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The Hasse—Witt invariant of cyclotomic function fields
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DAIsuke SHioM1 (Nagoya)

1. Introduction. Let p be a prime, and let F; be a field with ¢ = p°
elements. Fix an algebraic closure F; of F,. For a global function field K
over Iy, we denote by Jg the Jacobian of K Fq over Fq. For a prime [, it is
well-known that the [-primary subgroup Jg (1) of Jx satisfies

29K ]

D Q/Z; ifl#p,
JK(Z) ~ Z)\Zl
G}lQp/Zp if | =p,

where gg is the genus of K, and Ak is an integer where 0 < Ag < gx. The
integer Ak is called the Hasse—Witt invariant of K. For basic references
about the Jacobian, see [Ro2|, [Mil.

In this paper, we will investigate the structure of the Jacobian for a
cyclotomic function field. For a monic polynomial m € Fy[T|, we denote by
K, the mth cyclotomic function field (see Subsection 2.1). Let gy, and A,
be the genus of K,, and the Hasse-Witt invariant of K,,, respectively. By
using the Riemann—Hurwitz formula, Kida—Murabayashi gave an explicit
formula for g, for all monic polynomials m (cf. [K-M]). Hence we know the
l-rank of the Jacobian J,, for all prime [ (# p).

On the other hand, it is more difficult to determine the p-rank of the
Jacobian Jk,,. In the previous paper, the author showed that Agr = 0 for
a monic polynomials @) of degree one, and n > 0 (cf. [Sh]). The aim of this
paper is to determine all monic polynomials m such that \,, = 0, which
means that the Jacobian Jg_ has no p-torsion points. We will see that the

m

Hasse-Witt invariant )., decomposes as A, = Af + A, where A} is the
Hasse-Witt invariant of the maximal real subfield of K, (see Subsection

2.3). Our goal in this paper is the following result.
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THEOREM 1.1. Assume that p # 2,3. Then:

1. At = 0 if and only if m satisfies one of the following three conditions:

(

a) m is a monic irreducible polynomial of degree two,

(b) m = Q™ where Q is a monic polynomial of degree one, andn > 0,
(¢) m = RQ™ where R and @ are distinct polynomials of degree one
andn > 1.

2. A, = 0 if and only if m = Q" where @ is a monic polynomial of
degree one, and n > 0.

By combining both parts of the above theorem, we see that \,, = 0 if
and only if m = Q™ where @ is a monic polynomial of degree one and n > 0.

As an application of Theorem we have congruence relations for the
class number of K,,. Let h,, h,l, be the class numbers of K,,, and of its max-
imal real subfield, respectively. It is well-known that h,, is divisible by A, .
Put hy,, = hy, /by, By Theorem|[L.1]and Proposition[2.1] (see Subsection 2.3),
we obtain the following result.

COROLLARY 1.1. In the notation of Theorem (1.1, we have the following
results.

e If m satisfies (a), (b) or (c) then h}, =1 mod p.
e If m = Q" for a monic polynomial of degree one and n > 0, then
h,, =1 mod p.

REMARK 1.1. Corollary [T.1] was first showed by Guo and Shu in the case
m = Q" for a monic polynomial @) of degree one and n > 0 (cf. [G-5]).

2. Preparations. In this section, we recall some basic facts for cyclo-
tomic function fields, zeta functions, and L-functions. For the details, see
[Hal, [G-R], [Ro2], and [Wal].

2.1. Cyclotomic function fields. Let k£ be the field of rational func-
tions over F,. Fix a generator T' of k, and let A = F,[T] be the polynomial
subring of k. Let k be an algebraic closure of k. For z € k and m € A, we
define the following action:

mx x = m(p + p)(z),
where ¢, p are the F-linear maps defined by

o:k—k (v 29),

pik—k (z+— Tz).
With the above actions, k becomes an A-module, called the Carlitz module.
Let A, be the set of all x satisfying m*x = 0, which is a cyclic A-submodule

of k. Fix a generator \,, of A,,. Then we have the following isomorphism of
A-modules:
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A/mA — A, (amod m— ax \y),

where mA is the principal ideal generated by m. Let (A/mA)* be the unit
group of A/mA, and denote its order by @(m). Let K,, be the field obtained
by adding all elements of A,, to k. We shall call K,, the mth cyclotomic
function field. We see that K,,/k is a Galois extension, and we have the
following isomorphism:

(2.1) (A/mA)* — Gal(K,,/k) (amodm — 04modm),

where Gal(K,,/k) is the Galois group of K,,/k, and 04 modm is the isomor-
phism given by 04modm(Am) = a * App. From the above isomorphism, we
have [Ky, : k| = &(m).

We regard F* € (A/mA)*. Let K, be the intermediate field of K, /k
corresponding to F. Again, by the isomorphism , we have (K, : k] =
®(m)/(q — 1). Let Ps be the unique prime of k which corresponds to the
valuation ords, with ordeo(7) < 0. The prime Py splits completely in K}, /k,
and each prime of K, over Py, is totally ramified in K,,/K;}. Hence K, =
K., N koo, where ko is the completion of £ by P,.. We shall call Krﬁ the
mazimal real subfield of K,,.

Next, we provide basic facts about Dirichlet characters. For a monic
polynomial m € A, let X,,, be the group of all primitive Dirichlet characters
modulo m. For a character x € X,,, we call x real if x(a) = 1 for all
a € Fy. Otherwise, we call x imaginary. Let X, be the subgroup of all
real characters of X,,. We denote by D the group of all primitive Dirichlet

characters. Put
K= |J Kn
m monic

where m runs through all monic polynomials of A. Then, by the same ar-
gument as in the case of number fields (cf. [Wa, Chapter 3]), we have a
one-to-one correspondence between finite subgroups of D and finite subex-
tension fields of K /k. In particular, we see that X,,, and X, correspond to
K, and K, respectively.

2.2. Zeta functions. In this subsection, we will give definitions and
basic properties of zeta functions of global function fields. Let K be a global
function field over F,. The zeta function of K is defined by

1\ !
K)= 1— ——
C(‘S? ) H < NPS > )
‘P prime
where P runs through all primes of K, and NP is the number of elements
of the residue class field of P. We see that ((s, K) converges absolutely for
Re(s) > 1.
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THEOREM 2.1 (cf. [Ro2, Theorem 5.9]). Let gk be the genus of K, and
let hi be the order of the divisor class group of degree zero of K, which is
called the class number of K. Then there is a polynomial Zx(X) € Z[X] of
degree 295 such that

(2.2) ((s,K) =

and Zk(0) =1, Zkg(1) = hg.

Zk(q™°)
(L—g*)(1—q'=*)’

We see that the equation (2.2) provides the analytic continuation of
¢(s, K) to the whole of C.
The next theorem is important to calculate the Hasse—Witt invariant.

THEOREM 2.2 (cf. [Ro2 Proposition 11.20]). With the above notation,
we have
(2.3) A = deg Zg (X),
where Z(X) € Fp[X] is the reduction of Zx(X) modulo p.

By the above formula, we see that Zx(X) = 1 if and only if Ax = 0.

2.3. L-functions. In this subsection, we provide some basic facts about
L-functions. Let m € A be a monic polynomial of degree d. For a character
X € X, define the L-function by

x(a)
Na

a monic

where a runs through all monic polynomials of A, and N(a) = ¢4 We
denote by xg the trivial character. By a short calculation, we have

1/(1—¢"*) if x = xo,
d—1

Lis,x) = Z ¢~ %" otherwise,
=0
where $i(X) = > 4 monic, deg(a)=i X(@) for i =0,1,...,d — 1. Put
d—1
(Z si(x)XZ>/(1 — X)) if x is non-trivial real,
@X(X) = d_iTO
si(x) X" if y is imaginary.
=0

Then
L(s,x)/(1 —¢*) if x is non-trivial real,
L

(s,x) if y is imaginary.
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Let x be a non-trivial real character. Noting that ZZ 0 1 si(x) = 0, we can

easily check that
d—2 i

2 (X) =Y (Do si00) X"
i=0 j=0
Hence &, (X) is a polynomial for all x € X,,\{xo0}-
Let L be an intermediate field in K /k of finite degree corresponding to
the character group Xy. Let Of be the integral closure of A in the field L.
We define the zeta function ((s, Q) of the ring Op, by

1\ !
5,0r) = 1——— ,
((5.01) EI( )
where the product runs over all primes of Op. By the same argument as in
the case of number fields (cf. [Wa]), we have the following decomposition
into L-functions:

((s,0p) = HLSX
XEXL

Let fso, goo be the relative degree of Py, in L/k and the number of primes
of L over Py, respectively. Then

C(s,L) = ((s,0L) (1 — g */=) 70
We put L™ = LN ke. Notice that the prime Py, splits completely in L /k,
and each prime of Lt over Py is totally ramified in L/L™. Hence we have
the following lemma.

LEMMA 2.1. Let L be an intermediate field in f(/k of finite degree cor-
responding to the character group Xy. Then

L) ={ I tls0 b1 —q =)W,
xX€XL
Put XL+ = Xp+ and X; = X\ X+, where X+ is the character group
corresponding to LT. We also put Zgr)(X) = Zp+(X) and Zé_)(X) =
Z1(X)/Zr+(X). By the definition, ngj)(X) is a rational function over Q.

However, by the next lemma, we see that Zé_)(X ) is a polynomial with
integral coeflicients.

LEMMA 2.2. Let L be an intermediate field in I?/k of finite degree. Then
Zg9(X) | Z1(X) in Z[X).
Proof. By Lemma we have
Z —S
AU, _ H L(s,x).

2 () o exs
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Since L(s, x) is a polynomial of ¢=% for x € X, we have ZEF) (X) | Zp(X)
in C[X]. Noting that Z(+)(X) and Zp,(X) are polynomials with integral
coefficients such that Z( )(0) = Zr(0) = 1, we have Zgr)(X) | Zr(X) in
Z|X]. =

Put gzr =9r+,9r = 9L— 9L+, )\”LL = A+, AL = Ap—Ar+. By Lemma
7z (X) is a polynomial with integral coefficients of degree 2¢g; . By Theorem
we have \; = deg Zé_)(X). Let hr, hi be the class numbers of L and
L, respectively. By Theorem we have Zr(1) = hy, and ZIE+)(1) =h}.
It follows that ngj)(l) = h; . Hence we have the following result.

PROPOSITION 2.1. In the above notation, we have the following results.

° If)\j{—O thenhL_lmodp
o If \; =0, then h; =1 mod p.

From Theorem and Lemma we have the following result.

PROPOSITION 2.2. Let L be an intermediate field in IN(/k‘ of finite degree
corresponding to the character group Xp. Then

zPx)= J[ o« z7x)= [ X
xeX;* x€X;
where X} = X\ {xo0}.
PROPOSITION 2.3. Let Ly, Lo be intermediate fields in I?/k of finite

degree such that Ly C Lo. Then Zg)(X) \ ZEQF) (X) and Zg)(X) | Z]g;)(X)
in Z|X].

Proof. By Proposition [2:2] we have
Bz a = I eda).

xeX \X

Hence ZE)(X) ] Zg)(X) in Z[X]. On the other hand, we notice that
X, € X,,. By Proposition
2@z @) = T 2da™.
xGXL_2 \ Xl_q
It follows that Z¢ ) (X)| 2L (X) in Z[X]. =
From Theorem [2.2] and Proposition we have the following result.

COROLLARY 2.1. Let L1, Ly be intermediate fields in I?/k of finite degree
such that L1 C Lo. Then )\22 > )\j{l and )\ZQ > )\Zl.
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Let mj, mga € A be monic polynomials such that m; | mg. Then K,,, C K, .
Put \f,, = )‘}L<m2’ Ay = Ak, AL, = )\}Lfm’ Ay = Ak, - The next result
is important in the proof of Theorem

COROLLARY 2.2. If Nf, = 0 (resp. X, = 0), then A}, = 0 (resp.
Ay, = 0).
Proof. This follows from Corollary .

3. Proof of the main theorem. Our goal in this section is to prove
Theorem [I.I] We shall do this in three steps.

3.1. The irreducible case. The aim of this subsection is to determine
all monic irreducible polynomials m with A\ = 0 (resp. A,,, = 0). To do
this, we will use Goss’s idea on the Kummer and Herbrand theorem for
cyclotomic function fields (cf. [Goll).

We assume that m € A is a monic irreducible polynomial of degree d.

Put Zn(X) = Zx,,(X), 23 (X) = 23)(X), 25 (X) = 2 (X). Then
Zn(X) = Z5D(X) 25, (X).
By Proposition we have

Z(X)= [ @ ZO(X)= [ o(x

YEX* XEXmm

where X, = X;t\ {x0}.

We denote the p-adic field by Q,. Fix an algebraic closure Q of Q, an
algebraic closure Qp of Qp, and an embedding o : Q— Qp By this em-
bedding, we regard Q C Qp Let ord, be the p-adic valuation of (@p with
ord,(p) = 1. Let M be the field obtalned by adding a primitive (p® — 1)th
root of unity to Q, (note that ¢ = p®). Denote by Oy the valuation ring
of M. Since M/Q, is unramified, the residue class field Ry = On/pOn
consists of p® elements. For xy € X,,, we see that the image of x is contained

in Oyr. Hence &, (X) € (’)M[X] for all x # xo. By Theorem

b = deg ZF = Y deg®y(
(3.1) i xeXmt
Ay =deg ZL)(X) = > degdy (X
XEXm

where &, (X) is the reduction of @, (X) modulo pOy.

Our next task is to investigate deg @, (X). Notice that A/mA and R
are finite fields with the same cardinality. Hence A/mA is isomorphic to R ;.
Fix an isomorphism ¢ : A/mA — Rps. This map induces a group isomor-
phism ¢g : (A/mA)* — R}, Let W C Oy be the group of (p% —1)th roots
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of unity. Then we have the isomorphism
YW —Ry, (¢— ¢ modpOy).

Put w = 9~ % ¢g. Then w is a generator of X,, (recall that X,, is the group
of primitive Dirichlet characters modulo m). Hence we have

X ={w'|t=0,1,...,¢% — 2}.

Notice that w! isreal if t = 0 mod ¢—1, and w! is imaginary if ¢ # 0 mod ¢—1.
We recall that

a monic
deg(a)=1

for i = 0,1,...,d —1 and t = 1,...,q% — 2 (see Subsection 2.3). Since
w(a) = ¢(a) mod pOys, we have

<Z5< Z a' mod mA) = s;(w') mod pOyy.

a monic

deg(a)=1

We see that ¢ naturally induces an isomorphism ¢* : (A/mA)[X]| — Ru[X].
For this isomorphism, we have

¢*(By(X) mod mA) = &,,:(X),
where By(X) € A[X] is defined by

(d—2
Z( Z at)Xi ift=0mod ¢ — 1,
=0 amonic
Bt(X) — i1 Ogdeg(a)gz

Z( Z at>Xi iftZ0modg—1

1=0 amonic
\ deg(a)=i

fort =1,...,q% — 2. In particular,
(3.2) deg(Bi(X) mod mA) = deg(P:(X)).

REMARK 3.1. Goss considered the above polynomial B;(X), and showed
that B(X) is closely related to the values of characteristic p zeta functions.
For the properties of By(X), see [Ge] and |Go2].

By equations (3.1)) and (3.2)), we have the following result.

LEMMA 3.1. Let m € A be a monic irreducible polynomial of degree d.
Then
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o X =0 if and only if
Z a' =0 mod mA

a monic
0<deg(a)<i

fori=1,...,d—2andt=1,...,¢* —2 with t = 0 mod ¢ — 1.
o )\ =0 if and only if

Z a' =0 mod mA

a monic

deg(a)=t
fori=1,...,d—1andt=1,...,q° —2 with t # 0 mod ¢ — 1.

By the above result, we will determine monic irreducible polynomials m
with A =0 (resp. A,,, = 0). To do this, we need the following lemma.

LEMMA 3.2.
Z a1l = (T4 —T)1 1, Z ali= Ve = (77— ).
a momnic a momnic
0<deg(a)<1 deg(a)=1

Proof. This follows from Corollary 3.14 and Theorem 4.1 in [Ge|. m
Now we conclude the irreducible case.
PROPOSITION 3.1. Let m € A be a monic irreducible polynomial. Then

e M =0 if and only if degm < 2.
o )\ =0 ifand only if ¢ =2 or degm = 1.

Proof. First, we assume that A, = 0. Notice that T9—T = Haqu (T—a).
By Lemmas and we have degm < 2. By the same argument, A\, =0
implies that ¢ = 2 or degm = 1.

Conversely, by the Riemann—Hurwitz formula, we can easily check that
g =0if degm < 2, and g, = 0 if ¢ = 2 or degm = 1. Notice that A}, < g
and A, < g,,. Hence we obtain the conclusion. =

3.2. The irreducible power case. In this subsection, we suppose that
@ is a monic irreducible polynomial of degree d, and n is a non-negative
integer. First we state a classical result on the Hasse-Witt invariant.

THEOREM 3.1 (cf. [Sul, [Rol]). Let K be a global function field over Fy,
and let L/K be a geometric cyclic extension of degree p. Let A\p, and A\ be
the Hasse—Witt invariants of L and K, respectively. Let Sk be the set of all
primes of K. Then

AL —1=pAx —1)+ Z (ep —1)degg P
PESK
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where ep is the ramification index of P in L/K, and degy P is the degree
of P.

By using the above formula, we will calculate Agn (resp. )\én) from )\5
(resp. Ag). To do this, we need the following lemma.

LEMMA 3.3 (cf. [Ro2]). Let Q be a monic irreducible polynomial, and let
n be a non-negative integer. Then:

1. The prime Q is totally ramified in Kgn /k.

2. The prime Py splits completely in K&Sn/k:, and each prime of K2,

over Py is totally ramified in KQn/K+n.

3. Any prime except Q and Ps is unramified in Kgn /k.

By the Galois isomorphism ({2.1)), we see that Kgn/Kq is a Galois ex-
tension of degree ¢4~ = ped(=1) We use Theorem and Lemma
repeatedly, and obtain the following relations:

Agn = Agq"" ™ + (deg Q — 1) (¢ — 1),

Now = 252"V + (deg @ = 1)(¢"" Y — 1),
- —g4 ),

Agn = Ag "

By the above relations and Proposition we obtain the next result.

PROPOSITION 3.2. Let Q € A be a monic irreducible polynomial of de-
gree d, and let n be a non-negative integer. Then:

° /\gn =0 if and only if either deg@Q =1 orn =1 and deg@ = 2.

° )\én =0 if and only if g =2 or deg@ = 1.

3.3. The general case. Our goal in this subsection is to prove The-

orem To do this, we need some preparations. For a monic polynomial
m € A, put

Zm(X) = +ClmX+C2mX2 ot Cagrm X 2m

Z{(X) = +c§ n)@X%—céW)IX2 "’Cgﬂ X2g;2’
Zr(n)(X)—l—i—cgan—i—cén)lXQ +cg ;n X 29m

Then ¢y, = cngw)l + cg;,)L First, we will calculate cgt,)l and cg;%

LEMMA 3.4 (cf. [Ro2, Theorem 5.9]). For a global function field K
over Fy, we put

Zg(X) =1+ c1(K)X + c2(K)X? + -+ - + cog (K) X295

Then 14+ q+ c1(K) = a1(K), where a1 (K) is the number of primes of K of
degree one.
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By assertion 2 of Lemma [3.3] and Lemma [3.4] we obtain
(33) L+ q+cim=2(m)/(g—1)+ Y Wnn,
R

(3.4) L+g+c) =am)/(g—1)+ > Wi,
R

where R runs through all monic irreducible polynomials of A. Here Wy, r
(resp. W, 1.} is the number of primes of K, (resp. K,};) of degree one over R.
We notice that W, r = 0, and W;gR = 0 if deg R > 2. By equations 1 ,
(3.4), we have
Cg,_n)z = Z(meR - Wr—rt,R)'
R

ProprosITION 3.3. Suppose that m = HQ Q"e, where @ is a monic
irreducible polynomial, and ng > 0. Let R be a monic polynomial of degree
one. Then

0 if deg(m/R™®) > 2,
1) W= 0 if deg(m/R"™®) =1 and R # 1 mod m/R"&,
’ g—1 if deg(m/R") =1 and R=1mod m/R"R,
1 if deg(m/R"?) =0,
0 if deg(m/R"R) > 2,
2 Wigp=11 if deg(m/R"®) =1,
1 if deg(m/R™%) = 0.

To prove this, we need the following lemma.

LEMMA 3.5. Letm € A be a monic polynomial, and let R € A be a monic
irreducible polynomial which is prime to m. Let R (resp. R™) be a prime of
K, (resp. Ki) over R. Then R is unramified in K, /k, degr, R > degm
and degp+ R* > degm.

Proof. By Theorem 12.10in [Ro2], the prime R is unramified in K, /k, and
OR mod m= (R, Km/k) (see the Galois isomorphism ), where (R, K, /k)
is the Artin symbol of R in K,,/k. It follows that R’ — 1 € mA, where fr
is the relative degree of R in K, /k. Hence degy, R = frdeg R > degm.

On the other hand, we recall that the subgroup Fy (C (A4/mA)*) corre-

sponds to K. Hence there is an a € [F7 such that Rifi—ace mA, where fR
is the relative degree of R in K\ /k. Hence degK+ Rt = er deg R > degm.

Proof of Proposition 3.3. First we prove assertion (2). Put m’ = m/R"E.
Then we see that K ;[L/ C K. We consider the following three cases:

(I) We assume degm’ > 2. By Lemma [3.5] the degree of a prime of K,
over R is at least 2. It follows that W+ R = O
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(II) We assume degm’ = 1. Then K", = k. By Lemma we see that
R is unramified in K, /K., It follows that each prime of K, over R is
unramified in K,,/K,;. On the other hand, the ramification index of R in
Kpgnr [k is equal to @(m)/(q — 1). It follows that R is totally ramified in
K} /k. Hence Wi o =1.

(IIT) We assume degm’ = 0. Then m = R"R. The prime R is totally
ramified in K}, /k. Hence WF , = 1.

Next we prove assertion (1). By the same argument as in (I), (III), we
can prove (1) if degm’ > 2 or degm’ = 0. Hence we only consider the
following two cases:

(IV) We assume degm’ =1 and R # 1 mod m’. Then the relative degree
of R in K, /k is at least 2. It follows that W,, r = 0.

(V) We assume degm’ = 1 and R = 1 mod m’. Then R splits completely
in K,/ /k. On the other hand, each prime of K, over R is totally ramified
in K,,/Ky,. Hence Wy, r =q¢— 1. u

Proof of Theorem 1.1. First, we prove assertion 2. If m = Q" where Q is
a monic polynomial of degree one and n > 0, then A, = 0 by Proposition

Conversely, we assume that A = 0. By Corollary and Proposi-
tion we can suppose that m = [[;_; R/ where R; (i = 1,...,s) are
distinct polynomials of degree one. We assume s > 2. Put m' = R{R».
By using (2) of Proposition E we have W$,7 R = w, r, = 1. Hence
CJ(L;)@' = Wy gy + Wi r, — 2. By using (1) of Proposition [3.3, we see that
Wlm/,Rl + Wy g, 8 0, ¢ — 1 or 2(¢ — 1). Noting that p # 2,3, we have
cfﬂi, # 0 mod p. This leads to A_, > 1. By Corollary H we have A\, > 1.
This contradicts A, = 0. Hence s = 1. This completes the proof of asser-
tion 2.

Next we prove assertion 1. By Proposition we have A = 0 if m
satisfies (a) or (b). We assume that m = RQ™ where R and () are distinct
polynomials of degree one, and n > 1. By the Riemann-Hurwitz formula,
we have gEQ = 0. Hence )‘EQ = 0. Notice that @ is totally ramified in

KEQ% /k, and any prime of KEQ except over () is unramified in KEQ?@ / KEQ.
By Theorem we obtain )\EQ,L =0.

Conversely, we assume that A\, = 0. We will show that m satisfies one
of conditions (a), (b), (c). By Proposition and Corollary this will
follow if A\, > 1 in the following four cases:

(A) m = QR where @ is a monic irreducible polynomial of degree two,
and R is a monic polynomial of degree one.
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(B) m = QR where @, R are distinct monic irreducible polynomials of

degree two.

(C) m = Q*R? where Q, R are distinct monic polynomials of degree
one.

(D) m = QRS where @, S, R are distinct monic polynomials of degree
one.

By Proposition we can easily check that cgJ;)L # 0 mod p in cases (A),
(B), (C). Hence A, > 1 in these cases.

Finally, we investigate case (D). Let L be an intermediate field in
Kps/Kop with [L 0 KSpl=2. Put Zp,(X) = 14-¢1(L) X+ - -4caq, (L) X9,
where gy, is the genus of L. Then ay(L) =1+ g+ ¢1(L), where a;(L) is the
number of primes of L of degree one. For each prime P of L not over ), R,
P, we have deg;, P > 2 by applying Lemma to K 5 - Hence

ar(L) = 2(q — 1) + Wo(L) + Wr(L)
where W (L) (resp. Wgr(L)) is the number of primes of L of degree one over
Q (resp. R). Since @ and R are totally ramified in K&SR/k, we can see that
Wqo(L)+Wg(L) is 0, 2 or 4. Noting that p # 2,3, we have a;(L) # 1 mod p.
It follows that ¢1(L) # 0 mod p. Hence A, > 1. By Corollary we have
)‘ERS >1. n

REMARK 3.2. Theorem does not work in the case p = 2,3. We give
counterexamples:

— o — + — )\ —
e Assume that ¢ = p = 2. Then )\(T2+T+1)T = )\(T2+T+1)T = 0.
+ —
e Assume that ¢ = p = 3. Then )\T(Til)(Td) = )\T(Til)(Tﬁ) = 0.
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