ACTA ARITHMETICA
110.1 (2003)

The universality theorem for Hecke L-functions
by
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1. Introduction. Let s € C be a complex number and ((s) be the
Riemann zeta-function. In 1975 S. M. Voronin [12] proved the following
remarkable result, which is now called the universality theorem for ((s).

VORONIN’S THEOREM. Let 0 <1 < 1/4 and f(s) be a continuous func-
tion on the disk |s| < r such that f(s) # 0 on |s| < r and f(s) is holomorphic
in |s| < r. Then for every e > 0, we have

ol € [0,T] [ maxg e, G(s + 3/ +im) — £(5)] < )
T T

where m is the Lebesgue measure on R.

>0

Roughly speaking, this theorem asserts that any analytic function can
be uniformly approximated by vertical translation of ((s) and the set of all
real numbers which give such approximation has a positive lower density.

After Voronin’s work, many mathematicians studied the universality
property of other zeta-functions. In particular, concerning number fields,
A. Reich [11] proved the property for Dedekind zeta-functions and the au-
thor [7] proved it for L-functions associated with ideal class characters. The
aim of this paper is to prove the universality theorem for Hecke L-functions,
which are defined more generally.

Let K be a finite extension of the rational number field Q and f be an
ideal of K. Hecke [2] introduced the notion of Grossencharacters y modulo
§ (we state the definition in Section 2). For s > 1 the Hecke L-function
with Grossencharacter y is defined by the series

_ x(a)
o =2 Wiy

where a runs through all integral ideals in K except 0 and N(a) is the norm
of the ideal a.
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THEOREM. Let K be a finite extension of Q, n = [K : Q] and x be a
Grassencharacter modulo f. Set

12 ifK=Q
oK = { 1—1/n otherwise.
Let C be a compact subset in the strip ox < s < 1 with connected comple-
ment and f(s) be a continuous function on C such that f(s) #0 on C and
f(s) is holomorphic in the interior of C. Then for every e > 0,
lim inf % m({T € [0,T] | max |L(s+it,x) — f(s)| <e}) > 0.

T—o00

It is known that there are two methods for the proof of universality:
one is Voronin’s original proof, which is presented in [3] in detail, and the
other is a probabilistic proof due to Bagchi, detailed in [4]. They are quite
different, but conditions and lemmas which are necessary are almost the
same. In this paper we employ Bagchi’s method. The proof is divided into
two parts. One is the limit theorem (Proposition 1), and the other is the
denseness lemma (Proposition 2). We can easily prove the limit theorem by
applying the general limit theorem due to Laurincikas [5].

On the other hand, to prove the denseness lemma, we need to consider

the character sum
Qp = Z x(p)
p

where p runs through prime ideals with degree 1 which divide the prime
number p. It is essential that there exist infinitely many primes p such that
lap| > C' for some positive constant C' > 0 (actually the set of such primes
has a positive lower density). We can prove this by using the prime number
theorem in algebraic number fields due to T. Mitsui [9]. In the case that x
are ideal class characters, by applying the class field theory, we can prove it
more easily. See [7] for details.
The reason why there is the restriction Rs > o in our theorem is that

we can prove the mean square estimate

T

V[L(o +it,x)|> dt = O(T)

0
only for o > ok. This estimate is necessary to prove the limit theorem.

The organization of this paper is as follows. In Section 2 we give the

definition of Hecke characters and basic facts on Hecke L-functions. We
state Proposition 1 (limit theorem) in Section 3. In Section 4 we prove our
theorem under the assumption that Proposition 2 holds. The deduction of
our theorem from Proposition 2 is essentially the same as Bagchi’s argument.
In Section 5, we show that Proposition 2 follows from Proposition 5, and we
prove Proposition 5 in Section 6.
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Matsumoto and Professor Yoshio Tanigawa for their encouragement. He
would like to express his sincere thanks to Professor Ryutaro Okazaki who
kindly indicated that in the proof of Proposition 5 the general case can be
reduced to the case that K/Q is Galois.

2. Background for L-functions. In this section we state the definition
of Grossencharacters and basic results on Hecke L-functions. See Mitsui
[8] or [9] for details. Before we define Grossencharacters, we describe some
notations and basic facts about number fields for the convenience of the
reader.

Let K be a finite extension of QQ of degree n. There are exactly n iso-
morphisms of K into C:

(1) Ksa—adPeK® =1, n

Among these there are r; real embeddings, denoted by KW, ... K1) and
2r9 complex embeddings which are pairwise complex conjugate, which we
denote by

KD gt gmtred) - gt K0 = (),

For an integral ideal f in K, define the unit group modulo Afv by

U(f) = {¢ : units of K | e =1 (modf)}

where € = 1 (mod f) means both e = 1 (mod f) and that ¢ is totally positive.
Dirichlet’s unit theorem asserts that there exist r = r1+ro—1 units ny, ..., 7,

and a root of unity ¢ in K such that any € € U(f) can be written uniquely
as the product

a, nl

e=o"n"...n (a,n; € Z).

These 11, . .., n, are called fundamental units of U(f). They are not uniquely
determined, but the absolute value of the determinant

det(e; log \n](-i) )
does not depend on the choice of 7n;, where

1 1<i<r),
€ = .
2 (m+1<i<ri+mr).

We call the absolute value of this determinant the regulator of U(f) and

denote it by R(f).
For an integral ideal f in K, we define the sets

It = {a : ideals of K | (a,f) = 1},
Pr = {(a) : principal ideals | & € K, a =1 (mod f)}.
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These are Abelian groups under ideal multiplication. In particular the factor
group I/ P¥ is finite. We call it the ideal class group modulo f. We denote

the order [Ij, P] by h().
Now we define the Hecke character. We take numbers vy, a, subject to
the following restrictions:

a/p:0717 lépgrla
ap € Z, r1+1<p<ri+ry,
vg € R, 1<g<ri+ry such that unqzo.

Let K* = K — {0} and S' = {s € C | |s| = 1}. Define xo : K* — S! by

1472 @i r1+72 a® \ @
) wwla) =TTl TT (255)
11 11 (e

=1

Since Y vy =0, Xoo is trivial on Q* = Q — {0}. We suppose that the kernel
of Xso contains the unit group modulo f, i.e.

(3) Xoo(e) =1 for e € U(f).

Then we can identify y,, with a character on P?

If the homomorphism x : Iy — S 1 is identified with yoo on P, that is,

(4) X(a) = Xeo(r), a=(a)€e P, a=1(modf),

then we call x a Grdssencharacter modulo ?
In order to satisfy the condition (3), because of the unit theorem, it is
enough to satisfy

(5) Xoo(nj) =1
for j =1,...,r, and xoo(0) = 1. This is equivalent to

r1+72 r1+72

Z Uqlog\nj(.q)|—|— E apargn§p):27rmj (j=1,...,7)
q=1 p=r1+1
for some integers my, ..., m,. Adding the condition ) v, = 0 we have
1 . 1 U1 0
log "] ... logn{"""?| vo || 2mma = 02 0,00
1 + .
log |777(« )| log |77v(qu 742)| Uy 2mrmy,. — Z;gﬁl ap@f«p )

(»)

where @](-p ) = arg njp . Now we calculate the absolute value of the determi-
nant of the matrix on the left-hand side. Because the norm N(n;) = £1 for
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units 7;, we have

1 . 1
1 +
o | Tosint log n{" |
log | ... logln )|
el . er Zj e;
) :
_ i det ey log ’775 )’ ... erlog ‘U;r)’ Zl§j§r1+r2 ejlog ‘U;j)‘
P
) :
e1 log ’777(° )’ . eplog ‘777(“70’ Zl§j§r1+r2 ejlog ‘777(“”‘
e1 o er n
1 e1 log]nﬁl)] ce.o e log\ngr)] 0 _n
BEE] R ~ g 10
e1 log |77,(«1)| ... eplog \n,(«r)| 0

Since the regulator R(f) # 0, the matrix on the left-hand side is regular.
Hence if we denote the inverse of this matrix by

a gY .. EV
(6) ,
s 50 E
then we have the expression
T r1+re
(7) vq:ZE(gj)<27rmj— Z ap@](-p)), qg=1,...,m1 +1ro.
j=1 p=r1+1
On the other hand, we assume that
1 r1+7r2
(8) By Z aparg 0P € 7
p=r1+1

for a, (r1 +1 < p < 71 + 12). This is possible because x(g¢) = 1. For
1 < p < r, we can take the value a, = 0 or 1 arbitrarily. For a, and
vy which satisfy (7) and (8) there exists a Grossencharacter modulo . In
particular, if a, = v, = 0, x is an ideal class group character. If there exists
an ideal f; C f and a Grossencharacter y; modulo Afvl such that y = x1 on
I;, then we say x is induced by x1. We call x primitive, and f the conductor
of x, if there does not exist such an f;.

Next we state basic facts on Hecke L-functions. In view of [2], the L-
function can be analytically continued to the whole s-plane, and is holo-
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morphic except at s = 1. Moreover if y is primitive, we have the functional
equation. Let

r1+72 1/2
: DN(f) _
_ vp /2 _ o
soo= IT 22 am = (220) e
p=ri1+1
I( )—HF stag—ivg) T pfyy ol
5 X _H 9 H 8 9 ¢ 2 )’
q=1 p=r1+1

where D = |d|, d is the discriminant of K, and I'(s) is the gamma function.
If x is primitive, the function

£(s,x) = v()AF)L'(s,x)L(s, x)

satisfies the functional equation

5(1 - Sa?) = W(Y)f(&X)

where W (x) is a constant depending on x only, with |[W(yx)| = 1. This
fact is due to Hecke. Applying H. S. A. Potter’s classical result [10] to this
functional equation, we have the estimate

T
(9) \ Lo +it,x)Pdt =O(T) (ox <o <1).

-T
We note that this estimate also holds for non-primitive x. Actually, if x; is
a primitive character which induces x, then we have

20 =TT (1= 32 ) s

plf

The finite product on the right-hand side can be estimated by a constant in
this region. Hence we have the estimate (9) for any .
For s > 1 we have the Euler product expression

L(s,x) =[] (1 - %yl.

p

Infinite product expressions over prime numbers play an important role in
the proof of universality. We rewrite the above formula as such an expression.
Let

(10) p=p{'...ps",  N(p)=p¥,
be the decomposition of the prime p in K. Then we have

(11) L(s,x)=H<ﬁ<1_>;(:i)>_l>:l;lfp<z%>’

D =1
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say. We note that the functions f,(z) are rational functions of z which have

no poles in |z| < 1. If we expand fp(z) =1+> > al?) 2™ we have

(12) 1P| <. p™  for any prime p.

3. A limit theorem for L(s,x). Let D = {s € C | og < Rs < 1}.
We denote by H (D) the space of analytic functions on D equipped with the
topology of uniform convergence on compacta. Let B(S) stand for the family
of Borel subsets of the space S. For T' > 0, define on (H(D),B(H(D))) the
probability measure

Pr(A) = %m({T €0,7] | L(s +ir,x) € A}), A€ B(H(D)).

For our purpose, we need a limit theorem which asserts that Pr converges
weakly to an explicit probability measure as T' tends to infinity.
Let y={se€ C||s| =1} and

Q:H’yp
P

where «y, = v for all primes p. With the product topology and pointwise
multiplication, {2 is a compact Abelian group. So {2 has a unique probability
Haar measure on (£2, B(£2)). We denote it by m . Let w(p) be the projection
of w € {2 to the coordinate space 7y,. We set

v =TI (- =25

p =1

We can prove that for almost all w € §2 this product converges in H (D) the
same way as in the proof of [4, Lemma 5.1.6]. Hence this product can be
regarded as an H(D)-valued random element on 2. We denote by Py, the
distribution of L(s,w), i.e.

Pr(A) =mpg({we 2] L(s,x,w) € A}), AeB(H(D)).

Now we apply Laurinc¢ikas’s general limit theorem, which is proved in [6]
(see also [5]). Since the assumptions of Laurinc¢ikas’s theorem are satisfied
by (9), (11) and (12), the following limit theorem for L(s, x) holds:

PROPOSITION 1. As T tends to infinity, Pr converges weakly to Py, i.e.
Pr=P, (T — o).

By the theory of probability measures, this proposition implies that for
any open subset G in H (D),

(13) liminf Pr(G) > PL(G).

T—o0
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4. Outline of the proof of the Theorem. In view of the statement
of the limit theorem, we need to consider the product

s =TI (1-482) ey

p =1
For a, € v we set

(14) (5, ap) Zlo ( “%ix(fi))

pyz

Then we have
(15) log L(s, x,w pr (s,wp)-

PROPOSITION 2. The set of all series

pr(57ap) (ap €7)

which are convergent in H(D) is dense in H(D).

Let us suppose that this proposition holds. Let S}, be the support of the
probability measure Py, that is, the closure of the set

{g9(s) € H(D) | PL(G) > 0 (G : open neighbourhood of g)}.
Then we have the following lemma.
LEMMA 1.
Sr ={g(s) € H(D) | g(s) #0 (s € D)} U{0}.

The proof can be obtained from (15), Proposition 1 and Hurwitz’s lemma
([4, Theorem 3.4.5]). For the details, refer to the proof of [4, Lemma 6.5.5].

Now we prove the Theorem. Let f(s) satisfy the assumption of the The-
orem. First we suppose that f(s) is analytically continued to D and has no
zero in D. Then by Lemma 1, f(s) € Sr. Hence for the set

G ={g(s) € H(D) | max|g(s) — f(s)| <e}

we have Pp(G) > 0. On the other hand, by (13) we have

liminf Pr(G) > Pr(G),

T—o0
therefore

1
(16)  liminf —m({r € [0,T] | max |L(s + i, x) — f(s)| <e}) > 0.
T—oo T seC

Next we consider the general case. We quote the following classical result.

PROPOSITION 3 (Mergelyan, 1951). Let C be a compact subset of C with
connected complement, and let f(s) be a continuous function on C which is
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analytic in the interior of C. Then for any € > 0 there exists a polynomial
p(s) such that

max | (s) — p(s)| <.

The proof is given in [13]. Since f(s) # 0 on C, log f(s) can be de-
fined and is continuous on C' and analytic in the interior of C'. Hence by
Proposition 3 there exists a polynomial p(s) such that

max |log f(s) — p(s)| < e.

seC
Then we have
(7)  max|f(s) - ") < max | f(s)| max |1 — elos 7PN < e,
We note that €?(*) has no zero in D. Hence by the above argument

1
lim inf T m({T € [0,T] | max |L(s +i7, x) — e’¥)] < €}) > 0.
s€

T—o0

By this formula and (17), we obtain (16). Thus we have deduced the Theo-
rem from Proposition 2.

5. The proof of Proposition 2. The series expansion of fy(s,a,) in
(14) can be expressed as

(18) (5, ap) Zlog ( ;;3‘”’ )

e k:yz a
— q. -2
- ZZ kpk;yls = ap ps + gp(s ap)

=1 k=1
where we have set
Zp [e’e] X p [e'e] a X
7
(19) ap= 3 xb0),  gplsia) = > > L D DD D b ;W
i=1 yi=1k=2 yi>1 k=1
yi=1

First we show that Proposition 2 follows from the next proposition.
PROPOSITION 4. Fix a pg > 0. Then the set of all series

Z ap (ap €7)

P>po
which are convergent in H(D) is dense in H(D).

Let g € H(D), C be a compact subset of D, and € > 0. By the definition
of gp(s, ap), for arbitrary {a,} C v,

1
(20) ;r?eacx lgp(s, ap)| < ; 20 <00
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since o > 1/2 for s € D. Hence there exists a pp > 0 such that
(21) Z Hg}z<|gp(8,ap)| <e/2.
p>po

The function g(s) —>_,-,, fo(s,1) belongs to H(D). Thus by Proposition 4
we can take {@,},>p, such that

22 -
(22) max g(s) Z fp(s,1) Z ap <6/2
P<po P>Ppo
We set
{ 1 (p<po),
ap =1 _
a, (p>npo

Then in view of (21) and (22) we have

max }9(5) - zp:fp(& ap)(

=max |g(s) = > fy(s,1) = Zap = > gp(s,@)
p<po P>Po P>Po
< — 1)
= max 9(s) Z (s, Z ap Z max]gp s, ap)|

p<po P>po P>Po

<e/2+¢e/2=c¢.
Therefore Proposition 2 follows from Proposition 4. In order to prove Propo-

sition 4, we apply the following general denseness lemma due to Bagchi ([1,
Theorem 6.5.10]).

LEMMA 2. Let D be a connected domain and {fn} be a sequence in
H (D) which satisfies:

(a) If p is a complex Borel measure on (C, B(C)) with a compact support
contained in D such that Y 07 1 | § fmdu| < oo, then {.s"du(s) = 0 for
any non-negative integer r.

(b) The series ), fm converges in H(D).

(c) For any compact subset K C D, >°°_ sup,c g | fm(s)|? < o0.

Then the set of all convergent series

Z amfm (am € 7)
m=1

is dense in H(D).

We apply this lemma to {a,/p°}. We note that if the conditions hold
for pg = 1 then they also hold for any pg > 1. Hence it is enough to prove
Proposition 4 for pg = 1.
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As we state in Section 3, L(s,w) converges for almost all w € 2. This
implies that there exists an element {@,} € (2 such that

log L(s,ap) prs ap)

converges. Because of this and (20), the series > @pa,/p® converges in
H(D). It is sufficient to prove Proposition 4 for {G,a,/p°} instead of {a,,/p°}.
Hence the condition (b) holds. We note that o > 1/2 for s € D. Thus

(2@? —D <<Z—<oo

so the condition (c) holds.
It remains to verify the condition (a). We shall prove that if p is a
complex Borel measure on (C, B(C)) with compact support in D such that

a
23 L du(s)| < oo,
(23) > PO

p'C
then
(24) S s"du(s) =0 for r > 0.

C
Putting
o(z) = Sefsz du(s) for z € C,
C

we can rewrite (23) as
(25) > lay| le(log p)| < oo.

P

We note

o(0) = | " du(s).

C

Hence to prove (a), it is enough to show that

(26) 0(z) =0
when (25) holds.

To verify (26), we apply two lemmas for entire functions of exponential
type. Recall that an entire function f(s) is of exponential type if
lo re
lim sup M < 00
T—o0 r

uniformly in 6, 0] < 7.
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LEMMA 3. Let i be a complex measure on (C, B(C)) with compact sup-
port contained in the half-plane o > oy. Let

£(s) = [ e du(2).

C

I 0 th
J170 then log |11
T

lim sup
T—00

> 0.

LEMMA 4. Let f(s) be an entire function of exponential type and { Ay}
a sequence of complex numbers. Let o, 8 and 0 be positive numbers such that

1 +1
y—00 Y
(b) A — Aal = dm — n| (m,n € N),
(¢) lim A _ B,
)

m—oo M
(d) af < 7.
Then
. log [f(Am)| _ .
lim sup ———— = lim sup

m—o0o |)\m| r—00

log | (r)|

In the case of the Riemann zeta-function, we have

> le(logp)| < oo
P
instead of (25). We can prove (26) for the Riemann zeta-function from this
inequality by applying the above two lemmas and the classical estimate

1
(27) Z — =loglogx + O(exp(—cy/logx)).
p
p<x
But in the present case we need to consider the character sum o, defined
by (19). We can deduce the following proposition from the theory of Hecke
L-functions.

PROPOSITION 5. Assume that K is a finite extension of Q with degree n
and x is a Gréossencharacter. For any € > 0 there exists a certain condition
() on primes such that

1. For a prime number p which satisfies (x) we have
lap| = n —¢
where n = [K : Q.

2. The number of primes which satisfy (x) and are less than x equals
x

dt
C()S Togl + O(z exp(—c1y/logx)),
2
where ¢y and c1 are positive constants depending on € and x.
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REMARK 1. In the case that K is totally real Galois, the condition (x)
is the condition (%6) in Section 6. In the case that K is totally imaginary
Galois, it is the condition (*%6). And in general case it is the condition (!5).

By Abel summation, Proposition 5 gives the formula

*1 1
(28) Z ;:cologlogx+02+0(log2x>

p

where >_* denotes the sum running over primes satisfying the condition (x).
Now we show (26) under the assumption that Proposition 5 holds. We take
a sufficiently large N > 0 such that the support of u is contained in the
region {s € C|1/2 <o < 1,|¥s| < N}. Then for any y > 0,

lo(tiy)] < e™|] du(s)| = .
C

We set @« = N. We fix § > 0 such that § < 7/N.
By (25) and Proposition 5 we have

00> 3 Jayllo(logp)| > 3 Jay| [o(log p)| > > |a(logp)|.

p p p

Consider the set
1 1
lo(r)| < e " for some r € ((m - Z)ﬁ, <m+ Z)ﬁ} }
Then we find that

OO>Z\Qlogp!>ZZ!@logp!>ZZ

mgA p,m mgA p,m

A:{mEN

where Z denotes the sum over primes p satisfying (%) and (m —1/4)5 <
logp < (m +1/4)3. Using (27) we have

G et (R R )

pm
Co 1
=—+0
om (m2>

From this it follows that

(29) Z % < 0.

mgA

Let A = {am | a1 < az < ...}. Then, taking into account (29), we obtain
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By the definition of the set A, there exists a sequence {\;,} such that

(am - %)ﬁ <Am < (am + %)ﬁ
and

(31) |o(Am)| < e

In view of (30),
A
lim 22 =3
m—oo M,
and we can choose a sufficiently small § > 0 such that |\, — A,,| > d|m — n|
for any m, n. Since all hypotheses in Lemma 4 are valid for {\,,,}, o, 5 and 0,
by the inequality (31),

1 1 A
(32) lim sup log lo(r)] = lim sup og lo(Am)| < -—1.
r—00 T m—o0 |)\m|
We note that the support of u is contained in the half-plane o > 1/2. Hence
if f # 0, by Lemma 3 we have

1
lim sup M > —1.

r—00 ‘7'|

This inequality clearly contradicts (32). Therefore (26) is valid. Thus we
have deduced Proposition 2 from Proposition 5.

6. The proof of Proposition 5. First we recall the definition of Gros-
sencharacters. From (2) and (4), for y (modf) and a = («), & = 1 (mod ),

r1+72 o Tt a® \
x(a) = Xoo(a) = H @) [P H <W> ;
q=1 p=1

where a,, are integers satisfying (8) and

r r1+7
vq:ZEC(Ij)<27rmj— 1222 apéj(-p)) (g=1,...,r1+712).
j=1 p=ri+1
Putting
ri+r2
(33) Wy(a) = Z E},q) logla®|  (¢g=1,...,7),
p=1

(34)  Opla)= _77{ arg a'P) — ZQJ(IU)W]'(OC)} (p=r1+1,...,m1 +r2),
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we have the expression

r ritre
(35) x(a) = exp {2m’ Z mgWy(o) + 2mi Z ap9p(a)}.
q=1 p=r1+1

We call w € K a prime ideal number if the principal ideal (w) is a prime
ideal. Concerning (35), Mitsui [8] showed a certain kind of prime number
theorem. In particular, if in Mitsui’s theorem we take p = 1 (in his notation),
then we have the following proposition, which is essential to our proof.

PROPOSITION 6. Letx > 0 and let | be an integral ideal such that N(f) <
(logz)® (A > 0). Let {ag}, {o}.{Bp}, {8} be real sequences such that

0<ag—a, <1 (¢g=1,...,7),
0<Bp—0,<1 (p=r1+1,...,m1+7r2).

Fiz fundamental units in U(f) and consider Wy and ©,, for them. Denote by
7(z, ag, a;, Bp, 61’)) the number of prime ideal numbers w in K which satisfy
the conditions

w=1 (modf), |Nw)| <=,

ag <Wylw) <aq (¢g=1,...,7),

ﬁ;ﬁ@p(w)<ﬁp (p=ri+1,...,71 +7r2).
Then

m(z, Qq, a;aﬁp)ﬁ;))

:ﬁ(a —al) ﬁ (8 —5’)@§ﬂ+0(xecm)
=R GRS

where h(}) is the class number modulo f, w(§) is the number of roots of unity

in U(f) and the O-constant depends only on A.

First we suppose that K is Galois. The key point is that the prime ideals
p; in (10) are conjugate to each other for the action of the Galois group
Gal(K/Q) if K is Galois. In general case, by taking the Galois closure of K
instead of K, we can easily reduce the problem to the case that K is Galois.
The general case will be discussed later.

We further split the argument into two cases: K totally real and K
totally imaginary.

First we consider the case of K totally real Galois. Since r; = n and

ro =0, for a = (a) with @« = 1 (mod f) we have

(36) x(a) = [T la @,
q=1
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Suppose that a prime number p completely splits in K:
p=p1...pn, N(pi)=p,

and py belongs to P;. Let w € K be such that w =1 (modf) and (w) = p1.
Since K/Q is Galois, if we set G = Gal(K/Q), then any p; can be expressed
as

p; = (0(w)) for each o € G.

Hence for such p we have

(37) ap =Y x((o(w))).
oelG

Here we note that x((w)) = Xoo(w) since w = 1 (mod f). However the relation

o(w) =1 (mod f) does not always hold for any o # 1. We put f = (N(f))
and assume

(38) w=1 (mod ).

Then o(w) =1 (Igod?) for any o € G. Since f|f, x can be regarded as a
character modulo f'. Hence for any o € G,

X((0(w))) = Xoo(o(w));
and they are expressed in the form (36).

In view of (1), w corresponds to (w™,...,w™). Similarly o(w) cor-
responds to (o(w™M),...,o(w™)). For any ¢ and i there exists a j such
that o(w®) = wl). We denote this j by o(i). Then o(w) corresponds to
(WM. .. w?™) and ¢ can be regarded as an element of S,,. Thus

(39) yool0(@)) = [ lor @2 = ] [w @ oo
g=1 q=1

Let p be a prime number which satisfies the condition
p completely splits in K as p=p1...pn
(+1) {andpieP? for 1 <1i <n,

and let w be a prime ideal number such that p; = (w) and w = 1 (mod§).
Then, taking into account (37) and (39), we have

ap = Xeolo) =D ] @ [r@

oeG oceCG q=1
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Hence for such p,

(40 gl = [14 S exp (i3 0ty — vz, |
o#1 =1

where we put log |w(?| = z,.
Now we find the conditions on w under which the right-hand side of (40)
is sufficiently close to n. For any € > 0 we can choose § > 0 such that if

(41) —5<Z <0 foro#1,
then
(42) ||| — n| <e.

Because of the definition of v, we have
Vo(n) = _(UO'(I) .ot Ua(n—l)) (0 €G).

Substituting this relation into (41) we have
(43) —5<Z g <0 foro#1,

where we have put y, = x4 — xy,.
On the other hand, the definition (33) of Wy (w) is

:ZEI(,q)mp (¢g=1,...,n—1).
p=1

By the definition (6) of (El(yq)) in Section 2, we have

1 1 a g . EY
1
10g|17§)| 10g|7](”+r2)] ........................... N
- 1172
1 e 1
log |tV ... loglp" | )\ et g ED,

where I, 1., denotes the unit matrix. It follows that Zp EZ()Q) =0 for any ¢

and the matrix (EZ()Q))T is regular. Substituting these relations into (33)

p,q=1
we have
n—1
= ZE;q)yp (g=1,...,n—1).
p=1
Moreover, since the matrix (E§,Q)) is regular, if we take Cq,...,Cph_1 > 0

sufficiently small then (43) holds for (y1,...,yn—1) which satisfy
(44) 0<Wy(w)<Cq (¢g=1,...,n—1).
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In fact, all (y1,...,y,_1) which satisfy (43) form a region in R"~! which
contains 0. Since this region is not empty, it contains a neighbourhood U of 0.
On the other hand, since (Eéq)) is regular, the set of all (y1,...,yn—1) which
satisfy (44) is a bounded domain which touches 0. By taking C1,...,Cp_1
> 0 small enough, the region given by (44) can be contained in U. Therefore
(43) follows from (44) for such C,. Without loss of generality we may suppose
that C,; < 1. Let us fix such a Cj.

The formula in Proposition 6 is concerned with the number of prime
ideal numbers. But we need a formula for prime numbers. To deduce it from
Proposition 6, we prove two lemmas.

LEMMA 5. If we take suitable {C'(gl)}, {052)} such that 0 < C’(gl) < 052) <
Cy then for any o € G\ {1} there exists no w € K which satisfies
CH <Wy(w)<CP  (¢g=1,....,n—1)
and

C’él) < Wy(o(w)) < C(gz) (¢g=1,...,n—1)

at the same time.

Proof. We consider the region given by

n
(45) OSZEI(,q)$p<Cq (¢g=1,...,n—1).
p=1
Let (mgo), . .,acg))) be an inner point in this region such that .T}Z(O) # m§0)

(i # j). Let m = max;; ‘;L’,EO) — $§-0)‘. We fix 6 > 0 such that 6 < m/4 and
that the neighbourhood

Us ={(z1,...,2n) | |27 — 24| < 6}
is contained in the region defined by (45). For o € G, we set
Ug = {(xg(l), . ,xg(n)) ’ (acl, ce ,xn) S Ug}.

By the definition of ¢, we have Us N UJ = ) for any o # 1. Moreover, if we
set

Us(t) ={(z1 —t,...,zn —t) | (x1,...,2,) € Us}
for t € R, then for any ¢ € G, 0 # 1, we have
Ug NnUs(t) = 0.
In fact if (x1,...,2,) € U NUs(t) then
g €Iy = [:cgo) — 9, xgo) +46] and xy+t € Iy

By the definition of 4, it is impossible that more than two elements of {x,+t |
1 < g < n} belong to one I, ;. Hence there exists a o (1 < go < n) such
that I, s contains no z,(4) +*t (1 < ¢ < n). This is a contradiction.
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We set

As={(@1+t,...,on+ 1) [t ER, (1,...,20) € Us} = | Us(t).
teR

D E——

This is a tube generated by translating Us along the vector (1,...,1). By
the above argument A; N A7 = 0 for any o € G.
On the other hand consider the region given by

(46) chl) < ZEI()q)xq < C(gz) (¢g=1,....,n—1).
p=1

This is also a tube parallel to (1,...,1). By taking suitable 0 < Cél), 0(52) <
Cy, this region is contained in As. Hence (46) gives the assertion.

LEMMA 6. Let w € K be a prime ideal number which satisfies the con-
dition
w=1 (modf),
(2) 9 o oy @
. <Wy(w)<Cy7 (g=1,...,n—-1)

and p = (w). If W' is a prime ideal number which satisfies (¥2) and (w') = p,
then W' = w.

Proof. Since w = 1 (modf') and (') = p, we have ' = ew for some

e € U(f). We put e = nf*...n."7". By the definition (33) of W,(w) we have
Wo(ew) = Wo(w) + aiWy(n™M) + ... + an_1 Wy (n"™Y)

and
1 (p=2q),
W) = {
! 0 (p#q).
Hence a1 = ... =a,—1 = 0. Thus ' = w.

Now we deduce Proposition 5 from Proposition 6 and the above two
lemmas. In view of Proposition 6, the number of prime ideal numbers w
satisfying the condition

y [N@I<s w=1 mod)
e <Wyw) <P (¢g=1,...,n—1)

is

n—1 T
1 dt
47 c? — oW —— 4 O(zeeVIoBT),
(47) T =€) g5 | gy + OtoeV)

By Lemma 6 there is a one-to-one correspondence between prime ideal num-
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bers which satisfy (*3) and prime ideals p which satisfy the condition
N(p) <z, pePr, N
(x4) there exists an w € K such that (w) =p, w =1 (mod {)
and Cél) < Wy(w) < 0(52) (g=1,...,n—1).
Hence (47) also gives the number of prime ideals which satisfy (x4). The
number of prime ideals whose norm is less than x and degree is greater than

two is
<D 144 ) 1< a(vVE) < Oze Vo),

p2<z p<x

Hence we may add to (*4) the condition that the degree is 1. We denote the
resulting condition by (*5). Taking into account Lemma 5, if the prime num-
ber p completely splits in K as in (x1) and p; satisfies (x5) then none of p;
satisfies (x5). Thus there exists a one-to-one correspondence between prime
ideals which satisfy (x5) and prime numbers which satisfy the condition
(+6) {pSl’, P=P1...Pn, Pi € fla
there exists only one p; which satisfies (x5).

Hence the number of prime numbers satisfying (x6) is given by (47). If p
satisfies (x6), then by (42) and (44) we have || > n — €. This completes
the proof for K totally real.

Next we consider the case of K totally imaginary Galois. Since n = 2r9
and 7| = 0, for a = (a) with o = 1 (mod7),

(15) (@) H al®) i H (ﬁ)

Let f = (N(f)). If a prime number P satlsﬁes the condition
p completely splits in K as p =p1...pn,
(xx1)
pi € P’f’/a
then

(49) ap =Y xl(ow))

oeG

where w is a prime ideal number such that (w) = p1, w = 1 (mod§) and
G = Gal(K/Q).

We note that the set {o(w) | o € G} consists of ry pairs of complex
conjugates. We denote them by

o(w), ow) (ced’)

where G = G/(7) and 7 denotes the complex conjugate isomorphism. The
prime ideal number w corresponds to (w @ w2 w(l),... (W)) For
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o € @', o(w) corresponds to (WM, ... w72 o) wol2)) and o(T)
corresponds to (w7 ... wo(r2), wo@ ,w”(”)). Hence by (48), for o € G’
we have
2 . (P) \ %—1(p)
= (q) w _I(Q) @
) H o) H (o)
(50) s

“Ae—1(p)

SICERIICy

Hence, taking into account (49) and (50), for a prime number p which sat-
isfies (#*1) and a prime ideal number w which satisfies the above condition
for p we have

ap =Y (Xoo(0(w)) + Xoo(0(w)))

oeG’!

_ U;/ (:]Ij[l |w lI)|Wa(q) { exp(zp 1 o (p) argw(p))
+exp<—zza0, arg W >}
— Z ﬁ (@ [ (@) {2 cos (i Oy (p) ATE w(P)) }

oeG q=1 =1

- qul |w(q>|wq{zcos (i: ap argw(m)
+ Z 2 cos (Z o (p) arg w' ) exp (z i(vg(q) - vq)xq> }

o#1 q=1
Hence for such p we have

(61) oyl = ‘2005<TZQ a, argw(P)>

p=1
r2

+22cos<2ag(p argw )exp(z )‘

o#l q:l

where we have set x, = log|w(®|.

Now we consider the conditions w under which the right-hand side of
(51) is sufficiently close to n = 2rj.

By the definition of (Eéq))lgnqgm, we find that the matrix (EI(,q)) is
regular and that Zp EI()q) = 0 for any ¢g. Hence, as in the totally real case,
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for any sufficiently small ¢ > 0 there exist suitable C; >0 (¢ =1,...,72—1)
such that if we suppose

(52) 0<W,w)<Cy (g=1,....rs—1)
then
)
(53) ‘Z(UU(Q) - UQ)mq‘ <¢€ (O’ € G/, o # 1)7
q=1

T2

(54) ’exp{iZ(vg(q) - vq)xq} - 1’ <e (ceG,o#1).

q=1
On the other hand, by (34),
1
@p(w): {argw Z@(p)W } (p=1,...,79).

For an w which satisfies (52) we suppose that

(55) Op(w) — QL argw®| <e  (p=1,...,19).
T

If

(56) 0<Opw)<b, (p=1,...,7r9)

for sufficiently small by, ...,b,, > 0, then by (55) we obtain |argw®| < ¢
(p=1,...,7r9) and

(57) ’2005 (iag(p) argw(p)) — 2‘ <e (ced@).
p=1

Therefore for any w satisfying (52) and (56), in view of (51), (54) and (57),
we have

(58) ’Z Yoo (0 (w)) — n( <e.

oeG
We may suppose that C; < 1 and b, < min{3/8, 1/w(f)}.

Similarly to the previous case, we prove the following two lemmas:

LEMMA 7. If we choose suitable 051)70(52) which satisfy 0 < C(gl) <

Cq(z) < Cy then for any o # 1 there is no w € K such that w and o(w)
satisfy the condition

(x%2) C‘gl) < Wy(w) < Ctgz) (g=1,...,m2—1),
bp/2 < Op(w)<b, (p=1,...,12)

at the same time.
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Proof. Since W, (w) is stable under the complex conjugate 7, it is enough
to prove the lemma for o € G" and 7. We take 0 < C; < € such that

ro—1
®) 117 27 _
(59) sl ; o! Wj(w)‘ <Th p=L..m).

Similarly to the proof of Lemma 5, if we choose suitable 0 < C’él) < Cf) <
Cy (g=1,...,72 — 1) then for w € K satisfying

(60) CH <Wy(w) < CP  (¢=1,...,ra— 1),

o(w) does not satisfy (60) for any o # 1, 7.

Next we consider 7. Since Wy (@) = Wy (w), the first condition in (¥%2) is
also valid for W, (@). We show that the second condition does not hold for
W,(@). Under (60) we suppose that

(61) bp/2 < Op(w)<b, (p=1,...,m2).
Then by (34) and (59) we obtain
b 1 4
Ep < %argw(p) < gbp (p=1,...,79).
This and (58) give
5 b
—gbpgep(W)Sgp (pzla"‘7r2)'

Since b, < 3/8, the intervals [b,/2,b,] and [—5b,/3,b,/6] do not intersect.
Therefore if w satisfies (60) and (61) then @ does not satisfy (61).
LEMMA 8. Let w € K be a prime ideal number which satisfies the con-
dition _
w=1 (modf"),
(+:3) O <Ww) <O (g=1,....,r2 1),
bp/2 < Op(w) <b, (p=1,...,12)
and p = (w). If W' is a prime ideal number which satisfies (xx3) and (W) = p,
then ' = w.
Proof. Similarly to the proof of Lemma 6, we put
W =ew, e=oW.. .nf?_*ll (a,b; € Z)

where ¢ = exp(27/w(f')). By the second condition above we have
by=...=by 1 =0.
By the definition of @) (w), we have
Op(0"w) = aBy(0) + Op(w)
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and

7’2—

1 1 1 k
@p(g)z—argg _2_2 :%argg(m: }i ,

2m

where k, € Z — {0}, hence
€)= 1/w(f) > by.
Thus by the third condition we obtain a = 0.

Now we deduce Proposition 5 from these two lemmas and Proposition 6.
In view of Proposition 6, the number of prime ideal numbers which satisfy
the condition

INw)| <z, w=1 (mod?’),
(++4) QO <W,(w)<C? (¢g=1,...,r— 1),
bp/2 < Op(w) <by, (p=1,...,19)

is given by
ro—1 T ] T
dt
62 c® _ o T b, 20 {4 5(pecvioEs),

By Lemma 8, there is a one-to-one correspondence between prime ideal
numbers w satisfying (x*4) and prime ideals p which satisfy the condition
N(p) <@, pely, ~
there exists an w € K for p such that (w) =p, w =1 (modf),
Y <Wyw) <P (g=1,...,12—1),

bp/2 < Op(w) <b, (p=1,...,r2).

Hence the formula (62) also gives the number of prime ideals satisfying
(*+5). Similarly to the previous case, we may add to (xx5) the condition
that the degree of p is 1.

Taking into account Lemma 7, if a prime p completely splits in K and p;
satisfies the condition (*5) then none of the other p; satisfies (#x5). Thus
there is one-to-one correspondence between prime ideals which satisfy (xx5)
and prime numbers which satisfy the condition

(446) p < x completely splits as p=p1...pn,
*ok
only one p; satisfies (xx5).

(x%5)

Hence the number of prime numbers satisfying (**6) is given by (62). In
view of (52), (56) and (58), for p satisfying (+*6) we have |a,| > n —e. Thus
we have completed the proof of Proposition 5 for K Galois.

Now we consider the general case. The proof follows Professor Okazaki’s
idea. Let L/Q be the Galois closure of K, [L : K| = N, Gal(L/Q) = H, and
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Gal(L/K) = I; let Ry be the number of real embeddings of L into C, 2R»
be the number of imaginary embeddings and R = R; + Rz — 1. We denote
these embeddings by

L3R—0Wel @=L (¢=1,...,nN).

For an ideal f in K we set f;, = (Ng/q(f))r, where ( )z means a principal
ideal in L. Suppose that a prime number p completely splits in L as follows:

(1) {p:ml---‘pnz\h N
. Br=(2), €L, =1 (modfr).

According to the above two cases, for any P; there exists o € H such that
(63) Pi = (0(2), o(2)=1 (modjp).
Let p; be the norm of B, over L/ K, i.e.

pr=]]PB7 =), wi=Nyg() ek
ocel

Then p; is a prime ideal in K and w; =1 (mod?L) by (62). Let P2 be one of
the PB;’s which do not divide p;. We define ps = (w2) = Ny /i (B2). Then py

is also a prime ideal in K and satisfies wy =1 (mod?’L). Therefore a prime
p satisfying (!1) splits completely in K as follows:

| pP=9P1...Pn, N
(12) {pi =(w)€eP, w=l1 (mod{").

By the definitions (2) and (4), for a prime p satisfying (!1) we have

ap =Y X(pi) = D> Xoolws)
=1 =1

n ri+re @i r1+1r2 w(p) ap
S T (25)

i=1 g¢=1 p=r1+1 |w
N H( w?| ) ﬁ <w§p> >
] .
piie BN L VA S RN L]

Since [N (wi)| = [T1<4<n |w§q)| = p, if we take ¢ > 0 sufficiently small, then
|ap| is sufficiently close to n under the condition

. @/,
(13) {1 e<|w;"|//p<1+e,

—< argwip <e.
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Weset ¢/ =1 — (1 —e)/N, &” = (14 ¢)"/N — 1 and suppose that
p="P1...Pun,

P =(2)r, Q=1 (modfy),
1—e’<|!2(‘1)|/n1\V/_<1+5” (¢q=1,...,Ri + Ry),
—¢/N <arg2®) <¢/N (p=Ri+1,...,R + Ry).

We note that any w( 9

N
11—V <w = H| | < (1+MV,

(14)

is a product of N conjugates of 2. Hence

thus @
q
1—€<%<1+€
and

—5<argw Zarg()q)<s
Therefore primes p satisfying (14) also satisfy (!1) and (12).
_ Let m,...,nr € L be fundamental units of the unit group in L modulo
fr. We define Wy, 0, in (33) and (34) for them. If we set
Y, = log|20)] — log [ +R)| (g =1,...,R)
then the third relation in (!4) means
—e<Y@ e

Hence similarly to the second case, if we choose suitable C; > 0 (¢ =
1,...,R)and B, >0 (p= Ry +1,..., Ry + Ry) then the third and fourth
relations in (14) hold for prime ideal numbers {2 which satisfy

0<Wy(2)<Cy (¢=1,...,R),
{0< @p(Q) < B, (p=Ri1+1,...,R1 + R2).
By Proposition 6, Lemma 7 and Lemma 8, we can calculate the number of
primes p satisfying
p<z, p="Pi... Pun,
only one ; satisfies P; = (12),
(15) { 2=1 (modfyr),
cV <wy ) <c? (g=1,...,R),
BV <0,(2) <BY (p=Ry+1,....,Ri+ Ry),
where 0 < C§ < ¢ < ¢, 0 < B < BYY < B,. By (1) and (12),
|ap| > n — € for such p.

This completes the proof of Proposition 5, and therefore, the proof of
the Theorem.
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