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On the number of solutions of simultaneous Pell equations
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PINGzHI YUAN (Changsha)

1. Introduction. In this paper, we shall investigate positive integer
solutions (x,y, z) of the simultaneous Diophantine equations

(1) 22 —az® =y? — b2 =1,

where a and b are distinct nonzero integers. These and related equations
have connections with polygonal numbers, P;-sets and elliptic curves. Here
we refer the reader to [7], [8], [11] and [12].

Denote by N(a,b) the number of solutions to (1) in positive integers
(z,y,2). Let m be a positive integer,

n(lm) = (m+vm2 =12 — (m — vm2 - 1)%

’ W1 ’
and let N, = N(a,b), where (a,b) = (m? — 1,n?(l,m) — 1). In [3] and
[4], combining bounds for linear forms in logarithms of algebraic numbers

with techniques from computational Diophantine approximation, Bennett,
sharpening work of Masser and Rickert [10], proved

THEOREM 1.1 ([3], Th.1.1). If a and b are distinct positive integers,
then the simultaneous equations (1) have at most three solutions (x,y, z) in
positive integers.

THEOREM 1.2 ([4], Th.1.3). If | and m are positive integers with | > 2
and m > 3-107V/1 log? l, then Ny = 2.

Bennett [4] also proposed

CONJECTURE 1.3. If a and b are distinct positive integers, then N(a,b)
< 2.

In this paper, we prove
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THEOREM 1.4. If a and b are distinct positive integers with max(a, b) >
1.4-10%7, then N(a,b) < 2.

This result provides an almost affirmative answer to Conjecture 1.3.
Lower bounds for linear forms in the logarithms of (three) algebraic numbers
allow one to effectively solve any given system of equations of the form (1),
in conjunction with techniques from computational Diophantine approxima-
tion (see e.g. [1] where it is shown that (1) has at most one positive solution
for 2 < a < b < 200). That being said, the computations remaining to
resolve Conjecture 1.3 appear to be highly nontrivial.

2. Some lemmas. Suppose that b > a > 2 are nonsquare integers. Let
us first note (see [4] and later in this paper) that we can restrict ourselves
to a and b of the form a = m? — 1 and b = n? — 1 (m < n) without loss of
generality (provided N(a,b) > 1). Henceforth, we assume that a and b are

of this form and put a =m+vm?2 -1, B =n+vn? -1,

ok — ok gk gk ok +ak
2 Uy =——~— U = —F— Vep=—"777+—+
( ) k 2\/6 ) k 2\/[; ) k 9
LEMMA 2.1. Let kg, k1, k2 and g be positive integers with ko = 2qk1£ko,

0 < ko <ki. Then Uy, = £Uy, (mod Uy, ).

Proof. Since Uy, FUy, = 2Vig,+k,Uqr, by direct computation, the lemma
follows readily from the well known fact that if U,, # 1, then U, | U, if and
only if m|n (see [13]).

Suppose that (x,y, z) is a positive integer solution to (1). Then

l -1 k —k
(3) el p* =B
2Va 2vb

for some positive integers | and k. Since n > m, from (3) it is readily seen
that

(4) Vbjaadl > g% > ol
and (3/a)? > b/a, soif k> 1and [ > 1, then | > k.

Let
(5) A= %log(b/a)—l—lloga—klogﬁ.
Then (3) implies that
2
0<A=1log(l -3 —log(1—a ) < —log(l-a"?) < 204_1 a2,
a —_—

It follows that
o2

6 log A < =211 1 .
(6) og A < oga+log —5—
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Suppose that N(a,b) > 3. Then from Theorem 1.1 of [3], we have N(a,b)
= 3. Let (i, v:,2i) (1 = 1,2,3) be positive solutions to (1). Then

ali — o7l IBk'L _ 5*/%

2V/a 2v/b
for positive integers I; and k; (i = 1,2,3) with 1 = k; < kg < k3 and 1 =
l; < Iy < l3. From the discussion above, we also have (z1, y1, z1) = (m,n, 1)
and l; > k; (Z = 2,3)

LEMMA 2.2. With the above notations, we have either ls |l3 and ko | ks,
orl3 =2qla £ 1 and ks = 2q1ko £ 1 for some positive integers q and q;.

Zi =

Proof. 1f 1o |13, then zy |23, so ko | ks. Conversely, if ko | ks, then lg|l3.
Now assume that 2113, k21 ks, and let

(7) l3 = 2ql2 +1ly, 0< lp < lo, ks = 2q1ke £ kg, 0< ko < ko

for positive integers ¢, g1, ko and lp. By Lemma 2.1 we have z3 = U, = £U),
(mod z2) and 23 = Uy, = +Uj, (mod z3), so

(8) U, = £Uj, (mod zy).

Notice that zp = Uy, = U}, and max(Us,, Uy ) < 3 max(Up,, Uy, ) = 129, 50
(8) holds if and only if Uj, = Uy, and (7) takes the same plus or minus sign.
From our assumptions, we thus have lp = kg = 1.

Note. With a similar argument as that in the above proof, if zg is the
least positive integer z of the solution (x,y,z) of (1), then zg|z for any
solution (z,y, z) of (1). This justifies our restriction.

To deduce a lower bound of /3, we require

LEMMA 2.3 ([6] or [14]). The equation x*—Dy? = 1 has at most one solu-
tion in positive integers x,y unless D = 1785,4-1785,16-1785 in which case
the equation has two positive integer solutions (x,y) = (13,4), (239, 1352);
(x,y) = (13,2),(239,676); (z,y) = (13,1),(239,338) respectively. If the
equation x* — Dy? = 1 has one solution (x1,31) in positive integers, then
2?2 =x0 or z? = 21‘% — 1, where xq + yov/'D is the fundamental solution of

the Pell equation x*> — Dy? = 1.

A result of Ljunggren [9] ensures that the equation Az? — By*=1 (A>1)
has at most one positive integer solution. Let (u, v) be the solution in positive
integers of Az? — By? = 1 with v minimal, and put n = uv/A + vv/B. Let
v = k2l with [ squarefree. If a solution to Az? — By* = 1 exists, then
2V A + y2V/B = n'. With these results, we get

LEMMA 2.4. ko # 3.

Proof. If ko = 3, then 2 = U; = 4n? -1 = U,,, from which it follows
that I is odd, say, I3 = 2[4 1. Therefore Uy, +1 = 2U;11V; = 4n?. We claim
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that [ is odd. In fact, if [ is even, then 24V, and 21U, 1, which contradicts
2ViUp41 = 4n?. Since [ is odd, we have (V},U;1) = m. So Up41/Us = O and
Vi/Va = O (hereafter O stands for a perfect square), that is, U4y = 2my?.

Since V3, — (m? = 1)UZ | = 1, we have

9) VA, —4m*(m? - 1yt = 1.
Notice that o? = 2m? — 1 + 2mv/m?2 — 1, so

_ {1 (mod4m?(m? —1)) if4[l+1,
(10) Vier = { —1 (mod 2m?) if 441+ 1.

Combining (9) with (10) leads to the following two possibilities.

Case L. If4|1+1, then Vi1 — 1 =2m?(m? —1)A* and Vj;; — 1 = 2B
for some A and B. This leads to B* —m?(m?—1)A* = 1, which is impossible
by Lemma 2.3 since the fundamental solution of 22 — m?(m? — 1)y? = 1 is
2m? — 1+ 2y/m2(m?2 — 1).

CASeII. If441+1, then Vi1 —1=2(m?—1)A% and Vj, 1 +1 = 2m?B*
for some A and B. It follows that m2B* — (m? — 1)A* = 1 has a solution
(B,A) = (1,1). So by the above result of Ljunggren we have y = 1,1 =1

and lo = 3, which contradicts lo > k9 = 3. This completes the proof of
Lemma 2.4.

LEMMA 2.5. If b/a =0, then N(a,b) = 1.

Proof. Since b/a = O, we have 3 = a for some positive integer d. If
N(a,b) > 1, then there are positive integers [ and k with

(11) 29 = U = Uy, = Uya/ Uy,

and hence [ | kd. The lemma therefore follows from results of Carmichael [5]
and Voutier [15] concerning primitive divisors of Lucas sequences.

LEMMA 2.6. If ko # 2, then I3 > 2.81203.

Proof. If ko # 2, then by Lemma 2.4 we have ko > 4, so z5 = U,’CZ > 33,
By Lemma 2.2 we can divide the proof of this lemma into two cases according
as la | I3 or not.

First if 9|13, then by Lemma 2.2 we have I3 = gla, k3 = q1ko for some
positive integers ¢ and ¢;. Further
2 _ Uy _ Upks

zZ92 U12 Ul/cg

(12)

implies that ¢ > g;. Considering the second equality in (12) modulo 23, we
have

(13) gzl = gy (mod 23).
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Since 73 = y2 = 1 (mod23), we have ¢> = ¢? (mod22) by (13). Hence
q > 20 > % and
I3 > l2/83.
Now if l31l3, by Lemma 2.2 we have I3 = 2qly + 1 and k3 = 2¢1ko £ 1
for some positive integers ¢ and ¢;. From z3 = U]gg = Uy, we have ¢ > qi.

Notice that 322 = 222(n? — 1) + 1 + 2y222v/n2 — 1, so

(14) z3 = Uy, = 2nquyzz2 £ 1 (mod 222(n? — 1)).
Similarly,

(15) 23 = Uy, = 2mqraze + 1 (mod 223(m? — 1)).
From (14) and (15) we have

(16) mqxa = nqiy2 (mod z2).

If ko is even, then n | z2. From (16) and 23 = y2 = 1 (mod 23) we have n | mq
and (mg/n)? = ¢¢ (mod z1/n). From z3 = Uy, = Ui, it is easily seen that
mq # nqi. Hence

(17) q1 > 2 or @> 22
V n n n

Since 2o > 3 and ¢ > ¢1, we have

3
(18) I3 =2qlo £1 > 2(\/ % + 1) I — 12> 2.8Iy0.

If kg is odd, then z9 > 3%. So from (16) and 22 = y3 = 1 (mod 23), we have
mq > \/z2 or mng > /2.
It follows that ¢ > ¢1 > 20 and I3 = 2¢glo £1 > 3.8[53. Lemma 2.6 is proved.

LEMMA 2.7. If ko =2 and > 1000, then n = n(l,m) for some positive
integer | and 13 > 1.5156%/3.

Proof. Obviously, we just need to prove the latter conclusion. If 2| ks,

let k3 = 2¢qq1 and I3 = loq for some positive integers ¢ and ¢;. We have
qmgfl = quglfl (mod 23).

Notice that zo = 2n(l,m) and 23 = y3 = 1 (mod 23), so ¢ > z2 = 2n(l,m) >
B+1and I3 = qly > lo(B+1). If 21 k3, let k3 = 4¢q1 =1 and I3 = 2qly £ 1 for
some positive integers ¢ and ¢;. Similarly, we have
(19) 23 =2nqy2z0 £ 1 = £1 (mod 23), 23 = 2mqrazz £ 1 (mod 23).
From (19) and (2, 22) =1 we have 29 | 2mgq. So ¢ > z2/(2m)=2n(l,m)/(2m)
> 0.7596%% and I3 > 2¢ly — 1 > 1.5156%/ (provided 3 > 1000).

To prove Theorem 1.4, we still require an estimate for linear forms in
the logarithms of (three) algebraic numbers. We use the following result
of Baker and Wiistholz [2]. Let aq,...,a, (with n > 2) denote algebraic
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numbers not equal to 0 or 1. Let K = Q(ay,...,a,) and set d = [K : Q].
Define a modified height by the formula

hm (o) = max{h(a),|loga|/d,1/d},

where h(«) denotes the standard logarithmic Weil height of an algebraic
number a.

THEOREM 2.8 (Baker-Wiistholz [2]). Let b1,...,by, be integers such that
A=bilogay + ...+ b,loga,
is nonzero. Then if B = max{|b1],...,|bn|} > 3 we have the inequality
log |A] > —Cihm(a1) ... hp(ayn)log B
with
Cy = 18(n + 1)!In"1(32d)"* log(2nd).

3. Proof of Theorem 1.4. We apply Theorem 2.8 with
alz\/b/—a, ar=a, az3=0, bp=1, by=l3, by3=—ks, n=23.
By Lemma 2.5 we may take d = 4, and
hm(a1) = 2logh < B,  hp(a2) = Lloga, hp(as) = 3logB, B=Is.
Therefore by Theorem 2.8 we have
(20) log|A| > —9.56 - 101 log a log? Blog I3.
If ko # 2, combining (20) with (6), by Lemma 2.6 we have
I3 < 4.78 - 101 log? I5.
It follows that I3 < 4.5 - 10'. Therefore by Lemma 2.6 and Iy > 6, we have
b < 1.8-10%.
If ko = 2, combining (20) and (6), by Lemma 2.7 we have
I3 < 1.0775 - 10'° log3 I3.
It follows that I3 < 1.06 - 1020, Therefore by Lemma 2.7 and Iy > 4, we have
b<1.4-10°.
This completes the proof.
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