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1. Introduction. In [21], Ramanujan records (without proof) many cu-
rious asymptotic formulae. One of them is

(1.1)  d*(1)+d?@2) +--- + d*(n) = An(logn)® + Bn(logn)? + Cnlogn
+ Dn + O(n®/5%).

Also he records (without proof) the result that on the assumption of the
Riemann hypothesis, the error term in (1.1) can be improved to O(n'/2+¢).
In view of a method due to H. L. Montgomery and R. C. Vaughan (see [17]),
it is very likely that the error term is O(n'/2). We propose this as a conjec-
ture (see also [19], [22]). Unconditionally, the error term related to d?(j) is
known to be O(nl/ 2+¢) for any positive constant € (see for example equation
(14.30) of [10] and also [5] and [28]). Professor A. Schinzel has already con-
sidered some of the problems of Ramanujan (see [24]), namely for the arith-
metic function 72(n), and he has proved that the corresponding error term is
2(n?/8). Also the corresponding error term is O(n'/?(logn)%/3(loglog n)'/3)
which is due to M. Kiihleitner and W. G. Nowak (see [15], [16]). Let

(1.2) = d*(n) — xPs(log ),

n<x

where P;(y) is a polynomial in y of degree 3. From a general theorem of
M. Kiihleitner and W. G. Nowak (see e.g. (5.4) of [15]), it follows that

E(x) = 2(25/).
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Let
(1.3) > da(n) = ax(logz)® + bx(logz)* + cx(log z) + dz + O(z*).
n<x
Assuming that @ < 1/2 in (1.3), D. Suryanarayana and R. Sitaramachandra
rao (see [25]) showed that (with some A > 0)
(1.4) E(z) < 22 exp(— A(log z)*/° (log log z:) ~'/%),
and assuming additionally the Riemann hypothesis, they established (see
[25]) that
(1.5) E(z) < i exp(A(log z)(loglog z) ™).
In [20], the second author jointly with K. Ramachandra proved that uncon-
ditionally, we have
(1.6) E(z) < z'/*(log x)°(loglog ).

It should be mentioned that recently M. Kiihleitner and W. G. Nowak (see
[16]) have given a precise upper bound for the error term related to the
average number of solutions of the Diophantine equation u? 4+ v? = w3, and
their arguments are in fact more general. For some more general interesting
results, we refer to for example [1], [2], [3] and [23]; we also mention some
related references [4], [14] and [27].

The main aim of this paper is to prove:

ForY >Y), we have (unconditionally)
1
(1.7) v | (B(x))? dr <Y exp(—C(logY)**(loglog Y) /%)
Y
for an effective positive constant C.
That is, the natural but unproven conjectural inequality (1.4) is true
in mean-square. This is established in a more general frame involving the

integers k,l in Theorem 2 below.
Let k > 2 and [ > 2 be integers. We define the Dirichlet series (in o > 1)

SIONIE - Vi
F(s) = = b,n 5.
()= sy = 2
Then, from the Perron formula (see for example [18]), we obtain

(1.8) > by = Ap-nz(log)* ! + Ap_g)a(logz)*
nse +A—3yr(log )4 Ay + By ()
=: My () + Ega (),
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(1.9) Z di(n) = D—1)x(log ) 4 D(;—2yx(log z)F2
nst +D1,—3)z(log )4 Dgyr + Ag(x)
=: My(x) + Ag(x).
Note that the coefficients A(;) in (1.8) will depend on [ whereas D;) in (1.9)
are independent of /.

We study the more general error term Ej;(z) of the Ramanujan type.
We define

(1.10) ag = inf{a : Ag(z) < 2%}
and
Y
(1.11) By = inf{ﬁ: f(A(2))?de < Ylm}.

2
It is already known from the work of Kolesnik (see [13] and [12] respectively)
that s < 139/429, a3 < 43/96 (a better value of ap < 23/73 is known from
the work of M. N. Huxley (see [9]) and in fact g < 131/416 from an
unpublished work of M. N. Huxley), and from the work of D. R. Heath-
Brown (see [7] and [8]) that

3/4—1/k for4 <k <8,
A =
1-3/k for k > 8.
Better upper bounds are available for certain intermediate values of k (see

Theorem 13.2 of [10]), namely ag < 35/54, 10 < 41/60, 11 < 7/10 and
12 § 5/7

GENERAL CONJECTURE. For every integer k > 2, we have
k—1
2k

Regarding fy, first of all we observe that 0x < ay. It is already known
that (see Theorem 12.6(A) of [26])

k—1

>
T

We also know (see Theorem 12.8 of [26] and also Theorems 13.9 and 13.10
of [10]) that B2 = 1/4, 83 = 1/3, and from the work of D. R. Heath-Brown
(see [7] and [8]) that 84 = 3/8. We should also mention a result of Jutila
(see [11]) which states that if ag = 1/4, then p(1/2) < 3/20 and E*(T) <
1516+ where pu(1/2) = inf{€ : ¢(1/2 + it) < (|t| + 10)¢} and

T
C(%-i—it)

0
Throughout the paper, we write
(1.12) §(x) := exp(—A(log z)*/°(log log z) /)

A =

2
T
dt = Tlog<2—> + 2y —-1)T + E*(T).
T
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with 114 being a positive constant, and we assume that x > ele and Y >
100e’". We prove

THEOREM 1. For every € > 0 and for x > xo(l), we have

agt2e 4] >1—-1
R
z/ if lag <1—le.
THEOREM 2. For every e >0 and Y > Yy(l), we have
L
_ 2
I=g \ (Bri(2)* da
Y
< {Y2ﬁk+2€ if 16, >1—1¢g/2,
Y exp(—C(logY)3/5(loglog Y)~1%) if 16, <1 —1g/2,

where C' is an effective positive constant depending only on k,l and e.

2. Notation and preliminaries. C and A (with or without suffixes)
denote effective positive constants unless otherwise specified, which need not
be the same at each occurrence. We write f(z) < g(x) to mean |f(x)| <
C19(z) (sometimes we use the O notation also). The notation [z| denotes
the integral part of x. The implied constants are all effective. We assume
that > z¢(l) and Y > Yy(l) where z((l) and Yp(l) are positive constants
depending only on [.

3. Some lemmas
LEMMA 3.1. We have the relation
. n
bn = ZN(])dk(._l)-
il J
Proof. The proof is obvious. =

LEMMA 3.2. For s > 1 and r > 0, we have
(3.21) S n~*u(m)logn)” = (—1)n")(s) + O~ Da(x) log z)"),

n<wz
where 10 (s) = n(s) = (C(s))~" and ") (s) for r > 1 denotes the rth
derivative of n(s) = (¢(s))~ 1.
Proof. This is Lemma 2.2 of [25]. =
LEMMA 3.3. For x > zo(l), we have
(3.3.1)  Epy(x)

S nman( 5 )|+ tie st <lg(mx(§x)))c

n<ea!/!

<




Error term of an asymptotic formula of Ramanujan 175

where 0 < ¢ (= o(x)) < 1 and Cy is an effective positive constant depending
only on k.

Proof. We fix z = 2'/! and let ¢ (= o(z)) be a number (or a function of z)
which satisfies 0 < ¢ < 1. We will choose ¢ appropriately later. We notice
that if n'r < x, then both n > pz and r > ¢! cannot hold simultaneously,
and hence

(332 Yobi= 3 umd(r) + 3 pm)dr) — 3 aln)di(r)

n<w nlr<z nlr<z n<oz
n<pz r<p—! r<o~!
=: 681+ S5y — S5.

From (1.9), we have

(3833) Si= 3 pmdi) =Y pn) Y dulr)

nlr<z n<oz r<zn—!
n<pz a
= 3 um) (e + Aan ™)

= {Dy—yz(log2)* ! + Dy_gyz(log2)* > + - + D)z}

£ 3 pn) A ™)

n<pz
Applying Lemma 3.2 for r =0,1,...,k — 1 and s = [, we obtain
(3.34) S ={Dg_nz(log )l D(j;—gyz(log )24 4 Dy}
X ((CD) ™+ O((02)'3(02)))
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—lz (D(“) (k I 1> (logz)" % + Dy ) (k I 2) (log z)*=3 4 - >
x (=M (1) + O((02)"'5(02) log(02)))

+ 1%z (D(k_l) (k g 1) (log )F ™3 + D4 o) <k ; 2) (logz)" + - )
x (1) (1) + O((02)"'6(02) (log(02))?))

— o+ (“1)FD g T a((— 1) D ()

+0((02)' 8(02)(log(02)* 1) + D p(n) Ap(zn™)

— M) + O(a(02) 6(0) log)*) + 3 pu(m) Ap(an™).
We find that
335 S= 3 umde) = Y di) Y un)
nlr<z r<o~! n<(z/r)1/!
= > de(r)M((z/r)'")
>0 y
oo ({(2))

< 21 715(02) (log(07)) O,

since (%)1/1 > pz, § is decreasing, 5((%)1/l) < d(pz), and

S d(ryr =Y dkT(r)rl‘l/l < 0''(log(e™") .

r<p~! r<o~!

‘We also notice that

(3.3.6) Ss= > pn)di(r) =Y di(r)M(o2)

< 07! (log(071) % (02)8(02)
< 2191715 02) (log(07")) %%

for z = 2'/!. Now the lemma follows from (3.3.2) and (3.3.4)—(3.3.6). =
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4. Proof of the theorems

Proof of Theorem 1. We choose ¢ = 1/10 and note that z = 21/t There-
fore (from Lemma 3.3 and from the definition (1.10)), we obtain

(4.1)  Epy(x)
Ay <§> ' + xl/la(l()) (log x)C*

<Y
ap+e
< Z <%) +x1/l5<1z—0>(logx)c’“

n<z/10

n<z/10
p {xo‘k+25 + 2'/15(2/10)(log ) ©* ifloy, > 1 —e,
f)ck-ke(2/10)1—10%—l‘E + xl/l5(z/10)(log:c)ck if la, <1—le

x4t if lay, > 1 — e,
x if lag, <1 —le,

. !
since, for x > el , we note that

L/
l/l 1 Cr _ ,1/1 1
5<1O>(ogx) =z (5( 10>(ogx)

< 2 exp(—C(log z)*/° (loglog z)~'/%).
This proves Theorem 1. =
Proof of Theorem 2. We choose here ¢ = (5(x'/"))Y/19 and note that
z =/l Set
f(ZL‘) =0z = xl/l((é(ajl/l))l/lo),

From Lemma 3.3, we have

(42) Eg(z) < > Ak( >‘+x1/“’5(@1’1”)<log(ma><<§»l’>>)ok

n<ozl/!
< By + B
Without loss of generality the constant A in (1.12) can be taken to be < 1.
Note that x > ele' Now, we observe that
(43) F(a) = 0 = (32" Y) > 2

if x> 611/2; but we have already assumed that z > e’ Since the function
¢ is decreasing, we find that

8(0z) < 8(z'/?h.
Note that
(4.4) 0'716(02) < 07'6(02) < 8(2'/*)(5(2/h)) MO
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= exp(—A(log(z"/*))* (log log(«/*)) 7/%)
wenp 5 os(a/)* g log(a'/) /)

< exp(—C(log x)3/5(log log $)_1/5),

provided x > el’. Hence, clearly,
2y

1
(4.5) v S E% de < Y1 exp(—C(log y)3/5(10g log Y)_1/5),
Y
We note that for Y < z < 2Y, we have f(z) < f(2Y). Now,

(4.6) I, := 25/ B2 dz = 25/ (n@z;/l Ay <§> DQ dz
b isj(m’“(x)' )|+ o)
2 N 2ekte)
+ é <W> da

< 2§(|Ak($)| + Ak(%) ‘ Tt ‘Ak(ﬁ>

We note that (for Y > IOOelel),
(4.7)  (3((2Y) /1)1 < exp(—C(log Y)* P (loglog Y) ~1/5),
provided 1 — I3, — le/2 > 0.

Therefore, from (4.6) and the Minkowski inequality (see item 200 of [6]),
we get (using the inequality (a +b)'/2 < a'/2 4+ /2 for a > 0 and b > 0 and
the definition (1.11))

48) "< > {S( ( >>2dx}1/2+yl/2+55

2
>da;

2
> dﬂf+yl+106.

n<f(2Y) N Y

Z l/g (1/2)(14+28k+<) 1/245

< ( ) +Y +5¢
n<f(2Y)
< y 1/2+8k+e/2 Z n~Br—le/2 + y1/2+5¢
n<f(2Y)

Y1/2+Bte | y1/2+5¢ if 1By > 1—1e/2,
< { YR OI2(f(2 ) 1B Y2 i iG < 1~ e/
- {Y1/2+5k+€ it iy >1—1g/2,

y1/2+1/i exp(—C/(log Y)3/5(10g log Y)_I/S) if 1 <1—1e/2.
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Hence, we obtain

(4.9) h o {Ymk”s if 1B > 1—1e/2,
Y Y% exp(—C(logY)3/P(loglog Y)~1/5) if Ify <1 —1g/2.
This proves Theorem 2. =

REMARK. From the work of Heath-Brown (see [7] and [8]), we know
that 84 = 3/8. If we fix k = 4 and | = 2 in Theorem 2, then we find that
184 = 3/4 < 1, and hence the inequality (1.7) follows from Theorem 2.
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