj(l) =0 (] S N)
It follows from (2.2) that if u € [1,1 + 4] then
—1/m
(2.4) lim inf ( |5m(|“)> >,
m—0oo m!:

and that the following lemma holds.
LEMMA 1 ([13, Lemma 1]). For k € NU{0} and u € (1,1 + 4],

L z—:k(u)

(2.5) P(—k;u) = —
Hence we formally define

(2.6) ep(u) = =1+ uw)p(—kyu) (k€Z, k<0;ue(l,1+40]).

For 6 € R, let

)2]+1 > 1) 27

. ) () (0
(2.7) : Z%H 2 oy 2w ._;%(u) Sk
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where i = /—1. If u € (1,1 + §], then by (2.2) and (2.7), we obtain
ij0 _ o—ij6

G(;u) = —(1+u) Y- (~u) 7 ——;

j=1
=—(1+wu) Z(—u)_j sin(j0),
(2.8) J':Ol ij0 | ,—ijo
H(ti20 = ~(1-+) 3 () e
=
= —(1+u) Y (—u) 7 cos(j6) — 1.
j=1
By (2.3) and (2.7), we have
(2.9) HO;u) -0 (u—1;60¢€ (—mmn)).
Foru e [1,1+¢],n € Nand (kq,...,k,) € N* we define
(2.10) ki ki) = > %

1<mi<..<mn T4 - Mn

When u > 1, we define ¢(ky,...,ky;u) for any k, € Z by (2.10). Further-
more, for k, > 2 and u € [1,1 + 4], we define

—Mp

(2.11) Clha ki) = Y

1<mi<...<mp my ...Mn

Note that ((ki,...,kn;1) coincides with ((ki,..., k). As a generalization
of (2.10) and (2.11), we define

b
1 _ _9\
(212) RP(Q; ki,... kn—1;0a,b; 'LL) = il_p Z <a ——i_llj V) ( 9>
v=0

b V!

(—u) =™ sin®+P) (m,,0)
X Z k kn—1 +b ’
1 n— a —V
e em, MMy My

for € R, a € N and p,b € NU {0}, where we denote the [th derivative of a
function f(0) by f®(0). Since sin®*?) § = —sin) 0, we have

(2.13) Ry(0; k1, ..., kn—1;50,b;u) = Rpi2(0; k1, .., kn—1;0a,b;u).

Since sin®) (mz) = 0 and sin®*+Y (mx) = (=1)7T™ for j,m € N, we imme-
diately obtain the following. Note that (just as elsewhere in this paper) an
empty sum is to be interpreted as zero.
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LEMMA 2. Ifa+ (b—1)—2[(b—1)/2] > 2, then
(2.14) Ro(w;kl,...,kn_l;a,b;u)

__[(bzlld/?}(a—ub—%)

2 b—2j—1

N (A
X Gk bt a b= 2 = L)
Ifa+b—20b/2>2, then

(2.15)  Ry(m;ki,...,kn—1;a,b;u)

b, B
:Z(a 140 2J>g(k1,...,kn_1,a+b_zj;u) (i)
Jj=0

b2 2))!
In particular, Ro(m;k1,...,kn—1;a,0;1) = 0 and Ry(m;k1,..., kn—1;a,0;1)
=((k1,...,kn-1,a) when a > 2.

Let f,(z;a,0) :=isin® (fz)z=* for p,a € NU {0}, and calculate its bth
derivative (d°/dz®)f,(z;a, ). Then, in the same way as in [13, Lemma 6],
we obtain

bl — — v\ (=6)” sin*P) 9z
10 Z( 14b )(9) (0z)

s b—v ! gotb—v
_ 1 Z <a -1 —}I;b - N) (ZJQV_)'N Aporanz @ N
N>0 ’
where we let
(2.17) A\j = Lt (2—1)J

LEMMA 3. With the above notation, for u € (1,1 + d] we have
(2.18)  R,(0;ki,...,kn—1;0,b;u)

(a—1+b—N i)V
=> ¢(k:1,...,kn_1,a+b—N;u)Ap_HNL.
~ b NI

In particular, for ¢ € N we have

(2.19)  Rptc(05k1,... . kn—15a+ ¢, byu)

[e.e]

= Z (_]‘)b(mb_a>¢(k;17"'7kn—laa+b_m;u))‘p—l+m

m=—c

(i6)m+e
(m+c)l
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Proof. By (2.10), (2.12) and (2.16), we immediately obtain (2.18). (2.19)
can be proved by putting m = N — ¢ and by using the well-known relation

-X (X +j-1
()= ()
J J
LeMMA 4. With the above notation, for u € (1,1 + 6] we have
(2.20) i Ry(0; k1, ... kn_1;a,b;u)G(0; )
—Rpp1(0:k1,. .. kn—1;0,b;u)H(0;u)
00 b
v—-m—1\[{a—-1+b—v
= 1

Sl (T

X ¢(k1,y ..., kn—1,a+b—v,v—m;u)

1 _ i0)m
n <a +0b m)gﬁ(k;l,,_,,k;n1,a+b—m;u)})\p+m %

b !
Proof. By (2.8), (2.9) and the well-known relation
sin® o - sin § — sin® Y o - cos f = —sin® ) (o + ),

we can verify that the left-hand side of (2.20) is equal to

1+u zb: <a -140- 1/> (—0)” Z (—w)~mnt1 sin@ TP (i, 10)

j - ! k T -
P = b—v v mh . m —11m%+b v

+ Rpr1(05 k1, ... kn—1;0,b;u).
It follows from the relation sin®) @ = ¥~ (e + (=1)*~e=%#)/2, the Mac-

laurin expansion of e*, and the binomial theorem that the first term is equal

to
oo b
m a—14+b—v
1 IR
( +“)ZZ(V>< 1)( . )
m=0v=0

9)m
><Qb(kl,...,kn—l,a—f—b—lj,lj—m;u)/\p+m%
The other term can be calculated by Lemma 3. =

Forue (1,1+46], m € Z, n,a € N, b € NU{0} and (kq,...,k,) € N,
we define

b

v—-m-—1\/a—1+b—v

Am(klv"'aknfl;ayb;u) = (1+U)Z< v )( b—v >
v=0

X ¢(k1y... kp—1,a+b—v,v—m;u)

<a —Z m>¢<k17--~,/€n—1,a+b—msu)-
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In particular when m < —1, we can define

(2.21) Ap(k1y ..o kp_15a,b;1) := lim1 Ap(k1y ..o kp—1;a,byu).
u—

Lemma 4 states that

(2.22) i_lRp(H; ki,... kn_1;a,b;u)G(0;u)
pr1(05 k1, .. kno150,b;u) H(0; u)
i)™
= }:44 (k1. ko 1¢zbanp+m§7grn

LEMMA 5. With the above notation, for ¢ € N we have

b fa—1+b—v
(2.23) Z ( )Rp+c+1(9; ki,...,kn_1,a+b—v;c,v;u)

= b—v
1
+ 1—|——’u, Rp+c+1 (9, kl, ey kn—l; a+ C, b,U)
(Z'e)erc
Am(k1y e kne; .
1+u;; (. 15 b (o o)

Proof. By applying Lemma 3 to the left-hand side of (2.23) and using
(2.21), we obtain the asserted formula. =

3. The case of depth 2. By Lemmas 1 and 3, we have

N ‘ - 1 00 (Ze)m—I—k;
(31) Rk:—i—l—i—,u(H? ) k, O’ 'LL) - 1 +u ;k gm(U))\m+M m
(i)~

= 1+UZEN )\N k4+p " amy NI

for ke N, p e NU{0} and u € (1,1 + ]. Let

i0)7

(3.2) I (0; k;u) == Ri1(0; 5 k,0;u) ZEJ ] (U) At %
B 1 (10)2’"”C
__1+u;;@Aw(%+kw

(3.3) J1(0; k;u) == Ri(0; 5 k,0;u)
1 e (1:9)27’4-14—]{;

1+um§%m®”ﬂm(m+1+kﬂ
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By (2.3) and (2.4), I1(6; k;u) and J1(0; k; u) are uniformly convergent with
respect to u € (1,1 + d] when 0 € (—m, ), and

(3.4) L(O;k;u) — 0 (u—1).
LEMMA 6. With the above notation,

i 1 (0; By u)G(0;w) — J1(0; ks w) H(0;u)
Z { (;k,0;u +Z( >5j e(w)o(y —m;u))\k+j})\k+1+m(ii—);n.

Proof. 1t follows from (2.22), (3.2) and (3.3) that
i (05 ks u)G(0;u) — J1(9' k;u)H(0;w)

(i)™
ZA 3k, 0;u )\k—i-l-i-mw

(Zsj k(W) A s (Zj!) )G(e;u).

The last term on the right-hand side is equal to
[e%S) k .
. 10)™
S (3 ermk()ol - miwhia o) OO
m=0 j=0 )
since it follows from (2.8) that

(i)'
I

G(O3u) =i(1+u) Y d(~Lu)hp
=0

By (2.17), we can verify that A\p;rAg1r = A\prApyq for any p, ¢, € Z. Hence
we obtain the asserted formula. =

Form e Z, k € Nand u € (1,14 ¢], we define

k

(35)  emlksu) = —Ap(E,O0u) =Y (T) e (W) — k3 1) A -

=0
Lemma 6 states that
(3.6) i (0 k;u)G(O;u) — Ji(60; k;u) H (65 w)
> i0)™
= - Z 5m(k;u))‘k+l+m %

m=0
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It follows from (2.4), (3.2) and (3.3) that (3.6) is uniformly convergent with
respect to u € (1,1 + d] when 0 € (—m, ), and

(3.7) lim inf (“Emfn#“)') . > .
Furthermore, by (2.9) and (3.6), we have

(3.8) Em(k;uw) A gr10m — 0 (u— 1;m e NU{0}).
On the other hand, by (2.21), we can define

(3.9) em(k;1) = il_)ml em(k;u)

for m € Z with m < —1.
PROPOSITION 1. Fork,l € N, p€ {0,1}, u € (1,149] and 0 € (—m, ),

1
(3.10)  Rpyiypu(0:k51,0;u) + 1— Riq140(0;: k41,05 u)

ny k(u )‘k+]Rk+l+M(0a7l Jiu)

(ig)m—i-l
1 oy Z (K5 W) Akt 14met CED

In particular when | > 2, (3.10) holds for 0 € [—m, 7).

Proof. By (3.5), Lemma 5 with (n,p,a,b,¢) = (1,k + 1+ p,k,0,1) and
Lemma 3, (2.19), with (n,p,a,b,c) = (1,k + 1,0, j,1), we obtain (3.10). By
(3.7), we obtain the last assertion. =

Suppose [ > 2. Then it follows from (3.7), (3.8) and Proposition 1 that
the right-hand side of (3.10) is uniformly convergent with respect to u €

(1,14 6] when 6 = 7. Hence by letting v — 1 on both sides of (3.10), we
have

1
(3.11)  Rpy(m; k;1,0;1) + —Rk+l(7r;;/~c—|—l,0;1)

+ — Zgj k ])\k+JRk+l(7rmla.]7 )

(imr)mH
(m+1)!

S D

mf—l

1] (im)"
=5 ;) Er—1(k; DAkt 1414r —
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Now we assume that £+ = 1 (mod 2). By substituting (2.6) and (2.15)
into (3.11), we have

(3.12) (kD) + lg(k + l)

'u v=0 b= Q'UJ -
i 2v
XC(l+k—2n—2v) ((2,/))1
- | (1-1)/2) )2
1 Ly Gmr 1 1y 0
= p el N T = g 3 el ) oy

We replace | with A+ 1 in (3.11) when h € Nand k+ h+1 =0 (mod 2).
Then by Lemma 2, we have

[k/2] [(k—2p—1)/2]
h—1+k—2u—2v
_(_1\k
(3.13) DR ou) D> < k—2u—20—1 )
1=0 v=0
Z7T)2V+1
xg(h+k—2u—2V)m
, , [(h—1)/2] Y
1 , (fm)” _ 1 1) UmP
S g2 BT =g B el iy

On the other hand, we recall the following lemma.

LeEMMA 7 ([13, Lemma 8]). Suppose {Py,} and {Qm} are the sequences
which satisfy
[m/2]

2
ZPm 2j 2( _zi) =Qm for anym € NU{0}.

Then
P, = —ZZ d(m —v)Am—Qy  for any m € NU {0}.
v=0

We denote by Z; the Q-algebra generated by {((k) | k € N, k > 2}. If
we apply Lemma 7 with m =h — 1, P, = —%e_m_l(k; 1) Amix and

[k/2] =2 O]+ ke — 2 — 20
__ (_1\k
Qm = —(-1) )\m+k/§¢(2ﬂ) ;} (k:—Q,u—QV—1>

21/) (z'7r)2”
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then by (3.13) and by the relation ¢(s) = (2175 — 1)¢(s), we have
(3.14) €j(k; 1))\k+1+j € 2 (] € Z with j < —1).

Hence, by (3.12), we have ((k,l) € Z; when k+1 is odd. This gives another
proof of the Theorem for the EZSs of depth 2 in Section 1. For example,
by putting (k,h) = (1,1) in (3.13), we have e_1(1;1) = —((3). By putting
(k,1) = (1,2) in (3.12), we obtain Euler’s formula ((1,2) = {(3).

4. The case of depth n. In this section, we assume that v € [1,1 + J]
N Q. For n € N, we denote by Z,, the Q-algebra generated by
{C(k1,... k) | (K1,... k) € NTwith kr > 2, 1 <7 <n}.

As a generalization of Z,,, we denote by V,,(p) the Z,-module generated by

{Rp(e;kl,...,kr_l;a, biu) | (ky, ..., k1) eNTTL1<r<n,aeN,

b —

bENU{O}witha—k(b—l)—Q[—l} 22,u€[1,1+5]ﬂ@}

for p e NU{0} and n € N. By (2.13), we have V,,(p) = V,,(p + 2). Lemma 2
shows that if g(0;u) € V,,(u) then g(m;1)/(inm)!~# € Z, for u € {0,1}.

Now we define the Z,,-linear operator AW : V,,(p) — Vpi1(p+1+ 1) for
l,neNand pe NU{0} by

(4.1) A(Z)(Rp(é; ki,... ke—1;a,b;u))

b
—14b-—
i= Z(a b V)RerHl(G;kl,...,k,«_l,a—i—b—u;l,y;u)
v=0

1
+ H—uRp+l+l(9§ Ki,oo s keo1;a+ 1,05 u),

where r € N with » < n. For k,l € N, p € {0,1}, § € [—m,7] and u €
[1,14 0] NQ, we define

(42)  To,(0;k,1u) = A<”(Rk+1+u(e;;k 0;u))
1+ Zaj k() (1) Ny j Ricy1 (6351, G5 ).

Then Proposition 1 states that

> i6)mH
k u )‘k+1+m+u (( )

F2M(9 k,l,u Tl)'
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By (3.7), (3.8) and (3.14), we have

. —1/m
lim inf (M) >

m—o0 m) -

em(k; W) Agr14m — 0 (u— 1;me NU{0}),
em(k;1) € 21 (meZ withm < -1, m=k+1 (mod 2)).

PROPOSITION 2. Forn € N with n > 2, (ki,...,kn) € N" with k, > 2,
pe{0,1}, ue [1,14+6]NQ and 6 € [—m, 7], there exist Iy, ,,(6; k1, ..., kn;u)
€ Vn(zyzl(kj—i—l)—i—u) and {em(k1, ..., kn—1;u) }mez such that the following
five conditions hold:

(4.3) Fn,u(e; ](Il, ey kn; u) - Rzyzl(kj‘f‘l)‘i'lt(a; ]{71, ey kn_l; ]{Zn, 0; u)

€ an(zn:(k'j +1) +u>,

j=1
1 ()
(4'4) Fn,u(g; ]{1, sy kn? U) = - 1+u Z Em(kl’ SRR knfl;u)
m=—kn
(i)™t
X A ;:—ll(kj—i-l)—‘rm—&-y (m n kn)'7
. —1/m
(4.5) lim inf <|€m(k1’ - ’,k“’“”) >,
m—oo m:

(4.6)  em(ki, ..., kn_1; U)AZ?;f(ijrl)er -0 (u—1; meNU{0}),
(4.7) é‘m(kil, ey kn_l; 1))‘2?:_11(kj+1)+m S Zn—l (m € Z with m < —1).

Proof. We argue by induction on n. The case of n = 2 is just what is
mentioned above. Assume that Iy, (0; k1, . .., kp;u) € Vi (3202, (ki +1) +p)
and {ep (k1,..., kn_1;u) }mez satisfy (4.3)—(4.7). Suppose u > 1 and let p =
> j=1(k;j+1). By the assumption, we can write I, o(0; k1, . . ., kn; u) € Vi (p)
as the following finite sum:

(4.8) Fn,O(‘g; ki, ... kn; U) = Z CTRp(g; lT,la e 7lT,N7—; ar, br; U)’

where C; € Z,, for any 7. By Lemma 3 and (4.4), we see that

Toa(O k1, knsu) =Y CrRpi1(05lrn, .l n, s ar, brsw).
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Let

(4.9)  L,(O;ki,... . kp;u) =1y 0(05 k1, ... kpsu)
—1

1
Z Em(kl) SERE) knfl; u)Ap—(kn—‘rl)—‘rm

(i6) ™+
+
1+u

(m + kp)!

m=—kn

= Fn,0<0; ]{,'1, e ,kn;u)

kn—1 C AN
1 3 (10)7
+ 1 +_u ]go Ej_kn(k'l, RN knfl;u)Ap+J’+1 T,

(4.10) In(Os k1, .. kpsu) =T 1(05 k1, ... ks ).

By (4.4)—(4.6), we have I,(0;k1,...,kn;u) — 0 (u— 1) for 0 € (—m, 7). As
in the proof of Lemma 6, it follows from (2.22) and (4.8) that

(4.11) i (0 k1, . k)G (O3u) — T (05 k1, ke u) H(O; )

00
=0

= Z {ZCTAT)’L(ZT,17' . -JT,NT;aT’bT;u)

kn—1 .
< , ig)m
£ 3 bk )G — mi A Py
=0 '

since Apyj+1Aj—m+1 = A\ptjtr1Aptm- S0 we define
(412)  eml(kr,. ko1, ki) i= = CrAm(lra, ., LN, ar, brjw)

kn—1
— Z Ejtn (K1s s kn—1;u)d(J — miu)Apyjta
=0

for m € Z. Then it follows from (2.7), (2.9), (4.4)—-(4.7), (4.9), (4.10) and
(4.12) that (4.11) is uniformly convergent with respect to u € (1,14 6] when
0 € (—m, ), and that

o —L/m
(4.13) lim inf ('5’”(’“’ — k"’“”) >,

m—0o0

(4.14)  ep(k, ..., k”;u))‘ZLl(kﬁl)-ﬁ-m -0 (u—1; meNU{0}).
By (2.21) and (4.7), we can define
em(kl, ... kn;l) = lim1 em(ki, ... kn;u)

for m € Z with m < —1. For k,,+; € N and p € {0,1}, we define
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(4.15)  Doy1,u(O;k1, ..o kpyrsu) i= A<kn+1>( Top(05k1, .. s w)
kn—1

Z Ej—kn k‘ll),knfl’u)(_l)]

X >‘p+j+1Rp+kn+1+1+u(9; sknyt, J; U)7

where p = Z?Zl(k:j + 1). In the same way as in the proof of Proposition 1,
it follows from (4.1), (4.11), (4.12), Lemmas 3 and 5 that

(4.16)  Dny1,u(03k1, . kny1su)

1 - (i6)™hn+s

— DT (S UPURY IRTY)) WIS e .

1+u - € ( 1 u) p+m—+p (m+ kn—l—l)!
Mm=—~Kn+1

for € {0,1}. By (4.1), (4.3), (4.7) and (4.15), we have
(4.17)  Dnyaw(03k1, .o kny1sw)
- Rqu,u(O; ki, ... kn; kn+17 07“) € Vn(q + M)?

where ¢ = Y07 (k; + 1). For (k1,... kpy1) € N"*1 with K,y > 2 and
=0 (mod 2), let

(4.18) h(0; k1, ... knt1;u)
= n+1,0(9§ kl, cey knJrl;u) — Ro(@; k‘l, ooy /ﬂn; knJrl, 0; U)

Then by (4.17), we have h(0; k1,. .., knt1;u) € V,(0). By combining (4.16)
and (4.18), we have

(4.19)  Ro(0; k1, kns knt1,05u) + h(0; k1, .. kngr;u)

1 - _ (i) hn
=1 Ty Zk em(k1, .., kn; U)Azyzl(ijrl)er m
Mm=—~Kn+1

By the condition k,11 > 2 and by (4.13), we can let # = 7 and u — 1 on
both sides of (4.19). Then by Lemma 2 and (4.14), we have

h<7T7 klv s 7kn+1§ 1)
-1

1 (iﬁ)m+kn+1
_ - m(ky ks DAY 1) T
2 m:—zkn+1 ) ( 1 ) ijl(k]Jrl)Jr (m + kn—i—l)!
n+1 1 ;
(im)"
_ ! z et (1B DA S
[(kn+1—2)/2] 2541
1 (im)2I+
- _Z g ki, knyl) ————.
2 Z €2j4+1 kn+1( e ) (27 +1)!

J=0
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If we put m = ky,11 — 2 € NU {0}, then
[m/2] . N2j41
(i)™
2 - = m— yeeeafnyl) o
(4 0) Z €2j5— 1 kl ok )(2J+1)'
=h(m;k1,... kn,m+2;1).

By the condition h(0;kq,...,kyr1;u) € V,(0) and (2.14), we can see that
h(mik, ... kn,m+2;1)/(im) € Z, for any m € NU{0}. By Lemma 7 with

1
B, = _5 E—m—l(klv NN 1>)‘E?:1(kj+1)+1+m7

1
Qm = % h(ﬂ-7 ki, .. kn,m+2; 1))‘2?:1(kj+1)+1+m
for m € NU {0}, we have
(4.21) 6m(k1, e kg 1))\2?:1(;%._,_1)_,_,” € Z, (m € Z with m < —1).
By (4.13)—(4.16) and (4.21) the proof is complete. m

By using this result, we give the proof of the Theorem in Section 1 as
follows.

Proof of the Theorem. Since 377 (k; +1) = >>%_; kj +n =1 (mod 2),
the condition (4.3) with p = 0 gives

Lho(03k, ..o knyu) — Ri(05 k1, .o kn—13 b, 03 u) € Vg (1).
Hence by Lemma 2, we have
(4.22) Fmo(ﬂ';kl,.. Jkns 1 (kl,...,kn) € Z5_1.

) =
On the other hand, by (4.5), (4.6) and the condition k, > 2, we can let
6 = 7 and u — 1 on both sides of (4.4) when p = 0. Then by (4 7), we have

(4.23)  Iho(miki,... kn;1)
-1

1 ' (’iﬂ)erk”
=g X el b e G
kn—l . \N
i
=—c Z EN—ky (k1. k1 1) AN (N)!
(kn—1)/2] . \9
1 (im)="
=35 r— R n—»l Zn—'
5 TE:o €97k, (k1 kn—1;1) o)1 € 1

By combining (4.22) and (4.23), we have ((k1,...,kn) € Z,—1. Hence we
obtain the proof of the Theorem. =
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ExaMPLE. By the above method, we can give the evaluation formula for
C(k1,..., k) when n and 377, k; are of different parity. For example,

(4.24)  ¢(1,2,2k+1)

1
:§C

2k +1

C(2,2k +2) - %((1, 2% + 3)

C(3)C(2k +1) + @ C(2k + 4)

—

3,2k+1)+

| =

+

N

<.

(2! 72RFHER _1)((2k — 25 — 2p)

|
<.
M-
o
I
o

“w
1 (—1)x2
2,2 2 —((2 4) p—F——
< {22+ goenr oS
for kK € N. When k£ = 1, we have

5 C(L,5) + 3 B +¢(6)
2

_%{qzm+%a®}+%{dl®+%d®}

It follows from the known results, for example, Ohno’s formula in [11], that
(4.25) is equivalent to

(4.25)  C(1,2,3) = % C(3,3) + g C(2,4)

29
1,2 = 2_ = g6
Further we obtain
2 289

7
30— —— 7%+ -¢(2,6
¢B3)" = 1350800 ™ T 1%26)

7
9 2 7T4 2 377 10
1 _

9
€(1,2,7) = §C()()+—C(5) ——C() =613300 "
+ 2 - T )
REMARK. We cannot evaluate ((ki,...,k,) in a closed form by our

method when n and Z?Zl k; are of the same parity. One of the keys to
proving the Theorem is the fact that

lim I,(0; k1, ..., kn;u) =0
u—1

(see (4.4) and (4.9)). In this case, it does not hold.

Added in proof. I learned from Masanobu Kaneko that the Theorem was proved
(but apparently not published) several years ago by D. Zagier, in a totally different way.
His proof is reproduced in the paper: Derivation and double shuffle relations for multiple
zeta values, by K. Thara, M. Kaneko and D. Zagier (in preparation).
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