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Monomial dynamical systems of dimension one
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1. Introduction. Finite dynamical systems are discrete-time dynami-
cal systems with finite state sets. Well-known examples of finite dynamical
systems include cellular automata and Boolean networks, which have found
broad applications in engineering, computer science, and more recently, com-
putational biology.

Finite dynamical systems over finite fields are most widely studied thanks
to the many good properties of finite fields. A monomial system of dimension
n over a finite field is defined by a function f = (f1,..., fn) : Fy — Fy,n > 1,
where Fy is a finite field with ¢ elements, ' is the vector space of dimension
n over Fy, and f; : Fy — Fy is a monomial of the form a;x{" 5™ - - - fin.

Monomial systems of dimension n over finite fields, especially Boolean
monomial systems, have been studied in [2] and [3] from the viewpoint of
graph theory. T. Vasiga and J. O. Shallit [11] have obtained several results
about tails and cycles in the orbits of repeated squaring over finite fields,
but some of their results are based on the Extended Riemann Hypothesis.
Then W.-S. Chou and I. E. Shparlinski [I] extended their results to repeated
exponentiation with any fixed exponent without resorting to the Extended
Riemann Hypothesis. A. Khrennikov [6], A. Khrennikov and M. Nilsson [7]
and M. Nilsson [§], [9] studied monomial dynamical systems over local fields.
Wu [12] studied monomial dynamical systems over finite fields associated
with the rational function field F,(7").

In this paper we study monomial dynamical systems of dimension one
over finite fields, of the form z', from the viewpoints of arithmetic and graph
theory. We give formulas for the number of periodic points with period r
and for the number of cycles with length r. Then we define and compute the
asymptotic mean numbers and Dirichlet mean numbers of periodic points
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and cycles. Finally, we generalize Wu’s ideas in [12] to study the monomial
dynamical systems over finite fields associated with any function fields over
finite fields; we also point out a mistake in [12].

Our paper is organized as follows.

In Section 2, we study the properties of monomial systems from the view-
points of arithmetic and graph theory, including the properties of preperiodic
points, conditions for the existence of periodic points, the number of peri-
odic points with period r, the number of cycles with length r, the maximum
period, the total number of periodic points and cycles, the connectivity of
the directed graph associated to a monomial dynamical system, and so on.

In Section 3, we study the mean numbers of periodic points and cycles.
First, we compute the asymptotic mean number. Second, we define and
compute the Dirichlet mean number. We find that these two mean numbers
coincide.

In Section 4, we compute the asymptotic mean number by viewing a
finite field as the residue class field of a function field. Unfortunately, we find
that there are infinitely many cases in which the asymptotic mean number
of fixed points does not exist. It may be hard to compute the asymptotic
mean number in general cases. We provide a possible reason for this. Then
we define and compute the Dirichlet mean numbers of periodic points and
cycles.

In Section 5, we investigate whether the above results are applicable to
the general case of the form az™. We find that the answer depends on a.

2. Properties of monomial dynamical systems. Let ¢ be a power
of a prime number p. Let F, be a finite field with ¢ elements. For any positive
integer n > 2, we consider the dynamical system f: F, — [F,, where

Let f°" be the rth iterate of f,ie. f" = fo---0 f.
N———

r times

For every x € Fy, the orbit of x (or an orbit of f) is the set
{y € F, : 3k, m € N such that f(z) = f"(y)}.
Obviously the orbits of f give a partition of IF,.

DEFINITION 2.1. Let 2, = f"(x¢). If 2, = x¢ for some positive integer r,
then zq is said to be a periodic point of f. If r is the least natural number
with this property, then we call r the period of xy and zg an r-periodic point.
A periodic point of period 1 is called a fixed point of f. If for some r, the
iterate f°"(xo) is periodic, we call zy a preperiodic point of f.

DEFINITION 2.2. Let r be a positive integer. The set v = {zo,...,z,—1}
of periodic points of period r is said to be a cycle of f if o = f(z,-1) and
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xj = f(zj—1) for 1 < j < r — 1. The length of the cycle is the number of
elements in . We call a cycle of length r an r-cycle.

Since [F, is a finite set, each element of F, is a preperiodic point of f.

By the definition of orbits and the discussion above, we know that the
orbits of f correspond to the cycles of f. Hence the total number of orbits
of f is equal to the total number of cycles of f.

All fixed points of f, except = 0, are solutions of the equation "1 =1
in IF;. The number of solutions of the equation 2™ = 1 in [F, is given by the
following lemma.

LEMMA 2.3. The equation 2™ =1 has gcd(m,q — 1) solutions in F,.
Proof. See [5, Proposition 7.1.2]. u

All r-periodic points, > 2, are solutions of the equation 2™ ~! = 1. Let
mj = ged(n! —1,q—1), j > 1. Here we rewrite the proof of Proposition 5.2
of Section 5 in [I2] for the convenience of readers.

PROPOSITION 2.4. The system f(x) = x™ has an r-cycle (r > 2) in I,
(i.e. f has an r-periodic point) if and only if m, does not divide any m;,
1<j<r-—1.

Proof. For any 1 < j <, let H; = {¢ € F} : ¢" =t =1} = ({;). Then
Hj is a subgroup of Fy; and the number of elements of H; is [H;| = m;.

Suppose f has an r-cycle (r > 2). If there exists 1 < j < r — 1 such that
my | mj, then H, is a subgroup of H;. Hence all r-periodic points belong
to H;. By the definition of r-periodic point, this leads to a contradiction.

Conversely, suppose that m,. t m; for all 1 < j < r — 1. Notice that m,
is the number of nonzero elements satisfying f°"(z) = x. So by hypothesis,
for any j |7, m, > m;. Hence f must have an r-periodic point. =

Let P(r,q) be the number of r-periodic points of f. Let C(r,q) be the
number of r-cycles of f. Each r-cycle contains r r-periodic points, so

C(r,q) =P(r,q)/r.

By Lemma 2.3, m; + 1 is the number of solutions of f*/(z) = x in F,.
Hence we have the following relation between m;, P(j,¢) and C(j, q):

(2.2) mj+1=> P(d,q)=> dC(d,q) forj>1.
dlj d|j

Let 4 be the Mobius function. By the Mobius inversion formula and
(2.2), we obtain the following result.

PROPOSITION 2.5. The number of r-periodic points of f and the number
of r-cycles of f are given respectively by
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(2.3) Z,u (ged(n™/? — 1,4 — 1) + 1),
d|7"

(2.4) C(r,q) = Z,u )(ged(n/? =1, — 1) + 1).

REMARK 2.6. If f has no r—periodic points, then P(r,q) = 0. For ex-
ample, if n = 2 and ¢ = 5, then m; = my = 1. From Proposition 2.4, we
see that there are no 2-periodic points, i.e. P(2,5) = 0. This also follows
from (2.3).

Let m > 2 be a natural number. Denote the largest divisor of ¢ — 1
which is relatively prime to m by ¢*(m). If the prime factorization of ¢ — 1
is p{* -+ pi*, then ¢*(m) = Hpﬁm Pyt

PROPOSITION 2.7. For any « € Fy, « is a periodic point if and only if
its order ord(«) divides q*(n). Moreover, if « is a periodic point, then the
length of the corresponding cycle equals the exponent of n modulo ord(a),
and each element in this cycle has the same order.

Proof. See the first paragraph in the proof of [1, Theorem 1]. =
We use ¢ to denote Euler’s p-function. We have the following lemma.
LEMMA 2.8. We have
ged(n” —1,q—1) = ged(n” —1,¢"(n))  for r > 1.
Let #(n) be the exponent of n modulo ¢*(n), i.e. #(n) is the least positive
integer satisfying ¢*(n) | (n"™ —1).
M. Nilsson [§] proved the following result for p-adic dynamical systems.

We follow his idea to get a similar result for dynamical systems over finite
fields.

PROPOSITION 2.9. If M is a positive integer not less than 7(n), then

M
ZP(T’, q)=¢"(n)+1.

Proof. First we prove that P(T, q) = 0 if r > #(n). Since mp,) =
ged(n™™ — 1, — 1) = ged(n™™ — 1,¢* ( )) = ¢*(n), and by Lemma 2.8,
we have m;. | m, for every r > 7(n), it follows that P(r,q) = 0 by Propo-
sition 2.4.

Next we prove that if r 1 #(n) then P(r,q) = 0. Let 1 be a positive
divisor of ¢*(n). Let s be the least positive integer such that n® —1 = 0
(mod [y). By the division algorithm we have #(n) = ks+r1, where k,r € Z
and 0 < r; < 5. Since n”(™ =1 (mod ¢*(n)), we have n”(™ =1 (mod Iy).
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This implies that
1=n"M = pkstn = (ns)knT1 =n"t (mod ly).

By the definition of s, we have 71 = 0. Thus s|7(n).

Suppose r { #(n). Since m, = ged(n"—1,¢—1) = ged(n"—1,4*(n)) | ¢*(n),
if s is the least positive integer such that n®* —1 = 0 (mod m,.), then s|#(n).
By the definition of s we must have s < r. But m, | ms. Hence P(r,q) =0
by Proposition 2.4.

Thus
M
> P(rq)= > P(rq).
r=1 r|#(n)

By (2.2) and Lemma 2.8, we have

> P(d,q) = ged(n” — 1,¢*(n)) + 1.
d|r

Finally, we get our result by setting r» = 7#(n) in the above formula. =

REMARK 2.10. From the proof of Proposition 2.9, we can only have
r-cycles (i.e. r-periodic points) such that 7| 7(n).

COROLLARY 2.11. The mazximum length of cycles of f is 7(n).

Proof. By Remark 2.10, it suffices to show that there exists an 7#(n)-cycle
of f. If #(n) = 1, this result is trivial, since 0 is a fixed point. If 7(n) > 1,
suppose there exists an integer j, 1 < j < 7(n), such that my ) [m;. Then
mj = M)y = ¢*(n). By the definition of #(n), we have j > #(n). This leads
to a contradiction. Hence we have mj(,) f m; for all j, 1 < j < #(n). Then
we get our result from Proposition 2.4. »

COROLLARY 2.12. f has ¢*(n) + 1 periodic points in F,.

If each element of F, is a periodic point of f, then ¢*(n) + 1 = ¢, thus
ged(q — 1,n) = 1. In fact f is bijective if and only if ged(q¢ — 1,n) = 1.
Therefore, each element of F, is a periodic point of f if and only if f is
bijective.

COROLLARY 2.13. The total number of cycles (or orbits) of f is given by

1
_ - r/d _ _
S et = X LY ) eed(u — 10 - 1)+ 1),
r|7(n) r|7(n) d|r
Proof. Apply Remark 2.10 and (2.4). =

EXAMPLE 2.14. Let us consider the monomial system f(x) = 22 over Fy.

From Proposition 2.5 we know that f has two 1-periodic points, two 2-
periodic points, two 1-cycles and one 2-cycle. From Corollaries 2.11-2.13,
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the maximum length of cycles of f is 2, so f has four periodic points and
three cycles. We can also get the above results by calculating directly.

The dynamics of f can be represented by the state space of f, denoted
by S(f), which is a directed graph. The vertex set of S(f) is F,. We draw
a directed edge from a to b if f(a) = b. Note that a directed edge from a
vertex to itself is admissible, and the length of a directed cycle need not be
greater than 2. Hence S(f) encodes all state transitions of f, and has the
property that every vertex has out-degree exactly 1. Moreover, a connected
component of S(f) coincides with an orbit of f, and a directed cycle of S(f)
coincides with a cycle of f which has been defined in Definition 2.2.

We have the following proposition on the connectivity of S(f).

PROPOSITION 2.15. S(f) is not connected.

Proof. First we claim that each connected component of S(f) contains
only one directed cycle. Indeed, if a connected component contains two or
more cycles, then there exists a vertex of this component which has out-
degree not equal to 1.

Note that {0} and {1} are two cycles of f, so there are more than one
directed cycles of S(f). Hence S(f) is not connected. m

From the proof of Proposition 2.15, we know that each connected compo-
nent of S(f) contains only one directed cycle. Thus the number of connected
components of S(f) equals the number of cycles of f.

Consider a subdigraph of S(f), denoted by S(f*), which is induced by
f* = flr;. That is, we obtain S(f*) from S(f) by deleting the vertex {0}.
We have the following result on the connectivity of S(f*).

PROPOSITION 2.16.

(1) S(f*) is connected if and only if ¢*(n) = 1.
(2) S(f*) is not strongly connected.

Proof. (1) Suppose that S(f*) is connected. Then S(f*) has only one
connected component, so S(f*) has only one directed cycle, hence f* has
only one cycle, namely {1}. So f has only two periodic points. By Corollary
2.12, we have ¢*(n) = 1.

Conversely, suppose that ¢*(n) = 1. By Corollary 2.12, f* has only one
cycle. Hence S(f*) is connected.

(2) Suppose that S(f*) is strongly connected. Then f* has only one cycle,
and each element of Fy lies in this cycle. But f* has a 1-cycle, namely {1},
and no other elements of Fy lie in this cycle. =

We call f a fized point system (see [2], [3]) if all directed cycles of S(f)
have length 1, that is, the number of vertices in every strongly connected
component of S(f) is one. Corollary 2.11 yields the following proposition.
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PROPOSITION 2.17. f is a fized point system if and only if 7(n) = 1, i.e.
¢"(n)|(n—1).

3. Mean numbers of periodic points and cycles. In this section we
discuss mean numbers of periodic points and cycles of f in F, with respect
to ¢q. Let 7(m) be the number of positive divisors of the positive integer m.
Let t be a positive integer. Let 7(t) be the number of primes less than or
equal to t.

DEFINITION 3.1. Let s be a positive integer. If the limit

exists (including o), then we call it the asymptotic mean number of r-
periodic points of f in Fps, as p — oo, and denote it by N(r, s).

Similarly, we can also define the asymptotic mean numbers for r-cycles,
for all periodic points and for all cycles, respectively.

Let [ and s be two positive integers. Let vg(1) be the number of solutions
of ° =1 in Z/IZ. M. Nilsson [9] proved the following theorem.

THEOREM 3.2 (M. Nilsson). Let t and m be positive integers. Then

(3.1) I,(s) = lim 1 E:gcd(m,pS —-1) = sz(l)

t—o00 ’/T(?f) <t Im

In particular if s =1, then

In(1) = chdmp 1) = 7(m),

t—»oo 7r

where the sum is over all primes p < t.
Proof. See [9, Theorem 6.2]. =

REMARK 3.3. From Lemma 2.3, we know that (3.1) is the asymptotic
mean number of solutions of ™ = 1 in F,s, when p — oo.

We have the following proposition on the asymptotic mean number of
r-periodic points.

PROPOSITION 3.4. Ifr is a positive integer, then

s)zzu(d)( 3 vs(1)+1)

dlr 1|(n"/d-1)
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> D) +1 ifr=1,

ll(n—1)

S udws(l) ifr>1,

d|r 1|(n7/d—1)

where the sum is over all primes p < t.

Proof. By (2 3) we have
= p(d)(ged(n/* —1,p°* — 1) +1).
d|r
Notice that if r > 1, then -, u(d) = 0. Thus the result follows directly

from Theorem 3.2.

REMARK 3.5. M. Nillson [9] proved that I,,(s) is a periodic function
of s, and he also gave a formula for its period.

ExaMpPLE 3.6. If n = 2, the asymptotic mean number of fixed points
is 2 by Proposition 3.4. This can also be checked directly, since f has only
two fixed points 0 and 1 in every IFps

We also get the following proposition about the asymptotic mean number
of r-cycles.

ProPOSITION 3.7. Let r be a positive integer. Then

E&TZCTP =%Zu(d)( > vs(l)+1)

dlr I|(nr/d—1)

Z vs(l) +1 ifr=1,

I|(n—1)

—Z > ulds(l) ifr>1,

d|r I|(nr/d-1)
where the sum is over all primes p < t.

Proof. This follows directly from Proposition 3.4, since C(r,p®) =
(1/r)P(r,p°). =

The asymptotic mean number of periodic points is equal to > 2, N(r, s).
If r is a prime number, then

N(T,S) = Z 'Us(l)_ Z 'Us(l)'
l|[(nm—1) l|(n—1)
Since n" —1 = (n—1)(n" "'+ -+n+1) and n > 2, it follows that N(r,s) > 1.
Thus > 2, N(r,s) = oo.
The asymptotic mean number of cycles equals Y 2, (1/r)N(r,s). If r
is a prime number, then (1/r)N(r,s) > 1/r. Note that }_ 1/p, where the
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sum is over all prime numbers p, is equal to co. Hence the asymptotic mean
number of cycles is infinite.

From the discussion in the above two paragraphs we get the following
proposition.

PRrROPOSITION 3.8. The asymptotic mean numbers of periodic points and
of cycles are both infinite.

In fact, W.-S. Chou and I. E. Shparlinski gave a bound for the asymptotic
mean number of periodic points in [I, Theorem 2].

We recall the definition of Dirichlet density for natural numbers. Let A
be a set of primes in N. If the limit

lim 7217@‘1)_8
s—1+ ZPGN p—s

exists, then we call it the Dirichlet density of A, and denote it by d(A).
The following lemma is another form of the Md&bius inversion formula.

LEMMA 3.9. Let m be a positive integer and g(r) = 3 ., h(kr). Then
h(r) =Y u(k)g(kr).
krim
Proof. See [9, Lemma 6.1]. =

We follow M. Nilsson’s idea in [9, Theorem 6.2] to get the following
lemma.

LEMMA 3.10. Let m be a positive integer, I be a positive divisor of m,
and A(l,m) = {p € N: ged(m,p® — 1) =1}. Then
D I5(AIm) =D vl(D).
llm llm
Proof. Let
B(l,m) ={peN:1[(p" - 1)}.
Obviously, B(l,m) = Uy, A(kl,m). In fact this is a disjoint union. Thus
§(B(l,m)) = 3 gm 6(A(kl,m)). By Lemma 3.9, we have 6(A(l,m)) =
> ktjm 1(k)0(B(kl,m)). On the other hand,

B(l,m) = U C(i,1), where C(i,1)={peN:p=i (modl)}.
1%—1=0 (mod1), i<l

If i*—1 = 0 (mod [), then ged(i,l) = 1. By Dirichlet’s theorem for arithmetic
progressions, we have §(C(i,1)) = 1/¢(l), where ¢ is Euler’s ¢-function.
Hence §(B(l,m)) = (1/¢(1))vs(l). So

S(A(Lm) =Y p(k)

kl|lm

1
p(kl)

vs(kl).
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Therefore
s(d)
S isAm) = Y0 D) AL
llm Ilm  klm dlm k|d
ve(d d
- d)) > Ttk = 3 vl
dlm k|d d|m

since o(d) = Yyq (d/k)u(k). »

REMARK 3.11. Similar to Remark 3.3, we call 7, I6(A(l,m)) the
Dirichlet mean number of solutions of 2™ =1 in Fs with respect to p.

Formally we compute the sum of the number of r-periodic points of f
over all prime numbers as follows:

ZP(r,p ZZM (ged(n'/¢ —1,p° — 1)+ 1)
p

P dr

—Zu Z (ged(n'/4 = 1,p° —1) +1).

d|r p

Then we define the Dirichlet mean number of r-periodic points of f in Fps
with respect to p by

Yould) Y (DAL 1)),
dfr l|(nr/4-1)
denoted by D(r,s).
PROPOSITION 3.12. Let r be a positive integer. Then
n— Vs l + 1 ifr = ].,
Dir.s) = >t (n—1) Us(l) f
Zd\r 2otjnr/a—yy 1(d)vs(l) if r> 1
Proof. By the definition of D(r, s) and Lemma 3.10, we have

=D ou(d) D A+ DIAE 1)

drf(nr/do1)

:Zu(d)( 3 lcS(A(l,n’”/d—l))Jrl)

dfr 1(nr/d-1)

=S u@( Y w®+1). .

dlr I|(nr/d—1)

REMARK 3.13. Comparing the above with Proposition 3.4, we see that
the asymptotic mean number and Dirichlet mean number of r-periodic
points are the same. Hence the Dirichlet mean numbers of r-cycles, of pe-
riodic points and of cycles are the same as the respective asymptotic mean
numbers.
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4. Mean numbers associated with function fields. In the previous
section, we have been computing mean numbers with respect to p. In this
section, on the contrary, we will fix a prime number p and compute mean
numbers with respect to the powers of p.

Let F; be a finite field with ¢ elements. Let A = [F[T] be the polynomial
ring over ;. Let K be a function field with constant field F,, and Og be
the ring of integers of K over A. It is well known that for every prime ideal
P in Ok, the residue class field Ok /P is a finite field, with cardinality a
power of ¢, and we call the degree of this extension [Ok /P : F,] the degree
of P, denoted by deg P. We use |P| to denote the number of elements of
Oxk/P,ie. |Ok/P|.

In this section, we will view a finite field as Ok modulo some P.

Let L/K be a finite extension of function fields. It is well known that
if a prime P of K is unramified over L, then to every prime ‘B of L
over P, we can associate an automorphism (,L/K) in G = Gal(L/K)
called the Frobenius automorphism of . Moreover, the set of automor-
phisms (P, L/K) £ {(, L/K) : P over P} is a conjugacy class in G.

First we recall two results on function fields. One concerns the prime ide-
als decomposition in constant field extensions. The other is the Chebotarev
density theorem for the natural density of primes.

LEMMA 4.1. Suppose the constant field of a function field K is Iy, K,, =
Fgn K, and O and O, are the rings of integers of K and K, respectively.
Then for every prime P of O with degree d, we have

PO, =P1--- P,

where each B; is a prime of O, g = ged(n,d) and the degree of the residue
class f(Bi/P), i.e. [On/PBi: O/P], equals n/ged(n,d).

Proof. See [10), Propositions 8.5 and 8.13]. m

THEOREM 4.2 (Chebotarev). Let L/K be a Galois extension of function
fields. Denote Gal(L/K) by G. Let F' and E be the constant fields of K and L
respectively, and suppose F has q elements. Let [E : F] =1, [L : KE] = m,
[K : F(T)] = d, and let g and g1, be the genera of K and L respectively.
Let € be a conjugacy class in G, and set
Sk(L/K,€) = {P unramified prime of K : (P,L/K) =%, and deg P = k}
and Cy(L/K,€) = |Sp(L/K,€)|. For every p € €, p|g is the same power
of the Frobenius o of E/F, say p|p = o® for all p € €. Then

(1) Sk(L/K,%) is empty except when k = a (mod 1).

(2) If k =a (mod [), then
1%
k

1 1
< 4|%| <d2 + 5gLal + 591+ 9K + 1) q"/2.
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Proof. See [4, Proposition 5.16]. =

In what follows, we fix a prime p and a function field K with constant
field Fy, where ¢ is a power of p. Let Pi be the set of all primes of K. If ¢
is a positive integer, then we denote by P (t) the set of all primes P of K
with deg P < t, and we also denote | Pk (t)| by mx (t).

We recall the definition of density. Let A be a subset of Pk. Let A(t) =
{P € A:degP < t}. If the limit lim; o |A(t)| /7K (t) exists, then we call it
the natural density of A. If the limit

P —S
lim ZPeA | | —
s—17 X pepy | Pl
exists, then we call it the Dirichlet density of A, and denote it by 0(A).
We follow Wu’s idea ([12, Lemma 4.2]) to get the following lemma.

LEMMA 4.3. Let r be a positive integer. Let S(r, Px) denote the set of
all primes in Pg such that r| (|P| —1).

(1) If ged(r,q) =1, then
6(S(r, Pr)) = 1/l

where 1, is the minimal positive integer | such that ¢ =1 (mod T).
(2) S(r, Px) is not empty if and only if ged(r,q) = 1.

Proof. (1) Assume |P| = ¢®. Then r|(|P| — 1) if and only if ¢°* = 1
(mod r). Consequently, there exists a minimal positive integer [, such that
¢ =1 (mod 7). In fact [, is the multiplicative order of ¢ modulo r. Thus
¢®* =1 (mod r) if and only if I, | s. Hence r | (|P| — 1) if and only if [, | s.

Let H, = {¢ : (" = 1} C F, (algebraic closure of F,). Let {, be a
generator of H,. Let F = F,(¢,). Then [F : Fy] = I,. Let K, = K((;). Then
K, is a constant field extension over K of degree [,.. By Lemma 4.1 and the
conclusion in the above paragraph, there is a bijection between S(r, Pk ) and
the set of primes of Ok which split completely in K,. By [10, Proposition
9.13], we obtain

5(S(r, Pic)) = 1/1;.

(2) If ged(r, q) = 1, then by (1), S(r, Pk) is not empty. Conversely, sup-
pose S(r, Px) is not empty. Then there exists P € Pg such that r | (|P| —1).
Assume |P| = ¢*; then r | (¢° — 1), thus ged(r,q) = 1. =

REMARK 4.4. Wu ([12, Lemma 4.2]) stated the same result for the nat-
ural density of S(r, P) in the case of rational function fields. But her result
is not correct. She used the conclusion for the Dirichlet density to compute
the natural density. However, if we further assume r t (¢ — 1), the natural
density of S(r, Px) does not exist (see Lemma 4.5).



Monomial dynamical systems over finite fields 321

Let S(r, Pk (t)) be the set of all primes in Pg(t) such that r|(|P| — 1),
and C(r, Pk (t)) = |S(r, Px(t))|. The next lemma shows that if ged(r,q) = 1
and rt (¢ — 1), then the natural density of S(r, Px) does not exist.

LEMMA 4.5. If ged(r,q) = 1, then the limit limy_,oo C(r, P (t)) /7K (t)
equals 1 or does not exist. In particular,
C(r, Pk(t
Clr Pr(t) =1 ifandonlyif r|(g—1).
t—oo  mr(t)
Proof. We compute the quantities in Theorem 4.2 in our case. It is ob-
vious that [ = [,. Since K, /K is a constant field extension, we have m =1
and G = Gal(K,/K) is an abelian group, in fact G = Gal(F/F,) = (o),
where o is the Frobenius of the extension F/F,. Thus every € contains only
one element, hence |%| = 1. We use its element to denote each conjugacy €
of G. Thus for every 0® € G, s € {0,1,...,1, — 1}, if Sx(K,/K,0%) is not
empty, then
1
Ch(Ky /K, 0%) = q"
Since a prime ideal P of Ok splits completely in K,/K if and only if
(P,K,/K) =1, that is, a = 0, by Theorem 4.2(1) we have

Str,Px(t) = |J Se(K./K,1).
k<t l.|k

So C(r, P (t)) = Zkgt,mkck(KT/Kv 1).

Since all prime ideals of O are unramified in K., the set of all primes of
K with degree k is | J, Sk(K, /K, 0°), where s runs over {0, 1,...,l,—1}. By
Theorem 4.2(1), Si(K,/K,0®) is not empty if and only if k¥ = s (mod I,.).
Hence the set of all primes of K with degree k is S, (K, /K, o*). Thus mx (t) =
Zkﬁt Ck(KT/K7 Gk)‘

1 1
< cg"?, where ¢ = 4<d2 + §gmd+ 2 9K: +9K + 1>.

So we have
qk k qk k
Z (k—(}q /2) <C(T,PK(t))< Z <k+6q /2)7
k<t,l |k k<t l|k
3 (flk _ qu/z) <) <Y <qk N qu/2>.
k<t k k<t k
Thus
k k
> (% el > (% e
k<t,l,|k ( F ) - C(r,Pg(t))  k<t,l|k ( F )
S (% +cqt?) i (t) > (% = cd?)
k<t k<t

for large enough ¢.
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First we have
k

S (% - cd”?) S (% +ed”?) s %
. k<t,l|k E<t,l|k . k<t,l|k
fim r K2t g K2y th q*
oo Y (F ) e Y (F—ed?) e
k<t k<t k<t
If I, =1, that is, | (¢ — 1), then
q*
k
r . . C(r,Pg(t
tlim % =1, ie. thm Clr Pr(®) =1
e YT — mi(?)
k<t
Otherwise if [, > 1, suppose that lim;_ . C(%ﬁ)(t)) exists. For a subse-
quence {C(r, Pk (tl,))/nk(tl;)} we have
klr kly
Z qsr qu:lr/2 Z q klr-/2
k<t ( M ) C(r, Px(tly)) k<t U )
)9 (%Jrchn) i (tly) D (%_ch/g) ’
k<tl, k<tl,
Thus
23 klr kly
S (q + qulr/2) )y ( qulT/Q) D qle
. k<t . k<t . k<t
lim - = lim =1 :
t—oo Z (% _ ch/2) t—00 Z (? + ch/Q) t—oo Z q”
k<tl, k<tl, k<tl,
> be
T
t—o00 Z a/k
k<t
where by = ¢*"/(kl,) and aj, = ng(k—l)l,.+1 q‘/i.
By the Stolz Theorem, we have
k<t bk . by 1
lim = lim = T .
(=00 Y ey G koo G g + gttt
Hence
C(r, Pr(tl 1
(4.1) Jim C0 D) —
Y (11 R Nt SRy

Now, for another subsequence {C(r, Pr((t+1)l,—1)) /7 ((t+1),—1)}

we have
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k)2
q
k%e (e ) C(r, P ((t+ D, — 1))
> (% + cg¥/?) T ((t+ 1)l — 1)
E<(t4+1)l—1
D (% +quzr/2)

k<t

> (5 -

E<(t+1)l—1

Thus
kly klr
> (o +ed™”) 3 (= cd”?)
li = =1 =
P S (% _ qu/z) e $ (% +ch/z)
k<(t+1)l—1 k< (t+1)l—1
qklr Z b
k
= lim kst - = lim kst
t—o0 Z % t—o0 k; ak7
E<(t4+1)l—1 st

where by = ¢ /(kl,) and ay = Y27 ¢ /i, while aj = zz(i:i)lr—l gi/i it
k > 1. By the Stolz Theorem, we have

by,
) k%t . by 1
lim = lim — = _
tﬁooZak k—oo Qf 1+q++qlr_1
k<t
Hence
Pr(t+ 1), —1 1
t—oo  Tr((t+ 1)l —1) L+q+- -+ gt
But by hypothesis, we have
o COPitl) Ol Prc((t+ DL = 1)
t—o00 WK(tlr) t—o0 WK((t + 1)lr — 1)

C(r.Pk(t)

Comparing (4.1) with (4.2), we get a contradiction. Hence lim;_, o )

does not exist if [, > 1. m

REMARK 4.6. (1) From the proof of Lemma 4.3(1), we know that if
ged(r,q) = 1, then there is a bijection between S(r, Px) and the set of
prime ideals in Ok which split completely in K. Thus Lemma 4.5 tells us
that if ged(r,q) = 1 and 7 1 (¢ — 1), the natural density of the set of prime
ideals of O that split completely in K, does not exist.

(2) From the proof of Lemma 4.5, we know that the set of all primes
of K with degree k is Sp(K,/K,0%), and ||Sp(K, /K, 0%)| - 14| < cqt/?.
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We follow M. Nilsson’s idea (see [8, Theorem 4.9]) to get the following
lemma.

LEMMA 4.7. Suppose m is a positive integer.

(1) Let r be a positive divisor of m. Let A(m,r,Px) = {P € Py :
ged(m, |P| —1) =r}. Then

S ra(A(m,r Pi)) = 3 (),

rlm r|lm*

where m* is the largest divisor of m relatively prime to q, and ¢ is
FEuler’s @-function.
(2) If m is a prime number, gcd(m,q) = 1 and m t (¢ — 1), then the
limat
1
lim —— Z ged(m, |P|—1)

=i () plp

does not exist.

Proof. (1) By Lemma 4.3(2), if ged(r, ¢) > 1, then the sets S(r, Px) and
A(m,r, Pk) are both empty. So we can suppose that ged(r,q) = 1. Since
S(r,Px)={P€ Pk :r|(|P|-1)}, we have S(r, Px) = Uy~ A(m, kr, Prc).
As this is a disjoint union, we obtain 6(S(r, Pk )) = 3 6(A4 A(m, kr, Pg)).
By Lemma 4.3(1), 6(S(r, Px)) = 1/l,. Hence

S(Am.r Pr) = 37 p(R)3(S(hr, o)) = 37 (k)
kr|m* kr|m*

from Lemma 3.9. Therefore

Zr&([l(m,r, Pg)) = Z r6(A(m,r, Pr)) Z Z

. N lk'r
rlm rim rlm*  krlm
— X S S (2
s|m* r|s S|m* rls
= i
slm*

since @ (s) = 3, ria(s/r).
(2) Let ¢ € N and put B(m, Pk(t)) = >_pep, (1) gcd(m, |P| = 1). Let r
be a positive divisor of m and put
A(m,r, Pg(t)) = {P € Pg(t) : ged(m, |P| — 1) = r},
A(m,r, Px(t)) = |A(m,r, Pk (t))].
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It follows that B(m,Pk(t)) = >_,,, rA(m,r, Pg(t)) and S(r, Px(t)) =
Userpm 4 A(m, kr, Pk (t)). So C(r, Pk(t)) = > krpm A(m, kr, Pi (t)). We have
A(m,r, Pk (1)) = > gpim 1(k)C (kr, Pk (t)) by Lemma 3.9. Hence

B(m, Pi(t)) =Y rA(m,r, Pg(t)) =Y _r > u(k)C(kr, Px(t))

o rim krlm
:%%ru<i> (s, Pre(t sIZmCSPK % <7">
- Zl:C(S,PK(t))QO(S)'

By hypothesis, we have
B(m, P (t)) = C(1, Pk(t)) + C(m, Pk (t))p(m)
= 7TK(t> + C(m, PK(t))go(m)

So
A p;,;(t) gedm [P1=1) = oy, e PO )
= Jim (1+ —Cm. Pi(0) ).

and by Lemma 4.5, this limit does not exist. u

REMARK 4.8. For every prime ideal P in Ok, the ring of integers of K,
the quotient Ok /P is a finite field. Lemma 2.3 tells us that the equation
2™ = 1 has ged(m, | P|—1) solutions in Og /P. Wecall 3, r6(A(m,r, Pk))
the Dirichlet mean number of solutions of ™ = 1 in Ok /P with respect
to P.

From the proof of Lemma 4.7(2), we have

B(m, Pk (t ZCT‘PK ZC’I”PK o(r)

rlm r|lm*
for every positive integer m. Then
. 1 . 1
(4.3) lim —— Z ged(m, |P| —1) = lim —— Z C(r, Pr(t))p(r).
t—oo Mg (t) P (t) !
€Pk(t) rlm
Lemma 4.5 tells us that lim; . #@C(r, P (t))e(r) does not exist for each

r|m* and r { (¢ — 1). But it is not easy to answer whether the limit (4.3)
exists in general case. Lemma 4.7(2) tells us that if m* is a prime and
m* { (¢ — 1), then the asymptotic mean number of solutions of z™ = 1 in
Ok /P with respect to P does not exist.
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For every prime ideal P of O, since Ok /P is a finite field, we can
consider a monomial system f : O /P — O /P, where

(4.4) flz)=2", n>2.

Let P(r, P) denote the number of r-periodic points of f. Let C(r, P)
denote the number of r-cycles of f. Then f has all the properties stated in
Section 2. So we can use the conclusions and notations of Section 2.

We have the following result on the asymptotic mean number of fixed
points in Ok /P with respect to P.

PROPOSITION 4.9. If n — 1 is a prime number, gcd(n — 1,q) = 1 and
(n - 1) * (q - 1)7 then

Z P(1,P)
HOOWK PPK

does not exist. Thus the asymptotic mean number of fized points of f does
not exist.

Proof. By Proposition 2.5, we have

li 731P
t;rglw P%

K" pepr(t)
= Jim — > ged(n—1,|P| - 1) + 1.
—oo Ti (1) PEPKR (1)

By hypothesis and Lemma 4.7(2), we get the desired result. m

By Dirichlet’s theorem on arithmetic progressions, there are infinitely
many primes of the form n — 1. So infinitely many n satisfy the hypothesis
of Proposition 4.9. In fact it is not easy to compute the asymptotic mean
number of periodic points and cycles in the general case, for the same reason
as discussed after Remark 4.8. But we can define and compute the Dirichlet
mean number.

Let r be a positive integer. By Proposition 2.5, we have P(r, P) =
> djr w(d)(ged(n'/® —1,|P| — 1) 4+ 1). We compute the sum of the numbers
of r-periodic points of f as follows:

> PPy =Y ud)(ged(n”/? —1,|P| - 1) + 1)

PePg PePg d‘

= Z“ > (ged(n? = 1,|P| - 1) +1).

PePg
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Recall that A(n"/¢ —1,k, Pg) = {P € Pg : ged(n™/® —1,|P| — 1) = k} for
each d|r. Then we define the Dirichlet mean number of r-periodic points of
f in Ok /P with respect to P by

Sowd) YD (b DSART -1k, Pr)),
djr k| (n7/4-1)
denoted by D(r, K).
PRrROPOSITION 4.10. Let r be a positive integer. Then

Do) = pa( X e +1)

dlr Kl(nr/a—1)*
> llcp(k‘)ﬁLl ifr=1,
_ ) Heene 1
> > ek)u(d) ifr>1,
dr k|(nr/d—1y= "

where m™ is the largest divisor of m relatively prime to q.

Proof. By Lemma 4.7(1), we have
= ud) Y (k+DS(AMR 1k, Px))

dr k(1)
:Zu(d)( 3 ké(ﬁ(n”/d—l,k,PK))Jrl)
dlr Fl(nr/d-1)
1
“Sua( Y pet+),
d|7~ k‘(nr/d_l)* k

Since » g, p(d) = 0 if 7 > 1, we obtain the desired result.

ExamMpLE 4.11. If n = 2, then by Proposition 4.10 the Dirichlet mean
number of fixed points is 2. This can also be checked directly, since f has
only two fixed points 0 and 1 in every Ok /P.

We call D(r, K)/r the Dirichlet mean number of r-cycles of f in Ok /P
with respect to P, and denote it by C(r, K). From Proposition 4.10, we have
the following result.

COROLLARY 4.12. If r is a positive integer, then
1
Z —p(k)+1 if r =1,
kl(n—1)* '

Y Y elhn@ st

d"/‘ k'(nr/d_l)*

C(r,K) =
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We call ) -, D(r, K) the Dirichlet mean number of periodic points. Note
that it may be infinite.

PROPOSITION 4.13. The Dirichlet mean number of periodic points is
nfinite.

Proof. If r is a prime number, then

DK = 3 Lot - Y Lk

I l
kl(nr—1)* F k

kl(n—1)*
Since n" —1 = (n — 1)(1 + n+ --- + n" 1), it follows that (n” — 1)* =
(n —1)*(1 +n+---+n""1)* So if there are infinitely many primes r such
that (1 +n+---+n""1* > 1, then noting that ¢(k) > I for all k > 1, we
will have D(r, K') > 1, which will finish the proof.

Suppose there are finitely many primes r such that (1 +n + --- +
n"~H* > 1, say {r1,...,7m}, and 11 < -+ < 7. If a prime r satisfies
7 > Ty, then (1 +n4---4n""1)* = 1. Hence there exists a positive integer
s such that 14+n+---4+n""! = p*. For a prime k such that r+1 < k < 2r,
we also have

(1_|_n_|_..._+_n7“—1_|_n7"_|_..._1_71’“_1)"‘:17

e [(T4+n+---4+n""H4+n"(1+--+n""1))* = 1. Hence there exists a
positive integer s such that (14+n+---+n""1)+n"(1+- - +nk77"1) = p*1.
Note that s < s1, so p*|n"(1+--- +n*"""1). Since p* > 1 + -+ +nkF=1
we have p|n”, and hence p|n. But 1 +n+ --- +n""t = p* so p|1, a
contradiction. m

We call the infinite sum > -, C(r,K) the Dirichlet mean number of
cycles.

PROPOSITION 4.14. The Dirichlet mean number of cycles is infinite.

Proof. We arrange the prime numbers as p; < po < -+, i.e. p1 = 2,
p2 = 3 and so on. Since ) -, C(r,K) > > .o, C(p;, K), if we can show
> i>1 C(pi, K) is infinite, our proof will be finished.

Since Y .~ C(pi, K) = > ;51 (1/pi)D(pi, K), noting that »".o, 1/p; is
infinite, from the proof of Proposition 4.13, if we show that there are finitely
many primes r such that (1+n+---+n""1)* = 1, i.e. finitely many primes
r such that D(r, K) = 0, then the proof will be finished.

Suppose there are infinitely many primes r such that (1 +n + --- +
n"~1)* = 1. Assume r; and ro are two of them, and r; < ro. Then there
exist positive integers s; and sp such that 1 +n +--- +n" =1 = pt and
14+n+---+n""t=p°2 Since

14n4--danm = (1+n—|—---—|—n”_1)—|—n”(l—{—n—{—~--—I—nm_”_l) = p*?
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and s1 < s, we have p*! [n™ (1 +n + --- +n"27"171). Suppose that ry <
2r1. Then 1+ n + ---+n2"""1 < p%1 50 p|n™ and p|n. But 1 +n +
-+ n"~l = ps1 50 p|1, a contradiction. Hence we have 73 > 2r1. From
the proof of Proposition 4.13, there are infinitely many primes r such that
(14+n+---+n""1* > 1; let p; be the minimal prime such that

(I+n4-+nPH*>1 and (Q14+n+---+nPr—bHr=1,

Let A be the set of all primes r such that (1 +n 4 ---+n""1)* = 1 and
r > pry1- Let B be the set of all primes 7 such that (1+n+---+n""1)* > 1
and r > pi. Note that for every positive integer m, there exists a prime r
between m and 2m, and for any two adjacent elements rq,r, of A, we have
ro > 2r1. So if we let the elements of A correspond to the elements of B by

their sizes, then we get
1 1
Z < -
PREED B
rcA reB
Since AUB = {p; : i > k} and > ;- 1/p; is infinite, it follows that > 5 1/r
is infinite. Note that > .o, C(pi, K) > > .cp1/r, s0 3 ;5 C(pi, K) is infi-

nite. m

5. The general case. As suggested by the referee, in this section we
investigate whether the above results are applicable to the general case f:
F, — F4, where

f(z)=ax", n>2a€cl,

LEMMA 5.1 (see [5, Proposition 7.1.2]). Let m € N, a € Fy. Then the
equation az™ =1 has solutions in Fy if and only if ale=D/d = 1 where
d = ged(m, q — 1). If there are solutions, then there are exactly d solutions.

Set Gy, = {a € F}; : ax™ =1 has solutions}. It is easy to see that G, is
a subgroup of Fy. In fact, Gy, = {a™ : a € F}}.

All nonzero r-periodic points are solutions of the equation

a1+n+--~+nrflxnr—1 - 1.

If f has nonzero fixed points, i.e. az” ! = 1 has solutions in [Fy, then
q—1
agd(n-1,9-1) =1, So

Hence gl tm+ 7" zn"=1 — 1 has solutions. So there are exactly ged(n” — 1,
g — 1) solutions. But if f has r-periodic points with r > 1, then the state-
ment “f has nonzero fixed points” is not true. For example, let ¢ = 5,a = 3
and n = 3; it is easy to check that each element in F} is a 2-periodic point
of f, but f does not have nonzero fixed points.
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If a € Gp—1, then (2.3) and (2.4) are true according to the above para-
graph. Thus the monomial system considered in this section has r-periodic
points if and only if the monomial system considered in Section 2 has r-
periodic points, so Proposition 2.4 is also true here. But Proposition 2.7 is
not true, for example, for ¢ = 5, a = 2 and n = 4. Furthermore, we have the
following proposition.

PropPoOSITION 5.2. If a € G,,_1, t.e. f has nonzero fixed points, then
all the results relating to f in the above sections are true except Proposi-
tion 2.7.

If a ¢ Gp—1, then f has no nonzero fixed points. Thus (2.3) and (2.4)
are not true here. So all the results relating to f in Sections 3 and 4 are
invalid here. Notice that the identity of Fy has order 1, so the conclusion
of Proposition 2.7 is not true here. Moreover, all the results relating to f
in Section 2 are invalid except Corollary 2.12 and Proposition 2.15. For
example, let ¢ = 3,a = 2 and n = 3; recalling the notation in Section 2, we
have m; = 2, mg = 2, ¢*(n) = 2 and 7(n) = 1, and f has one fixed point
and two 2-periodic points. Hence S(f*) is strongly connected.

LEMMA 5.3. f has ¢*(n) + 1 periodic points in [F,.

Proof. Let r be the least common multiple of all periods of periodic
points and #(n). Then each periodic point of f satisfies f°"(x) = z. Con-
versely, each solution of f°"(x) = z is a periodic point of f. Since f°"(z) = z
has solutions in [y, by Lemma 5.1 there are exactly d = ged(n” — 1, — 1)
solutions in Fy. Since d|(q — 1) and ged(d,n) = 1, we have d|¢*(n). Since
qg*(n)|(¢g—1) and ¢*(n) | (n" —1), we have ¢*(n) | d. Hence we get the desired
result. m

PROPOSITION 5.4. Ifa ¢ G,—1, i.e. f has no nonzero fized points, then
all the results relating to f in the above sections are invalid except Corollary
2.12 and Proposition 2.15.
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