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the ()-Cantor series expansion for certain ()
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1. Introduction

DEFINITION 1.1. A block of length k in base b is an ordered k-tuple of
integers in {0,1,...,b —1}. A block of length k will be understood to be a
block of length k& in some base b. A block will mean a block of length & in
base b for some integers k and b.

Given a block B, |B| will represent the length of B. Given blocks Bj,
..., B, and integers Iy, ..., l,, the block
(1.1) B=1BsBs...1,B,

will be the block of length [1|Bi| + --- + l,|B,| formed by concatenating
l1 copies of By, lo copies of Bo, all the way up to [, copies of B,,. For example,
if B; = (2,3,5) and By = (0,8) then 2B11Bs = (2,3,5,2,3,5,0,8).

DEFINITION 1.2. Given an integer b > 2, the b-ary expansion of a real x
in [0,1) will be the (unique) expansion of the form

— E
n=1

such that all E, can take 01; the values 0,1,...,b — 1 with E,, # b —1
infinitely often.

We will let N°(B,x) denote the number of times a block B occurs with
starting position no greater than n in the b-ary expansion of x.

DEFINITION 1.3. A real number z in [0, 1) is normal in base b if for all
k and blocks B in base b of length k,

b
(1.3) lim Nu(B,z) _ bk
n—00 n

A number is simply normal in base b if (1.3]) holds for k& = 1.

2010 Mathematics Subject Classification: Primary 11K16; Secondary 11A63.
Key words and phrases: Cantor series, normal numbers.

DOI: 10.4064/aa148-2-3 [135] © Instytut Matematyczny PAN, 2011



136 B. Mance

Borel introduced normal numbers in 1909 and proved that Lebesgue al-
most every real number in [0,1) is simultaneously normal to all bases. The
best known example of a number normal in base 10 is due to Champer-
nowne [3]. The number

Hizp=0123456789101112...,

formed by concatenating the digits of every natural number written in in-
creasing order in base 10, is normal in base 10. Any Hj, formed similarly to
Hig but in base b, is known to be normal in base b. There have since been
many examples given of numbers that are normal in at least one base. One
can find a more thorough literature review in [4] and [5].

The Q-Cantor series expansion, first studied by Georg Cantor, is a natural
generalization of the b-ary expansion.

DEFINITION 1.4. Q = {¢n}?2, is a basic sequence if each g, is an integer
greater than or equal to 2.

DEFINITION 1.5. Given a basic sequence @, the Q-Cantor series expan-
sion of a real x in [0,1) is the (unique) expansion of the form
o0

(1.4) r=>Y En

ey 1427 dn
such that F,, can take on the values 0,1, ..., ¢,—1 with E, # ¢,—1 infinitely

often @

Clearly, the b-ary expansion is a special case of where ¢, = b for
all n. If one thinks of a b-ary expansion as representing an outcome of re-
peatedly rolling a fair b-sided die, then a @-Cantor series expansion may be
thought of as representing an outcome of rolling a fair ¢;-sided die, followed
by a fair gs-sided die and so on. For example, if ¢, = n+ 1 for all n then the
@-Cantor series expansion of e — 2 is

9 1 1 1
‘T T3T33T231
If g, = 10 for all n, then the @-Cantor series expansion for 1/4 is

2 5 0 0
1710 "102 s e
For a given basic sequence @, let Ng(B , ) denote the number of times
a block B occurs starting at a position no greater than n in the @-Cantor

series expansion of x. Additionally, define

n

4,

4+

1

= qi4q5+1 """ 9j+k—1

(1.5) QP =

(*) Uniqueness can be proven in the same way as for the b-ary expansion.
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A. Rényi [§] defined a real number = to be normal if for all blocks B of
length 1,

Q
(1.6) i N (B.z)

If g, = b for all n then ([1.6)) is equivalent to x being simply normal in base b,
but not equivalent to it being normal in base b. Thus, we wish to generalize
normality in a way that will be equivalent to normality in base b when all
qn = 0.

DEFINITION 1.6. A basic sequence @ is infinite limit if g, — oc.

DEFINITION 1.7. A real number x is Q-normal of order k if for all blocks
B of length £k,

Q
(1.7) lim Ni'(B,x) _ 1
n=o0 ngk)

x is said to be Q-normal if it is ()-normal of order k for all k.
DEFINITION 1.8. A basic sequence @ is k-divergent if
(1.8) lim Q% = .

n—oo

Q is fully divergent if Q is k-divergent for all k.

It has been shown that for infinite limit @, the set of all x in [0,1)
that are @Q-normal of order k£ has full Lebesgue measure if and only if @ is
k-divergent [§]. Therefore, for infinite limit @), the set of all = in [0,1) that
are (Q-normal has full Lebesgue measure if and only if @ is fully divergent.
Similarly to the case of the b-ary expansion, it will be more difficult to
construct specific examples of ()-normal numbers than to show the typical
real number is Q-normal.

The situation is further complicated when @ is infinite limit because in
that case we need to consider blocks whose digits come from an infinite set.
For example, normality can be defined for the continued fraction expansion.
In that setup there will also be an infinite digit set. While it is known that
almost every real number is normal with respect to the continued fraction
expansion, there are not many known examples (see [1] and [7]).

We wish to state a theorem that will allow us to construct specific exam-
ples of @-normal numbers for certain ). We will first need several definitions.

DEFINITION 1.9 (2). A weighting ju is a collection of functions p™), u(?), . ..
such that for all &,

(%) 6] discusses normality in base 2 with respect to different weightings.
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(1.9) p*):{0,1,2,. .} —[0,1],
(1.10) S AWy =1,
7=0
(111) :u(k)(bla b27 K} bk’) = Z:u(k—‘rl)(bla b27 SEE) bk?])
j=1

DEFINITION 1.10. The uniform weighting in base b is the collection
of functions Aél), )\,()2), )‘1(93)7 ... such that for all k£ and blocks B of length k in
base b,

(1.12) A(B) = b7+,

DEFINITION 1.11. Let p and b be positive integers such that 1 < p <b.
A weighting p is (p, b)-uniform if for all k£ and blocks B of length & in base p,

(1.13) p®(B) = A\P(B) =b*.
Given blocks B and y we will let N, (B,y) denote the number of times a
block B occurs starting in position no greater than n in the block y.

DEFINITION 1.12. Suppose that 0 < € < 1, k is a positive integer and p
is a weighting. A block of digits y is (e, k, u)-normall@ if for all blocks B of
length m < k,

(1.14) u™(B)ly|(1 =€) < Ny (B,y) < u™(B)[yl(1 + ).
For convenience, we define the notion of a block friendly family (BFF):

DEFINITION 1.13. A BFF is a sequence of 6-tuples
W = {(liabi7pi7€i7ki7ﬂi)}ioil
with non-decreasing sequences of non-negative integers {l;}5°,, {b;}°;,
{pi}2, and {k;}2, for which b; > 2, bj — oo and p; — oo, such that
{pi}32, is a sequence of (p;, b;)-uniform weightings and {e;}5°; strictly de-
creases to 0.

We will use the notation

f(n) = w(g(n))
to mean that f asymptotically dominates g. In other words,

lim f(n)

n—o0 g(n)

DEFINITION 1.14. Let W = {(l;, b;, pi, €, ki, p1i) }52, be a BFF. If lim k; =
K <oo, thenlet R(W)={0,1,2,..., K}. Otherwise, let R(W)={0,1,2,...}.

(3) Definition is a generalization of the concept of (¢, k)-normality, originally due
to Besicovitch [2].
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If {x;}5°, is a sequence of blocks such that |z;| is non-decreasing and z; is
(€, ki, pi)-normal, then {x;}3°, is said to be W-good if for all k in R,

(1.15) || :w<b§>,

€i—1 — €
lich @iz 1k
1.16 . = b:
1|z —k
1.17 — - =o0(b; 7).
(117) pe el oy

For the rest of the paper, given a BFF W and a W-good sequence {z;},
we will define

(1.18) Li = |11:L'1 PN lll‘l| = le|:lij| = l1|l’1| + -+ ll|l‘l|,
j=1

(1.19) qn = b; for Li_1 <n< L;,

(1.20) Q= {gn}nz1-

Moreover, if (Eq, Es,...) = lijz1lozy . .. then let
[e'e) En

1.21 T = _

( ) ; 192 - qn

With these conventions, we are now in a position to state our main result.

MAIN THEOREM 1.15. Let W be a BFF and {x;};°, a W-good sequence.
If k € R(W), then x is Q-normal of order k. If k; — oo, then x is Q-normal.

Let Cy,,y be the block formed by concatenating all the blocks of length w
in base b in lexicographic order. For example,
C32 =1(0,0)1(0,1)1(0,2)1(1,0)1(1,1)1(1,2)1(2,0)1(2,1)1(2,2)
=(0,0,0,1,0,2,1,0,1,1,1,2,2,0,2,1,2,2).

Let 21 = (0), by =2 and l; = 0. For i > 2, let o; = C; 2, b; =i and [; = ¢*".
We will show in Section 4 that z is Q-normal @

2. Technical lemmas. For this section, we will fix a BFF W and a
W-good sequence {z;}. For a given n, the letter i« = i(n) will always be
understood to be the positive integer that satisfies L;_1 < n < L;. Let
m =n — L;, which allows m to be written in the form

m = o|riq| + 0

(*) This result will not require the full generality of (p,b)-uniform weightings consid-
ered in Main Theorem @ but they will be required in a later paper.
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where o and 3 satisfy

0<a<lt and 0<pf<|zip]
Thus, we can write the first n digits of x in the form
(2.1) lizloxy ... li—1wi—q liz; axipq 1y,

where y is the block formed from the first 5 digits of x;11.

Given a block B of length k in R(W), we will first get upper and lower
bounds on NﬁQ(B,J}), which will hold for all n large enough that k£ < k;.
This will allow us to bound

N2 (B, z)
and show that
N2(B
(2.3) lim (7]696) ~1.

We will arrive at upper and lower bounds for Ng(B, x) by breaking the
first n digits of x into three parts: the initial block l1x1lsxs ... l;_1z;_1, the
middle block /;z; and the last block ax;+1 1y.

LEMMA 2.1. If k < k; and B is a block of length k in base b < p;, then
the following bounds hold:

(2.4) (1 — €)b; *lai| < Nig, (B, zi) < (1+ €)b; [,
(2.5) (1 — €i+1)bi ) alziv1| < Noo(B, lis1%i41)
<(1+ €i+1)b;f1a\$i+1| + 6+ ka.
Proof. Since x; is (€, k;, p;)-normal and p; is (p;, b;)-uniform, it immedi-
ately follows that

(1= €&)b; i < Nig (B, @) < (14 €)b; |,
We can estimate N,,(B,l;+1x;+1) by using the fact that £ < k;41 and
Ti4+1 is (5i+17 ki+l7 ,ul-H)—normal so that
(1= ep )b |mis| < Nigyyy | (Bymig) < (14 €ip1)b ) [wiga .

The upper bound for N, (B,liy12;11) is determined by assuming that B
occurs at every location in the initial substring of length 3 of a copy of x;41
and k times on each of the o boundaries. The lower bound is attained by
assuming B never occurs in these positions, so

(1 - €ir)b i alziit] < N(B, lisazizt) < (14 e41)b ol mir | + B+ ko w
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We define the following quantity, which simplifies the statement of Lem-
ma 2.2 and proof of Lemma [2.4}

k= (Lic1 + k(i + 1) + (14 €)b; Flilai]) + (1 + €41)bF [ziga| + k)a + 5.

LEMMA 2.2. If k < k; and B is a block of length k in base b < p;, then
(2.6) (1 — )by Flilwi| + (1 — eip)b i alwin | < N2 (B, z) < k.

Proof. For the lower bound, we consider the case where B never occurs
in any of the blocks x; or on the borders for j < i. By combining this with
our estimates for Ny, (B, z;) and Ny, (B,li417i+1) in Lemma , we get

NQ(B z) > (1 —e)b; b; M |zi| + (1 6i+1)bz‘_f10‘|xi+1’-

Next, we can get an upper bound for N (B, x). Here we assume that B
occurs at every position in each of the z; for j < i and k times on each of
the boundaries. We have

N (B,z) < (1|4 - 4 L]z ]) + (1 + €)b; bRy
+ (14 )b elzia | + B+ k(G + 1+ a)
= (Lic1 + k(L + 1) + (1 + €)b; *li|z])
+((1+ €i+1)b;f1|$i+1! +k)a+5. m
Due to the algebraic complexity of Q%k), it will be difficult to directly

estimate 1' Thus, we will introduce a quantity close in value to Q%k) that
will make this easier. Let

Zb Rl + bk m = bR |y | 4 by Flo || + - - -+ by Kl i + b m.

LEMMA 2.3. We have "
k

. n
JE%O@ =1L

Proof. Let s = min{t : k < |z¢|}. For j > s, define

= () G =)
< <<b? b b5 b1 bibi 1

k-1

bl — (k=) 5~ 1

= 1 e
k k—1—t

bj =10 b§+1

Thus, by (|1.5) and our choice of @, we get

(2.7) QW = Q) 1JFZQ’“)Jr Z

t=L;+1

qtqt+1 " Qt4+-k—1
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where the last summation will contain up to l;y1|x;+1|—(k—1) terms identical
to l/bé?Jrl and up to k— 1 terms of the form 1/(bf_~_11 ‘b, ,), depending on m.

Similarly to ng), for j > s, define

j .

k k k
b bj b

Thus,

(2.8) S® =5+ Z 5 4 Z

t=L;+1

qtqt+1 - Qi+k— 1

We note that almost all terms in Qn and Sr(l ) are identical and are equal
to 1/ bf for some j and will thus cancel out when we consider Sq(lk) — lek).
The only corresponding terms that remain in the difference are thus of the
form 1/b’C - 1/(bk 1= tbzﬂ) However, each of these terms is non-negative as

{b;} is a non-decreasing sequence. Therefore, S Qn is non-decreasing
in n and
(2.9) S > Qk)

for all n. In particular, we arrive at the following bound:

+1
(210) S —QW <5 — QP =P -QP ) Z (5" - @)

But
2.11 SW QW = (s — (k- 1))~ — 2
@) 8570 = ol - - D) (5 55
J
1 1
+z<k )
v bg+1
< (Ij]as] — 0+Zl—0—k
If we letr:ng)il—Q(Ll?il and combine (2.10)) and (2.11)), then we find that
i+1
(2.12) SP—QF <r+) k=r+k(i+2-s).
Jj=s

Lastly, we note that

(2.13) Zb Milai| + bEm > ).
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Using 1) and , we may now show that lim, Q /S(k

214) oS Q) (ke —ks) ki
' S,(f”) 5P Lili]
r+k—ks i

However, r + k — ks is constant with respect to m and |z;] — o0 so
('I“ + k- kS)/(lz|$Z’) — 0. By " kZ/(lZ‘l'Z‘) —0. =

We will also use the following rational functions, defined on RZ% x R=0,
to estimate (2.2)):

k _
(P eb L) + (e @i w + b 2

filw, z) = & )
S(Li) +( z+1’xl+1 Dw + szz
gi(w, z) = (Li—1 + Eib;kli|$i‘ +k(l;+1) + (6i+1bi_f1|$i+1| +k)w+ 2
K3 9 — k .
S5 + + 1+1’xl+1‘)w+bl+1z

LEMMA 2.4. Let k € R(W) and let B be a block of length k in base b. If
n is large enough so that S /Q <2, k<k; and b < p;, then

N (B, ) S — Qi
(2.15) Q%k)_l' <29i(047ﬁ)+T

Proof. Using our lower bound from Lemma on NZ (B,x), we find
that NY (B, a:)/Q,(f) — 1< 0. So we use li and arrive at the upper bound

s 1— ¢)b; ¥l OOE ol
5 QP
_ S — (1= e)b; " ilai] + (1 — eirn)by Falziga]) | ®) | 5
(k) SsH oW

SP (1 = e)bFl|wi) + (1 — ei41)bF almiga )
<2 S(k) u L u - 2fi(a75)'

Similarly to (2.16) and using our upper bound from Lemma for N (B, x),
we can conclude

Q _ k) _ oK) (k) _ (&)
e 1‘ <L = o = Ao S
_ ok (k) (k) (k) _ k) _ oK) (k) _ (k)
_ Kk — Sn Gn Sn + Sn Qn < 2/43 Sn Sn Qn

R e R CIRE(2
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But
(k) i—1
K= Sn 1 L 3
EORC) ((Z(l — iVl + k(4 1) + €, kli\xil)
n n j=1

+ (ei1bily it | + ko + (1 - bi_-fl)ﬂ)

(Lz‘—l + 61b;kll|$z’ + k‘(ll + 1)) + (€i+1bi_k ‘:Ui—&-l‘ + k)oz + 6
< _Zl = gl(aaﬂ)

Sp, + (bi_f1|x7;+1|)a + b5

So,
NQ(B,z) st — P
P )

However, since the numerator of g;(«, 3) is clearly greater than the numer-
ator of f;(a, 3) and their denominators are the same we conclude that

fi(a’ ﬂ) < gi(a7ﬂ)'

- 1‘ < max(2fi(oz,ﬁ),29¢(a,ﬁ) +

Therefore,
N2 (B, ) s — Q)
W_l < Qgi(a’ﬁ)—i_T' ]
n n
In light of Lemma we will want to find a good bound for g;(w, z)
where (w, z) ranges over {0,1,...,l;11} x {0,1,...,|zip1]| — 1}

LEMMA 2.5. If k € R(W), |z > 4k, |zig1| > kb, 1 /(e; — €i41), li > 0
and
(2.17) (w,2) € {0,1, ... lis1} x {0,1, ... |zr1| — 1},
then
(Li—1 + ey L + k(li + 1)) + |zi41]

(218) gz(wv Z) < gl(oa |mi+1|) = —
SL; +bi+k1|$z'+1\

Proof. We note that g;(w, z) is a rational function of w and z of the form
(w, 2) C+Dw+ Ez
(w,2) = —————
g, F+Guw+Hz
where
C=L;_1+ eib;kli\xi\ + k(li +1), D= €i+lbi__f1|xi+1’ + k, E=1,
F=5, G=bllzi|, H=b.
We will show that if we fix z, then g;(w, z) is a decreasing function of w,
and if we fix w, then g;(w, z) is an increasing function of z. To see this, we
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compute the partial derivatives:

0g; D(F+Gw+ Hz) — G(C + Dw + Exz)
(W) = (F+ Guw + Hz)?

_ D(F+Hz)—G(CH Ez)

N (F+Guw+Hz)?
Jg; E(F+Guw+ Hz)— H(C+ Dw+ E=z)
92 (W2) = (F+ Guw + Hz)?

_ E(F + Gw) — H(C + Dw)

(F+Guw+ Hz)?

Thus, the sign of agl It (w, z) does not depend on w and the sign of %(w, 2)
does not depend on z. We will first show that g;(w, z) is an increasing func-
tion of z by verifying that

(2.19) E(F + Gw) > H(C + Dw).
Let
Si = bz_+1 i—1 7+ eibi @+1l || + bz+1k(l +1).

Thus, (2.19) can be written as
(2.20) St + il |ziralw] > SF + b (ennbyfy [z | + k)w].
In order to show that Sy, > S, we first note that

St = Spy +b; Fli|w).

Since S, , > b;rlei_l, we need to show that

(2.21) by || > blH(eZ bRl || + k(1 + 1)).
However, by rearranging terms, is equivalent to
L+1 (b \" 1
(2.22) |z;| > it < : ) : — - k.
li bit+1 1-0 €
Since I; > 0, we know that (I; + 1)/l; < 2. Since bj11 > 2 and ¢ < 1,

we know that (1 — i_flei)_l < 2. Additionally, {b;} non-decreasing implies

(b;/biy1)* < 1. Therefore,
L+1 [ b \" 1
+ < > k<2-1-2-k=4k.
l; bit1 bl+1€z

But |z;| > 4k. So (2.22)) is satisfied and thus Sz, > S;.
The last step to verifying (2.20)) is to show that

—k —k —k
bl wiralw = b (€i1b [wia| + k)w
However, this is equivalent to

(2.23) |zi1|w > (ep1b g |miva| + k)w
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Clearly, (2.23)) is true if w = 0. If w > 0 we can cancel out the w term on
each side and rewrite (2.23)) as
1

o] > 2k
bz—fleH‘l

Similar to (2.22), (1 — ;fleiﬂ)—lk < 2k < || < |2iqa]- Thus (2.19) is
satisfied and g;(w, z) is an increasing function of z.
Due to the difﬁculty of directly showing that ‘392 (w,2z) < 0, we will

(w z) does not depend on w,
we will know that gl(w z) is decreasing i 1n w if, for each z,

lim gi(wa Z) < 92(07 Z)
Since g;(w, z) is an increasing function of z, we know for all z that g;(0,0) <
9i(0, z). Hence, it is enough to show that
lim g¢;(w, z) < gi(0,0).
Since limy o0 gi(w, 2) = D/G and g;(0,0) = C/F, it is sufficient to show
that CG > DF. We proceed as follows:
(Li—1 + €b; "lilas| + k(L + 1)b5 | w1 ]
> (epr1bi [ |Tiga| + k) SL, = (esrabi S |mina | + k) (SL,_, + by "lila])

& Lioaby [y |is | + eby b lilwil || + kb (1 + 1)@
(2:24) > (€1 [wira| + k) SL_y + (€1 [wira| + k)b Pl
We will verify by showing that
(2.25) Lioab S |wisa] > (espab i + F)Sp,s,
(2.26) eib; "o lilwil |zis| > (e bl [zisa | + )by Pl

Since L;—1 > Sp,_,, in order to prove inequality ([2.25] -, it is enough to show
that
bililwival > €sabifyzia| + &,

which is equivalent to
kb,
\xiH] > L.
I—€41
But ¢; <1, s0

kb?ﬂ kb?ﬂ

IL—€41 € — €41

< ’xi—i-l‘-

To verify (2.26) we cancel the common term b, klzlazz\ on each side to get

eiby ywipt] > €i1bi [z | + K,
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which is equivalent to
kbl
@i | > ——,
€ — €41
which is given in the hypotheses.
So, we may conclude that g;(w, z) is a decreasing function of w and an
increasing function of z. We can thus achieve an upper bound on g;(w, z) by

setting w = 0 and z = |z;41:

(Lo + b lilai] + k(i + 1) + |wia|
Si, + bifilwisl

gi(w, z) < gi(0, |zi41]) =

For convenience we will define

o (Li—l + Gibi_klﬂxi’ + k(i + 1)) + ‘$i+1‘

St + b it

Thus, under the conditions of Lemmas 2.4 and 2.5,

N2 (B, z) S -
n n

We will need the following two lemmas in order to show that €, — 0:

LEMMA 2.6. If k € R(W) then
k(l; +1)

i—o0 b M|

Proof. We have
k(l; +1) < bE2k; B bE2k

b e Uil ]

by (T15). =
LEMMA 2.7. If k € R(W) then
> Lyl
» ka0 0
Proof. Since {l;} and {|z;|} are non-decreasing sequences, we have
i—2 .
dici bl il ol o) B <li2!fﬂi2|) ( kli1|$il|>
= <= - N L i

But, by ([1.16]), both terms in brackets converge to 0. =
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LEMMA 2.8. If k € R(W) then lim;_, €, = 0.
Proof. We have
o Sy Ll + eby il + i + k(i + 1)
' St iRl + b ] + b
_ S Ll | + by ] + i | + k(L + 1)

i—2
B doic bl iy )a |41 k(l; +1)
Eal— s tea+ o s :
b; “lil i b; “lilzi by “lilzi| by il

However, each of these terms converges to 0 by (|1.16)), , Lemma
and Lemma .

3. Proof of Main Theorem Let b be a positive integer, k €
R(W) and let B be an arbitrary block of length k in base b. Since |z;| =

k

w(qf’l"_q), there exists n large enough so that |x;| and |z;41| satisfy the

hypotheses of Lemma [2.5] Additionally, assume that n is large enough so
that k < k;, b < p; and Sﬁk)/Qfﬁ) < 2. Thus, by Lemmas 2.4 and 2.5,

NO(B (k) _ 1(lk)
(3.1) Ni(B,x) 4| gu4 S
But by Lemma [2.3]
(k) _ (k)
(3.2) lim S”W” =0.
n—oo STL
However, lim,, .o 7 = co. So, by Lemma
(3.3) lim €, = 0.
ThIlS7 by "‘ ’
_ |N2(B,x)
T}E&‘ ® 1‘ =0
So,
N2 (B
lim ((k; z) _ 1
n—oo Qn

and we may conclude that = is Q-normal of order k. =

4. Example of a (-normal number for a specific (). In this section
we will construct a specific example of a number that is @Q-normal for a
certain (). Recall that Cj,, is the block in base b formed by concatenating
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all the blocks in base b of length w in lexicographic order. Since there will
be b such blocks and each is of length w, we arrive at
(4.1) |Cp | = wb®.

We will show in Lemmas 4.1 and 4.2 that Cj,, is (€, K, u)-normal for ap-
propriate choices of €, K and p. We will use this information to construct
a good sequence and apply Main Theorem to arrive at our (-normal
number.

LEMMA 4.1. Let n = |Cy .

1. Suppose that 1 < k < w and B is a block of length k in base b. Then

(4.2) (w— k4 1)b™" < Nu(B, Cyap) < wb® ™",
2. If B is a block in base b/ > b and B is not a block in base b, then
Ny (B, Cya) = 0.

Proof. The second case is trivial as (%, is a block in base b.

Suppose that B is a block of length k£ in base b. Let C1,...,Cyw be the
blocks of length w in base b written in lexicographic order. Thus, Cp,, =
1C ... 1Cpw. We will achieve a lower bound for N, (B, C,,) by counting the
number of occurrences of B inside the blocks C;. In other words, we will use
the estimate

pw

Z Nw(37 Cz) < Nn(Ba Cb,w)'

i=1
For each j such that 1 < j <w — k + 1, we will count the number of ¢ such
that there is a copy of B at position j in C;. Such j will correspond to copies
of B that do not straddle the boundary between C; and C;4 1. Since B is of
length k& and each C; is of length w, there will be w — k positions that are
undetermined and can take on any of the values 0,1,...,b — 1. Thus, there
are b¥~* values of i such that a copy of B is at position j of C;. Since there
are w — k + 1 choices for j, we arrive at the estimate

(4.3) (w—k 4+ )b < Nu(B, Chap)-

In order to arrive at an upper bound for N,(B,C,,), we will find an
upper bound for the number of copies of B that straddle the boundaries
between the blocks C; and (41 and add this to the number of copies of B
that occur inside each of the C;. These will correspond to a copy of B starting
at position j of C; for w — k 4+ 2 < j < w and finishing in C;;1. Given a
block D = (dy,ds,...,d;) in base b, define

(D) = dib" ™t 4 dob"2 4 -+ dy_1b + dy.
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Thus,

(4.4) ¢(Civ1) = ¢(Cy) + 1.

If a copy of B is at position j of C;, then the first w — j 4+ 1 digits of B
are at the end of C; and the last k — (w — j + 1) digits of B are at the
beginning of C;1. However, the last w — j + 1 digits of C;4+1 are uniquely
determined by B from (4.4). The first k—(w—j;+1) have already directly been
determined by B so there are at most w—(w—j+1)—(k—(w—j+1)) = w—k
undetermined digits of Cjy1, giving b*~* ways to pick Cj,;. Additionally,
there are k — 1 positions j that straddle the boundaries, giving an upper
bound of (k — 1)b®~* copies of B that lie on the boundaries. Thus,

(4.5) No(B, Cha) < (w0 —k+ 10" 4 (k= 1)b* % = wb* ",

LEMMA 4.2. If K < w and e = K/w, then Cy,, is (¢, K, X\y)-normal.

Proof. Let n = |Cp | = wb™ and let B be a block of length k < K in
base b. We first note that

(4.6)  (w—k+1)pv k= e Gl 0 L A§k>(3)n<1 _ ’H)

n w
k) K
> Al (B)n<1 - w).
We also note that
b K
@7 wbF =pFn e = A (B)n(140) < )\,()k)(B)n<1 + w>.

n
Thus, by Lemma [£.1] (4.6) and (4.7),

K K
A,S’”(B)n<1 - w) < Nu(B,Cho) < )\,(f)(B)n<1 1 w).

So, Cyw is (€, K, \p)-normal. m

THEOREM 4.3. Let z1 = (0,1), by =2 and [y = 0. Fori > 2, let x; =
Cii2, by =1 and l; = i3, If x and Q are defined as in Main Theorem 1.15,
then x is Q-normal.

Proof. Let e =3/5, k1 =1, py =2 and 1 = Ao. For i > 2, let ¢, = 1/1,
ki =1, pi = by, pi = Ni and W = {(l;, bi, pi, €, ki, pi) 124 Thus, since
z; = Cy,, where b =14 and w = i?, by Lemma x; is (e, ki, Ap,)-normal.

In order to show that {z;} is a W-good sequence we need to verify ,
and . Since k; — oo, we let k be an arbitrary positive integer.
We will make repeated use of the fact that

;2

(4.8) |2i| =% - i".
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We first verify ((1.15)):

k ,L'2 . ii2

We next verify 1; Since l;_1/l; < 1, (i—1)2/i® < 1 and (1—1/i)" < e,

lic1 | Zioy : 2 (i—1)2
. l; T; . k+1 (Z — 1) (Z - 1)
. L e o1 .
(4.10) zliglo ik~ zli{goz : i2 it
< lim #1- (1 - 1/2) (i — 1)t

1—00

< lim FHlemi(i — 1)72F = 0.

1—00
Lastly, we will verify (1.17). Since (i + 1)2/i? < 2, (14 1/i)* < €2 and
(1+1/i)" < ¢,

1 . |x’i+1| . 2 . (i+1)2
N L j3i+k (1+1) ‘(Z+1)
(I fim 2o =
< lm i 3R 20 (14 1/0)7 - (i 4+ 1))
1—00
<

lim 2€f(1 4 1/3)27k (i + 1)
1— 00

< lim 2(i 4 1)ett? . 7k = 0,
71— 00
Since Ay, is (pi, bj)-uniform, {x;} is a W-good sequence, and by Main Theo-
rem [1.15] x is Q-normal. =
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