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On the Dirichlet characters of polynomials

in several variables

by

Wenpeng Zhang and Zhefeng Xu (Xi’an)

1. Introduction. Let q ≥ 3 be an integer and χ a Dirichlet character
modulo q. It is a very important problem in analytic number theory to
obtain a sharp upper bound for the character sum

N+H
∑

x=N+1

χ(f(x)),

where f(x) is a polynomial. If q = p is an odd prime, it is a well known
consequence of the theorem, due to Weil (see [2]), stating that the Riemann
Hypothesis is true for the zeta-function of an algebraic function field over a
finite field, that if χ is a qth-order character to a prime modulus p, and if
f(x) is not a perfect qth power (mod p), then

(1)
N+H
∑

x=N+1

χ(f(x)) ≪ p1/2 log p,

where A ≪ B denotes |A| < kB for some constant k which in this case
depends on the degree of f . The estimate (1) is the best possible. In fact,
the first author [8] proved the following:

Let q ≥ 3 be an integer, χ a primitive character modulo q, and m and
n two positive integers such that χm, χn and χm+n are also primitive char-
acters modulo q. Then for any integers r and s with (r − s, q) = 1, we have
the identity

(2)
∣

∣

∣

q
∑

a=1

χ((a − r)m(a − s)n)
∣

∣

∣
=

√
q.
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It is clear that the character sums in (2) can be viewed as Jacobi sums
with Dirichlet characters. So the identity (2) provided a new evaluation for
the absolute value of some Jacobi sums. In [7], the first author obtained an
interesting evaluation formula for this Jacobi sum, by proving the following
identity:

q
∑

a=1

χ((a − r)m(a − s)n)

=
√

q χ((sm − rm)m(rn − sn)n)χ((m + n)m+n).

For the character sums of polynomials in several variables, Katz [3] stud-
ied the similar problem in finite fields, and obtained some sharper estimates
for it.

In this paper, as a complement to [7], we will use the properties of Dirich-
let character and Gauss sums to study the Dirichlet character sums of poly-
nomials in several variables, and give some more general identities for it. We
shall prove the following conclusions:

Theorem 1. Let q ≥ 3 be a positive integer with the prime power de-

composition

q =
∏

pα‖q
2 ∤ α, α>1

pα,

χ a primitive character modulo q, k ≥ 2, n1, . . . , nk positive odd numbers

such that χn1 , . . . , χnk and χn1+···+nk are all primitive characters modulo q,
and u = n1 + · · · + nk. If (n1 · · ·nku, q) = 1, then we have the identity

q
∑

a1=1

· · ·
q

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

=



































q(k−1)/2χ(uu)χ(nn1

1 · · ·nnk

k )
∏

p|q

εk−1
p

(

un1 · · ·nk

p

)

if 2 ∤ q,

q(k−1)/2χ(uu)χ(nn1

1 · · ·nnk

k )

(

2

n1 · · ·nku

)

∏

p|q
p6=2

εk−1
p

(

un1 · · ·nk

p

)

if 2 | q,
where εp = 1 if p ≡ 1 (mod4), εp = i if p ≡ 3 (mod4), and

(

m
n

)

is the

Jacobi symbol.

Theorem 2. Let q ≥ 3 be a perfect square, χ a primitive character

modulo q, k ≥ 2, n1, . . . , nk positive integers such that χn1 , . . . , χnk and

χn1+···+nk are all primitive characters modulo q, and u = n1 + · · · + nk. If
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(n1 · · ·nku, q) = 1, then we have the identity

q
∑

a1=1

· · ·
q

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

= q(k−1)/2χ(uu)χ(nn1

1 · · ·nnk

k ).

In particular, for m = n1 = · · · = nk, from our theorems we immediately
deduce two nice formulas for calculating generalized Jacobi sums:

Corollary 1. Let q ≥ 3 with the prime power decomposition

q =
∏

pα‖q
2 ∤ α, α>1

pα,

k ≥ 2 an odd integer , χ a primitive character modulo q, and m any positive

integer such that χm and χkm are also primitive characters modulo q. If

(km, q) = 1, then we have the identity

q
∑

a1=1

· · ·
q

∑

ak−1=1

χ(am
1 · · · am

k−1(1 − a1 − · · · − ak−1)
m)

=



























q(k−1)/2χ(kkm)

(

k

q

)

∏

p|q

εk−1
p if 2 ∤ q,

q(k−1)/2χ(kkm)

(

2

k

)(

k

q

)

∏

p|q
p6=2

εk−1
p if 2 | q.

Corollary 2. Let q ≥ 3 be a perfect square, k ≥ 2 an integer , χ any

primitive character modulo q, and m any positive integer such that χm and

χkm are also primitive characters modulo q. If (km, q) = 1, then we have

the identity

q
∑

a1=1

· · ·
q

∑

ak−1=1

χ(am
1 · · · am

k−1(1 − a1 − · · · − ak−1)
m) = q(k−1)/2χ(kkm).

From our theorems, we can see that the estimate in Katz [3] is the best
possible. For general modulus q, whether there exists a similar formula is an
open problem.

2. Some lemmas. To prove the theorems, we need some lemmas. For
convenience, we define the Gauss sums G(m, χ) as follows:

G(m, χ) =

q
∑

a=1

χ(a)e(am/q),
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where e(y) = e2πiy. For m = 1, we write τ(χ) =
∑q

a=1 χ(a)e(a/q). The
various properties and applications of τ(χ) can be found in many analytic
number theory books (see [1] and [4]). Here we first use the properties of
Gauss sums to prove the following:

Lemma 1. Let p be a prime, α a positive integer , and χ a primitive

character modulo pα. Then for any positive integers n1, . . . , nk (k ≥ 2) such

that χn1 , . . . , χnk and χn1+···+nk are all primitive characters modulo pα, we

have the identity

τ(χn1) · · · τ(χnk)

= τ(χn1+···+nk)

pα

∑

a1=1

· · ·
pα

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk).

Proof. Using the properties of the trigonometric sums and Gauss sums,
we can write

pα

∑

a1=1

· · ·
pα

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

=

pα

∑

a1=1

· · ·
pα

∑

ak=1

a1+···+ak≡1 (mod pα)

χ(an1

1 · · · ank

k )

=
1

pα

pα

∑

a1=1

· · ·
pα

∑

ak=1

χ(an1

1 · · · ank

k )

pα

∑

u=1

e

(

u(a1 + · · · + ak − 1)

pα

)

=
1

pα
τ(χn1) · · · τ(χnk)τ(χn1+···+nk).

Then Lemma 1 follows from the identity |τ(χn1+···+nk)|2 = pα.

Lemma 2. Let q = q1q2 with (q1, q2) = 1. Then for any character χ
modulo q, there exists a unique character χi modulo qi (i = 1, 2) such that

χ = χ1χ2 and

q
∑

a1=1

· · ·
q

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

=
(

q1
∑

a1=1

· · ·
q1

∑

ak−1=1

χ1(a
n1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

)

×
(

q2
∑

b1=1

· · ·
q2

∑

bk−1=1

χ2(b
n1

1 · · · bnk−1

k−1 (1 − b1 − · · · − bk−1)
nk)

)

.
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Proof. From the properties of the reduced residue system modulo q we
have

q
∑

a1=1

· · ·
q

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

=

q1
∑

a1=1

· · ·
q1

∑

ak−1=1

q2
∑

b1=1

· · ·
q2

∑

bk−1=1

χ1χ2

× ((a1q2 + b1q1)
n1 · · · (ak−1q2 + bk−1q1)

nk−1

× [1 − (a1q2 + b1q1) − · · · − (ak−1q2 + bk−1q1)]
nk)

=
(

q1
∑

a1=1

· · ·
q1

∑

ak−1=1

χ1(a
n1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

)

×
(

q2
∑

b1=1

· · ·
q2

∑

bk−1=1

χ2(b
n1

1 · · · bnk−1

k−1 (1 − b1 − · · · − bk−1)
nk)

)

.

This proves Lemma 2.

Lemma 3. Let p be a prime, α a positive integer , q = pα, and χ a

primitive character modulo q. Then for any positive integer m with (m, p)
= 1, we have the identity

τm(χ) =































q(m−1)/2τ(χm)χ(mm) if 2 |α,

q(m−1)/2εm−1
p

(

m

p

)

τ(χm)χ(mm) if 2 ∤ mα and p > 2,

q(m−1)/2

(

2

m

)

τ(χm)χ(mm) if p = 2 and 2 ∤ α.

Proof. We first introduce the hyper-Kloosterman sum by

K(q, m + 1, z) =
∑

x1,...,xm mod q
(x1,p)=···=(xm,p)=1

e

(

x1 + · · · + xm + zx1 · · ·xm

q

)

for q = pα, m ≥ 1, and p ∤ z. Define an exponential sum by

I(q, m, z) =
∑

x mod q
(x,p)=1

e

(

mx + zxm

q

)

.

From R. A. Smith [5] or Yangbo Ye [6] we know that
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(3) K(q, m + 1, z)

=



























q(m−1)/2I(q, m, z) if 2 |α and p > 2,

q(m−1)/2εm−1
p

(

2m−1zm−1m

p

)

I(q, m, z) if 2 ∤ mα and p > 2,

q(m−1)/2

(

2

m

)α

I(q, m, z) if p = 2.

Now for any primitive character χ modulo q = p2α, note that
(

(2z)m−1

p

)

=

(

2z

p

)m−1

= 1

if 2 ∤ m and p > 2 with (p, z) = 1. From (3), the definition and properties of
Gauss sums we have

(4)

q
∑

z=1

χ(z)K(q, m + 1, z)

=











































q(m−1)/2

q
∑

z=1

χ(z)I(q, m, z) if 2 |α and p > 2,

q(m−1)/2εm−1
p

(

m

p

) q
∑

z=1

χ(z)I(q, m, z) if 2 ∤ mα and p > 2,

q(m−1)/2

(

2

m

)α q
∑

z=1

χ(z)I(q, m, z) if p = 2.

Note that τ(χ) 6= 0 and
q

∑

z=1

χ(z)K(q, m + 1, z) = τm+1(χ)

and
q

∑

z=1

χ(z)I(q, m, z) = τ(χ)τ(χm)χ(mm).

Combining this with (4) we immediately get Lemma 3.

3. Proof of the theorems. From the three lemmas above, we can
easily prove the theorems. First we prove Theorem 1. Let q = pα with 2 ∤ α,
and let χ be a primitive character modulo q. If p > 2, then for any positive
odd number k ≥ 2 and positive integers n1, . . . , nk with (n1 · · ·nk(n1 + · · ·
+ nk), q) = 1, from Lemma 3 we have

τn1(χ) · · · τnk(χ) = q
n1+···+nk−k

2 εn1+···+nk−k
p

(

n1 · · ·nk

p

)

× τ(χn1) · · · τ(χnk)χ(nn1

1 · · ·nnk

k )
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and

τn1(χ) · · · τnk(χ) = τn1+···+nk(χ)

= q
n1+···+nk−1

2 εn1+···+nk−1
p

(

n1 + · · · + nk

p

)

× τ(χn1+···+nk)χ((n1 + · · · + nk)
n1+···+nk).

Therefore, by Lemma 1 we get

(5) q
n1+···+nk−1

2 εn1+···+nk−1
p

(

n1 + · · · + nk

p

)

× τ(χn1+···+nk)χ((n1 + · · · + nk)
n1+···+nk)

= q
n1+···+nk−k

2 εn1+···+nk−k
p

(

n1 · · ·nk

p

)

× τ(χn1) · · · τ(χnk)χ(nn1

1 · · ·nnk

k )

= q
n1+···+nk−k

2 εn1+···+nk−k
p

(

n1 · · ·nk

p

)

τ(χn1+···+nk)χ(nn1

1 · · ·nnk

k )

×
pα

∑

a1=1

· · ·
pα

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk).

Noting that τ(χn1+···+nk) 6= 0, from (5) we obtain

pα

∑

a1=1

· · ·
pα

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

= q(k−1)/2εk−1
p

(

(n1 + · · · + nk)n1 · · ·nk

p

)

× χ((n1 + · · · + nk)
n1+···+nk)χ(nn1

1 · · ·nnk

k ).

For the case of p = 2, by the same argument we can also get

pα

∑

a1=1

· · ·
pα

∑

ak−1=1

χ(an1

1 · · · ank−1

k−1 (1 − a1 − · · · − ak−1)
nk)

= q(k−1)/2

(

2

(u1 + · · · + uk)n1 · · ·nk

)

× χ((n1 + · · · + nk)
n1+···+nk)χ(nn1

1 · · ·nnk

k ).

This proves Theorem 1 for the case q = pα; then from Lemma 2 we easily
get the general conclusion. This proves Theorem 1.

Using the same methods we can also prove Theorem 2. This completes
the proof of the theorems.
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