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The growth rates of digits
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1. Introduction. Let an(j) and bn(j), n ≥ 1, be two sequences of
positive integer-valued functions of the positive integer j ≥ 1. The algorithm
0 < x ≤ 1, x = x1, and, for any n ≥ 1 and some positive integers dn(x),

1

dn(x)
< xn ≤

1

dn(x) − 1
, xn =

1

dn(x)
+

an(dn(x))

bn(dn(x))
xn+1(1)

leads to the series expansion

x =
1

d1(x)
+

∞∑

n=1

a1(d1(x)) · · · an(dn(x))

b1(d1(x)) · · · bn(dn(x))
·

1

dn+1(x)
,(2)

which is called the Oppenheim series expansion of x. Set

hn(j) =
an(j)

bn(j)
j(j − 1), j ≥ 2.(3)

If hn(j) is integer-valued (n ≥ 1, j ≥ 2), then (2) is termed the restricted

Oppenheim series expansion of x. Here and in what follows, we always as-
sume hj is integer-valued for all j ≥ 1.

The algorithm (1) implies

d1(x) ≥ 2, dn+1(x) ≥ hn(dn(x)) + 1 for any n ≥ 1.(4)

On the other hand, any integer sequence {dn, n ≥ 1} satisfying (4) is an
Oppenheim admissible sequence, that is, there exists a unique x ∈ (0, 1] such
that dn(x) = dn for any n ≥ 1. The representation (2) under (1) is unique.

The representation (2) under (1) was first studied by A. Oppenheim [7]
who established its arithmetical properties, including the question of ra-
tionality of the expansion. The foundations of the metric theory were laid
down by J. Galambos [2]–[4], [6]; see also the monographs of J. Galambos [5],
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F. Schweiger [8] and W. Vervaat [9]. In particular, concerning the growth
of {dn(x), n ≥ 1} J. Galambos [5, p. 93] obtained the following interesting
result:

Definition 1.1. Let β ≥ 1. We say that the function hn(j) is of order

β if there are constants 0 < C1 ≤ C2 such that

C1 ≤ hn(j)/jβ ≤ C2 for all n and j.(5)

Theorem 1.2. Let hn(j) be of order β >1. Then, for almost all x∈ (0, 1],
the limit

lim
n→∞

β−n log dn(x) = G(x)

exists. Its value equals the finite series

G(x) = β−1
{

log d1(x) +
∞∑

n=1

β−n log(dn+1(x)dn(x)−β)
}
.

From Theorem 1.2, we deduce that when hn(j) is of order β > 1, then
for almost all x ∈ (0, 1],

lim
j→∞

log dj+1(x)

log hj(dj(x))
= 1.(6)

Hence a natural problem is to discuss the size of the sets with different
growth rates of {dn(x), n ≥ 1}. More precisely, for any α ≥ 1, let

Bα =

{
x ∈ (0, 1] : lim

j→∞

log dj+1(x)

log hj(dj(x))
= α

}
.

What is the size of Bα? In this paper, we calculate its Hausdorff dimension.
The situation here is quite complicated and we carefully construct a Cantor
set E ⊂ Bα such that the Hausdorff dimension of E approximates that
of Bα. Some other exceptional sets associated with the Oppenheim series
expansion were discussed in [10]–[12].

We use | · | to denote the diameter of a subset of (0, 1], dimH to denote
the Hausdorff dimension and cl for the closure of a subset of (0, 1].

2. Hausdorff dimension of Bα. In this section, we give the main
result of this paper.

We start with the mass distribution principle (see [1, Proposition 2.3])
that will be used later.

Lemma 2.1. Let E ⊂ (0, 1] be a Borel set , and µ a measure with

µ(E) > 0. If for any x ∈ E,

lim inf
r→0

log µ(B(x, r))

log r
≥ s,

where B(x, r) denotes the open ball with center at x and radius r, then

dimH E ≥ s.
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The following result is proved in [10].

Lemma 2.2. Suppose hn(j) ≥ j − 1 for any n ≥ 1 and j ≥ 2. Then for

any m ≥ 3, the set

Cm =

{
x ∈ (0, 1] : 1 <

dj(x)

hj−1(dj−1(x))
≤ m for any j ≥ 2

}

has Hausdorff dimension 1.

Now we state our main result.

Theorem 2.3. Let hn(j) be of order β ≥ 1 and hn(j) ≥ j − 1 for any

n ≥ 1 and j ≥ 2. Then for any α ≥ 1,

dimH Bα =
1

(α − 1)β + 1
.

Proof. Let

D = {x ∈ (0, 1] : lim sup
j→∞

dj(x) < ∞}.

By (4) and the assumption hn(j) ≥ j − 1 for any n ≥ 1 and j ≥ 2, we
have dj+1(x) ≥ hj(dj(x)) + 1 ≥ dj(x). Thus for any x ∈ D, dj+1(x) = dj(x)
ultimately, and therefore

D ⊂
∞⋃

k=1

∞⋃

t=2

{x ∈ (0, 1] : dj(x) = t for any j ≥ k},

which implies D is countable.
If α = 1, then for any x ∈ Cm \ D, where Cm is defined in Lemma 2.2,

we have

lim
j→∞

log dj+1(x)

log hj(x)
= 1.

Thus Cm \ D ⊂ B1. By Lemma 2.2, we have dimH B1 = 1.
In the following, we always assume that α > 1. We divide the proof into

two parts.

Part I: Upper bound . Let ε < min{α−1/β, α−1}. For any x ∈ Bα \D,
from the definition of Bα, there exists j0 such that for any j ≥ j0,

hα−ε
j (dj(x)) < dj+1(x) < hα+ε

j (dj(x)).(7)

Thus

Bα \ D ⊂
∞⋃

j0=1

Bα(ε, j0),

where

Bα(ε, j0) = {x ∈ (0, 1] : hα−ε
j (dj(x)) < dj+1(x) < hα+ε

j (dj(x)) for j ≥ j0}.

Fix j0 ≥ 1; we now estimate dimH Bα(ε, j0) from above.
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Since hj(d) is of order β, for any

0 < η < min

(
1,

β(α − 1 − ε)

α + 1 − ε
, β −

1

α − ε

)

there exists d0 > 31/2βε such that for any d ≥ d0,

dβ−η < hj(d) < dβ+η.(8)

For any x ∈ Bα(ε, j0) \ D, since dj(x) → ∞ as j → ∞, there exists j1 such
that dj(x) ≥ d0 for any j ≥ j1. Thus we have

Bα(ε, j0) \ D ⊂
∞⋃

j1=1

Bα(ε, j0, η, j1),

where

Bα(ε, j0, η, j1) = {x ∈ (0, 1] : hα−ε
j (dj(x)) < dj+1(x) < hα+ε

j (dj(x)) for

j ≥ j0 and dj(x) ≥ d0 for j ≥ j1}.

For any j1 ≥ 1, let j2 = max{j1, j0}. Then Bα(ε, j0, η, j1) is contained in

{x ∈ (0, 1] : hα−ε
j (dj(x)) < dj+1(x) < hα+ε

j (dj(x))

and dj(x) ≥ d0 for any j ≥ j2}

=
⋃

d1,...,dj2−1

{x ∈ (0, 1] : d1(x) = d1, . . . , dj2−1(x) = dj2−1, dj2(x) ≥ d0,

and hα−ε
j (dj(x)) < dj+1(x) < hα+ε

j (dj(x)) for any j ≥ j2}

⊂
⋃

d1,...,dj2−1,dj2
≥d0

{x ∈ (0, 1] : d1(x) = d1, . . . , dj2(x) = dj2 ,

d
(β−η)(α−ε)
j (x) < dj+1(x) < d

(β+η)(α+ε)
j (x) for any j ≥ j2},

where the union is over all d1, . . . , dj2−1, dj2 such that d1 ≥ 2, dj2 ≥ d0 and
dj+1 ≥ hj(dj) + 1 for any 1 ≤ j ≤ j2 − 1.

For any d = (d1, . . . , dj2−1, dj2) satisfying the above conditions, let

Γ (ε, j0, η, j2, d ) = {x ∈ (0, 1] : d1(x) = d1, . . . , dj2(x) = dj2 ,

[d
(β−η)(α−ε)
j (x)] < dj+1(x) ≤ [d

(β+η)(α+ε)
j (x)] + 1 for any j ≥ j2}.

By the σ-stability of Hausdorff dimension (notice that D is countable), in
order to get an upper bound of dimH Bα(ε, j0), it suffices to give an upper
bound of dimH Γ (ε, j0, η, j2, d ) for any j2 ≥ j0 and any d = (d1, . . . , dj2−1, dj2)
as above.
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Now we introduce a kind of symbolic space defined as follows. For any
k ≥ j2 + 1, let

Dk = {σ = (σ1, . . . , σk) ∈ N
k : σ1 = d1, . . . , σj2 = dj2 ,

[σ
(β−η)(α−ε)
j ] < σj+1 ≤ [σ

(β+η)(α+ε)
j ] + 1 for j2 ≤ j < k},

and define

D∗ =

∞⋃

k=j2+1

Dk.

For any k ≥ j2 + 1 and σ = (σ1, . . . , σk) ∈ Dk, let Jσ and Iσ denote the
following closed subintervals of (0, 1]:

Jσ =
⋃

[σ
(β−η)(α−ε)
k

]<d≤[σ
(β+η)(α+ε)
k

]+1

cl{x ∈ (0, 1] : d1(x) = σ1, . . . , dk(x) = σk,

dk+1(x) = d},

Iσ = cl{x ∈ (0, 1] : d1(x) = σ1, . . . , dk(x) = σk}.

By the restriction on η, we know that Jσ 6= ∅, since, for any j ≥ j2,

σj+1 > σ
(β−η)(α−ε)
j > σj > · · · > σj2 ≥ d0.

It follows that

σj+1 > σ
(β−η)(α−ε)
j > h

(β−η)(α−ε)
β+η

j (σj) ≥ hj(σj).

Moreover, we know that σk ≥ d0 for any k ≥ j2 + 1, which yields

σ
2(αη+βε)
k ≥ d

2(αη+βε)
0 ≥ 3

2(αη+βε)
2βε ≥ 3.(9)

Each Jσ is called an interval of kth order . Finally, define

E =
∞⋂

k=j2+1

⋃

σ∈Dk

Jσ.

It is obvious that

Γ (ε, j0, η, j2, d ) = E.

From the proof of Theorem 6.1 in [5], we have, for any k ≥ j2 + 1 and
σ ∈ Dk,

|Iσ| =
a1(σ1)

b1(σ1)
·
a2(σ2)

b2(σ2)
· · ·

ak−1(σk−1)

bk−1(σk−1)
·

1

(σk − 1)σk
,(10)

|Jσ| =
∑

[σ
(β−η)(α−ε)
k

]<d≤[σ
(β+η)(α+ε)
k

]+1

a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)
·

1

(d − 1)d
(11)

=
a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)

(
1

[σ
(β−η)(α−ε)
k ]

−
1

[σ
(β+η)(α+ε)
k ] + 1

)
.
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For any

s >
(α + ε)(β + η)

(α − ε)(β − η)[2 + (α − ε)(β − η) − (β + η)] − (α + ε)(β + η)
,(12)

by (9) and (11), we have

Hs(E) ≤ lim inf
k→∞

∑

σ∈Dk

|Jσ|
s

= lim inf
k→∞

∑

σ∈Dk

(
a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)

(
1

[σ
(β−η)(α−ε)
k ]

−
1

[σ
(β+η)(α+ε)
k ] + 1

))s

= lim inf
k→∞

∑

σ∈Dk−1

|Jσ|
s

∑

[σ
(α−ε)(β−η)
k−1 ]<σk≤[σ

(α+ε)(β+η)
k−1 ]+1

(
hk(σk)

σk(σk − 1)

)s

×

(
1

[σ
(α−ε)(β−η)
k ]

−
1

[σ
(α+ε)(β+η)
k ] + 1

)s

×

(
1

[σ
(α−ε)(β−η)
k−1 ]

−
1

[σ
(α+ε)(β+η)
k−1 ] + 1

)−s

≤ lim inf
k→∞

∑

σ∈Dk−1

|Jσ|
s

∑

[σ
(α−ε)(β−η)
k−1 ]<σk≤[σ

(α+ε)(β+η)
k−1 ]+1

(
σβ+η

k

σ2
k

·
σk

σk − 1

)s

×

(
1

[σ
(α−ε)(β−η)
k ]

·
σ

(α+ε)(β+η)
k−1 + 1

σ
2(αη+βε)
k−1 − 1

)s

≤ lim inf
k→∞

∑

σ∈Dk−1

|Jσ|
s

∑

[σ
(α−ε)(β−η)
k−1 ]<σk≤[σ

(α+ε)(β+η)
k−1 ]+1

(
σβ+η

k

σ2
k

·
σk

σk − 1

)s

×

(
1

σ
(α−ε)(β−η)
k − 1

σ
(α+ε)(β+η)
k−1

)s

.

For any k ≥ j2 + 1, let

ak :=
σk

σk − 1
·

σ
(α−ε)(β−η)
k

σ
(α−ε)(β−η)
k − 1

.

Since log(1 + x) < x for any x > 0, and (α − ε)(β − η) > 1, we have

log ak <
1

σk − 1
+

1

σ
(α−ε)(β−η)
k − 1

<
4

σk
<

4

d
((α−ε)(β−η))k−j2

0

(13)

<
4

d
((α−ε)(β−η)−1)(k−j2)
0

=:
4

rk−j2
(r > 1).
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Thus

Hs(E) ≤ lim inf
k→∞

∑

σ∈Dk−1

|Jσ|
s

∑

[σ
(α−ε)(β−η)
k−1 ]<σk≤[σ

(α+ε)(β+η)
k−1 ]+1

(e4/rk−j2
)s

×

(
σβ+η

k

σ2
k

·
1

σ
(α−ε)(β−η)
k

σ
(α+ε)(β+η)
k−1

)s

≤ lim inf
k→∞

∑

σ∈Dk−1

|Jσ|
se4s/rk−j2

σ
(α+ε)(β+η)
k−1

×

(
1

σ
(α−ε)(β−η)(2+(α−ε)(β−η)−(β+η))
k−1

σ
(α+ε)(β+η)
k−1

)s

.

By (12) we have

Hs(E) ≤ lim inf
k→∞

∑

σ∈Dk−1

|Jσ|
se4s/rk−j2

≤ · · · ≤ lim
k→∞

k∏

i=j2+1

e4s/ri−j2
∑

σ∈Dj2+1

|Jσ|
s < ∞.

Thus

dimH E ≤
(α + ε)(β + η)

(α − ε)(β − η)[2 + (α − ε)(β − η) − (β + η)] − (α + ε)(β + η)
.

By the σ-stability of Hausdorff dimension, we have, for any j1 ≥ 1,

dimH Bα(ε, j0, η, j1) ≤ sup
d1,...,dj2−1,dj2

≥d0

dimH Γ (ε, j0, η, j2, d )

≤
(α + ε)(β + η)

(α − ε)(β − η)[2 + (α − ε)(β − η) − (β + η)] − (α + ε)(β + η)
.

This implies

dimH Bα(ε, j0)

≤
(α + ε)(β + η)

(α − ε)(β − η)[2 + (α − ε)(β − η) − (β + η)] − (α + ε)(β + η)
.

Since η is arbitrary, we get

dimH Bα(ε, j0) ≤
(α + ε)β

(α − ε)β[2 + (α − ε)β − β] − (α + ε)β
.

The σ-stability of Hausdorff dimension yields

dimH Bα ≤
(α + ε)β

(α − ε)β[2 + (α − ε)β − β] − (α + ε)β
.

Since ε is arbitrary, we have

dimH Bα ≤
1

(α − 1)β + 1
.

This completes the proof of Part I.
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Part II: Lower bound . Since hj(d) is of order β, there exists c > 2 such
that for any j ≥ 1 and d ≥ 2,

c−1dβ ≤ hj(d) ≤ cdβ.(14)

Since α > 1, there exist d0 > 4 and K0 such that for any d ≥ d0, j ≥ K0,
we have

c−αdβα ≥ cdβ + 1, (d − 1)α − 1 ≥ (d − 1)(j+1)/j.(15)

This implies, for any d ≥ d0,

hα
j (d) ≥ (c−1dβ)α ≥ cdβ + 1 ≥ hj(d) + 1.(16)

Let j0 ≥ max(β/3, K0), j0 ∈ N. Choose an integer sequence d1, . . . , dj0

satisfying d1 ≥ 2, dj+1 ≥ hj(dj) + 1, 1 ≤ j ≤ j0 − 1, and

dj0 > max{d0, c
32β+2 + 1}, (dj0 − 1)α[(dj0 − 1)2/j0 − 1] > 2.(17)

Define

B(1)
α (j0) = {x ∈ (0, 1] : d1(x) = d1, . . . , dj0(x) = dj0 ,

hα
j (dj(x)) < dj+1(x) ≤ h

α+2/j
j (dj(x)) for j ≥ j0}.

Then B
(1)
α (j0) 6= ∅. In fact, by (17) and hj(d) ≥ d − 1 for any j and d, we

have

h
α+2/j0
j0

(dj0) − hα
j0(dj0) = hα

j0(dj0)(h
2/j0
j0

(dj0) − 1)

≥ (dj0 − 1)α[(dj0 − 1)2/j0 − 1] > 2.

Then there exists dj0+1 ∈ N satisfying hα
j0

(dj0) < dj0+1 ≤ h
α+2/j0
j0

(dj0), and,
by (16),

dj0+1 ≥ hα
j0(dj0) ≥ hj0(dj0) + 1.

Suppose by induction there exist dj0+1, dj0+2, . . . , dj ∈ N satisfying

hα
k−1(dk−1) < dk ≤ h

α+2/(k−1)
k−1 (dk−1), j0 + 1 ≤ k ≤ j,

and

dk ≥ hk−1(dk−1) + 1, j0 + 1 ≤ k ≤ j.

By (15) and (17), we have

h
α+2/j
j (dj) − hα

j (dj) = hα
j (dj)(h

2/j
j (dj) − 1)

≥ (dj − 1)α((dj − 1)2/j − 1)

≥ (hα
j−1(dj−1) − 1)α[(hα

j−1(dj−1) − 1)2/j − 1]

≥ ((dj−1 − 1)α − 1)α[((dj−1 − 1)α − 1)2/j − 1]

≥ (dj−1 − 1)
j

j−1
α
[(dj−1 − 1)

2
j
·

j
j−1 − 1]
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≥ (dj−1 − 1)α[(dj−1 − 1)2/(j−1) − 1]

≥ · · · ≥ (dj0 − 1)α[(dj0 − 1)2/j0 − 1] > 2.

Thus there exists dj+1 ∈ N satisfying hα
j (dj) < dj+1 ≤ h

α+2/j
j (dj), and,

by (16),

dj+1 > hα
j (dj) ≥ hj(dj) + 1.

Therefore B
(1)
α (j0) 6= ∅. From (16), it is clear that for any x ∈ B

(1)
α (j0),

dj(x) → ∞ as j → ∞ and B
(1)
α (j0) ⊂ Bα.

Fix x0 ∈ B
(1)
α (j0) and choose any t satisfying

t >
α

αβ − 1
+

2α

β(αβ − 1)
.(18)

Since dj(x0) → ∞ as j → ∞, there exists j1 ≥ j0 such that for any j ≥ j1,

dj(x0) ≥ max(93/2α, c)t.(19)

Now

t >
α

αβ − 1
+

2α

β(αβ − 1)

implies that there exists j2 ≥ j1 such that for any j ≥ j2,
(

t −
α

αβ − 1

)
(αβ − 1)(j − j1) >

2(αj + 1)

β
−

α

αβ − 1
.(20)

Define

B(2)
α (j1) = {x ∈ (0, 1] : d1(x) = d1(x0), . . . , dj1(x) = dj1(x0),

hα
j (dj(x)) < dj+1(x) ≤ h

α+2/j
j (dj(x)) for any j ≥ j1},

B(3)
α (j2) = {x ∈ (0, 1] : d1(x) = d1(x0), . . . , dj2(x) = dj2(x0),

hα
j (dj(x)) < dj+1(x) ≤ h

α+2/j
j (dj(x)) for any j ≥ j2}.

For any x ∈ B
(3)
α (j2) and j ≥ j2, by (19), we have

dj(x) > hα
j−1(dj−1(x)) ≥ (c−1dβ

j−1(x))α = (c−1)αdαβ
j−1(x)(21)

> (c−1)αhα2β
j−2(dj−2(x)) ≥ (c−1)α(c−1dβ

j−2(x))α2β

= (c−1)α(c−1)α2βd
(αβ)2

j−2 (x) ≥ · · ·

≥ (c−1)α · · · (c−1)(αβ)j−j1−1αd
(αβ)j−j1

j1
(x)

≥ (c−1)
α

(αβ)j−j1−1
αβ−1 · ct(αβ)j−j1

≥ c
(t− α

αβ−1
)(αβ−1)(j−j1)+

α
αβ−1 > c

2(αj+1)
β .
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On the other hand, if c > 93/2α, from (21), we have

dj(x) ≥ 9
3
2α

·
2(αj+1)

β ≥ 93j/β,

while if c ≤ 93/2α, then c−1 ≥ 9−3/2α, and from (19), in the same way as in
the proof of (21), we have

dj(x) > (c−1)α · · · (c−1)(αβ)j−j1−1αd
(αβ)j−j1

j1
(x)

≥ (9−3/2α)α · · · (9−3/2α)(αβ)j−j1−1α · (93/2α)t(αβ)j−j1 ≥ 93j/β.

So for any x ∈ B
(3)
α (j2) and j ≥ j2, we have

dj(x) > 93j/β.(22)

Let

B(4)
α (j2) = {x ∈ (0, 1] : d1(x) = d1(x0), . . . , dj2(x) = dj2(x0),

(cdβ
j (x))α < dj+1(x) ≤ (c−1dβ

j (x))α+2/j for any j ≥ j2},

B(5)
α (j2) = {x ∈ (0, 1] : d1(x) = d1(x0), . . . , dj2(x) = dj2(x0),

d
(β+ β

2(αj+1)
)α

j (x) < dj+1(x) ≤ d
(β− β

2(αj+1)
)(α+ 2

j
)

j (x) for j ≥ j2}.

By (21), we have

B(5)
α (j2) ⊂ B(4)

α (j2) ⊂ B(3)
α (j2) ⊂ B(2)

α (j1) ⊂ B(1)
α (j0) ⊂ Bα.(23)

For any j ≥ j2, write

sj = α

(
β +

β

2(αj + 1)

)
, tj =

(
β −

β

2(αj + 1)

)(
α +

2

j

)
.(24)

Then for any j ≥ j2,

tj = sj +
β

j
.(25)

For any j ≥ j2 + 1, define

Lj =

(
1 +

1

j2

)
d

∏j−1
i=j2

si+2ti
3

j2
(x0), Mj = d

∏j−2
i=j2

si+2ti
3

tj−1

j2
(x0),

where Mj2+1 = d
tj2
j2

(x0). From (24), we have, for any j ≥ j2 + 1,
(

tj−1 −
β

3(j − 1)

)(
sj +

2β

3j

)
> tj−1sj ,

thus

d

∏j
i=j2

si+2ti
3

j2
(x0) > d

∏j−2
i=j2

si+2ti
3

tj−1sj

j2
(x0),

that is,

Lj+1 > M
sj

j .(26)
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At the same time, it is evident that, for any j ≥ j2 + 1,

Mj+1 < L
tj
j .(27)

Let

B(6)
α (j2) = {x ∈ (0, 1] : d1(x) = d1(x0), . . . , dj2(x) = dj2(x0),

[Lj+1] < dj+1(x) ≤ [Mj+1] for j ≥ j2 + 1}.

From (26), (27) and (23), we have

(28) B(6)
α (j2) ⊂ B(5)

α (j2) ⊂ B(4)
α (j2) ⊂ B(3)

α (j2) ⊂ B(2)
α (j1) ⊂ B(1)

α (j0) ⊂ Bα.

In the following, we find a lower bound of Hausdorff dimension of

B
(6)
α (j2) by using the mass distribution principle (Lemma 2.1).

First we introduce a kind of symbolic space defined in a similar way to
the proof of Part I. For any k ≥ j2, let

Dk = {σ = (σ1, . . . , σk) ∈ N
k : σj = dj(x0) for 1 ≤ j ≤ j2,

and [Lj+1] < σj+1 ≤ [Mj+1] for j2 ≤ j < k},

and define

D∗ =
∞⋃

k=j2

Dk.

For any k ≥ j2 and σ = (σ1, . . . , σk) ∈ Dk, let Jσ and Iσ denote the following
closed subintervals of (0, 1]:

Jσ =
⋃

[Lk+1]<d≤[Mk+1]

cl{x ∈ (0, 1] : d1(x) = σ1, . . . , dk(x) = σk, dk+1(x) = d},

Iσ = cl{x ∈ (0, 1] : d1(x) = σ1, . . . , dk(x) = σk};

each Jσ is called an interval of nth order . Let

E =
∞⋂

k=j2

⋃

σ∈Dk

Jσ.

It is obvious that

E = B(6)
α (j2).

From (10) and (11), we have

|Iσ| =
a1(σ1)

b1(σ1)
·
a2(σ2)

b2(σ2)
· · ·

ak−1(σk−1)

bk−1(σk−1)
·

1

(σk − 1)σk
,(29)

|Jσ| =
∑

[Lk+1]<d≤[Mk+1]

a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)
·

1

(d − 1)d
(30)

=
a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)

(
1

[Lk+1]
−

1

[Mk+1]

)
.
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Let µ be a probability mass distribution supported on E such that for
any k ≥ j2 and σ ∈ Dk,

µ(Jσ) =
1

♯Dk
,(31)

where ♯ denotes cardinality. We shall use µ to give a lower bound of the
Hausdorff dimension of E.

For any k ≥ j2, write

Ak =
k∑

j=j2+1

j−1∏

i=j2

si +2ti
3

, Bk =
k+1∑

j=j2+1

j−2∏

i=j2

si +2ti
3

tj−1, Ck =
k∏

j=j2

si +2ti
3

.

Then

lim
k→∞

Ak

Bk
= lim

k→∞

Ak+1 − Ak

Bk+1 − Bk
=

1

αβ
,(32)

lim
k→∞

Ck

Bk
= lim

k→∞

Ck+1 − Ck

Bk+1 − Bk
=

αβ − 1

αβ
.(33)

Now we estimate ♯Dk. Notice that xa + 1 > (x + 1)a for any 0 < a < 1 and
x > 0. By (22), for any j ≥ j2 ≥ j0 ≥ β/3 we have

(
1

2
Lj

)β/3j

>
1

2
((Lj + 1)β/3j − 1) >

1

2
(9

3j
β
·

β
3j − 1) = 4.

Then for any j ≥ j2 + 1,

[Mj ] − [Lj] > d

∏j−2
i=j2

si+2ti
3

tj−1

j2
− 1 −

(
1 +

1

j2

)
d

∏j−1
i=j2

si+2ti
3

j2
(34)

≥ d

∏j−1
i=j2

si+2ti
3

j2

(
d

∏j−2
i=j2

si+2ti
3

tj−1−sj−1
3

j2
− 3

)

≥ d

∏j−1
i=j2

si+2ti
3

j2

((
1

2
Lj−1

) β
3(j−1)

− 3

)

≥ d

∏j−1
i=j2

si+2ti
3

j2
= d

Cj−1

j2
.

Thus for any k ≥ j2 + 1,

♯Dk =

k∏

j=j2+1

([Mj ] − [Lj ]) ≥ d

∑k
j=j2+1

∏j−1
i=j2

si+2ti
3

j2
= dAk

j2
.(35)

For any s satisfying

0 < s <
1

αβ

(
2 −

(
α +

2

j2

)−1)
− (αβ − 1)

,
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there exists 1/2 > η0 > 0 such that for any 0 < η < η0,

s <
1 − η

αβ

(
2 −

(
α +

2

j2

)−1)
− (αβ − 1 − η)

.(36)

For any fixed 0 < η < η0, by (32) and (33), there exists k0(η) such that for
any k ≥ k0(η),

Ak

Bk
>

1 − η

αβ
,

Ck

Bk
>

αβ − 1 − η

αβ
.(37)

For any x ∈ E, we prove that

lim inf
r→0

log µ(B(x, r))

log r
≥ s.

For such x, there exists σ = (σ1, σ2, . . .) such that σi = di(x0) for 1 ≤ i ≤ j2,
and for any k ≥ j2, (σ|k) := (σ1, . . . , σk) ∈ Dk and dj(x) = σj for any j ≥ 1.
Thus x ∈ Jσ1···σk

for any k ≥ j2.

From the proof of Theorem 6.1 in [5], we know that, for any k ≥ j2, the
right endpoint of the interval Jσ1···σk

, i.e., max{y ∈ (0, 1] : y ∈ Jσ1···σk
}, is

1

σ1
+

a1(σ1)

b1(σ1)
·

1

σ2
+ · · · +

a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)
·

1

[Lk+1]
,(38)

and the left endpoint, i.e., min{y ∈ (0, 1] : y ∈ Jσ1···σk
}, is

1

σ1
+

a1(σ1)

b1(σ1)
·

1

σ2
+ · · · +

a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)
·

1

[Mk+1]
.(39)

(i) If σk − 1 > [Lk], from the definition of hj(d), (38) and (39), we know
that the gap between Jσ1···σk

and Jσ1···σk−1, denoted by gr
k(x), is

a1(σ1)

b1(σ1)
· · ·

ak−1(σk−1)

bk−1(σk−1)
·
ak(σk − 1)

bk(σk − 1)
·

1

[Mk+1]

+
a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)

(
1

hk(σk)
−

1

[Lk+1]

)

≥
a1(σ1)

b1(σ1)
· · ·

ak−1(σk−1)

bk−1(σk−1)
·
ak(σk − 1)

bk(σk − 1)
·

1

[Mk+1]
=: Gr

k(x).

(ii) Suppose σk = [Lk] + 1. If σj = [Lj] + 1 for any j2 + 1 ≤ j ≤ k,
let gr

k(x) = gr
k−1(x) = · · · = gr

j2+1(x) = ∞ and Gr
k(x) = Gr

k−1(x) = · · · =
Gr

j2+1(x) = ∞. If there exists j2 + 1 ≤ j ≤ k such that σj > [Lj] + 1, let

j̃ = max{j : j2 + 1 ≤ j ≤ k, σj > [Lj] + 1}. Define gr
k(x) = gr

k−1(x) = · · · =
gr
j̃
(x) and Gr

k(x) = Gr
k−1(x) = · · · = Gr

j̃
(x).



188 B. W. Wang and J. Wu

(iii) If σk + 1 ≤ [Mk], the gap between Jσ1···σk
and Jσ1···σk+1, denoted by

gl
k(x), satisfies

gl
k(x) ≥

a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)
·

1

[Mk+1]
=: Gl

k(x).

(iv) If σk = [Mk], let gl
k(x) denote the distance between the left endpoint

of Jσ1···σk−1
and the left endpoint of Jσ1···σk

. Then

gl
k(x) =

a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)
·

1

[Mk+1]
=: Gl

k(x).

Define

Gk(x) := min{Gl
k(x), Gr

k(x)}.

Let k > max(1/3(α − 1), j2). By (24), we have αβ/3k < (α−1)tk, which
implies tkβ < (tk − β/3k)αβ. Thus tkβ < ((sk + 2tk)/3)tk+1, so

Mβ
k+1 < Mk+2.(40)

On the other hand, by (17), we have

σk+1 − 1 ≥ dj2(x0) − 1 = dj2 − 1 > c3 · 2β+2.(41)

Combining (40) and (41), we have

c3 · 2β+2
σβ

k+1

σk+1(σk+1 − 1)
Mk+1 < Mk+2.

By the definition of hj(d), and since hj(d) is of order β, we have

hk(σk)

σk(σk − 1)
·

hk+1(σk+1 − 1)

(σk+1 − 1)(σk+1 − 2)
·

1

[Mk+2]
<

hk(σk − 1)

(σk − 1)(σk − 2)
·

1

[Mk+1]
,

i.e.

a1(σ1)

b1(σ1)
· · ·

ak+1(σk+1 − 1)

bk+1(σk+1 − 1)
·

1

[Mk+2]

<
a1(σ1)

b1(σ1)
· · ·

ak−1(σk−1)

bk−1(σk−1)
·
ak(σk − 1)

bk(σk − 1)
·

1

[Mk+1]
,

that is, Gr
k+1(x) < Gr

k(x). In the same way, we have Gl
k+1(x) < Gl

k(x). So

k > max(1/3(α − 1), j2) implies Gk+1(x) < Gk(x).

Let K1 = max(1/3(α − 1), j2). For any 0 < r < minj2<j≤K1{Gj(x)},
there exists k ≥ K1 such that Gk+1(x) ≤ r < Gk(x). Thus B(x, r) can in-
tersect only one kth-order interval, which is Jσ1···σk

. Now we find an upper
bound of the number of (k+1)th-order intervals, the (k+1)th-order subinter-
vals of Jσ1···σk

, which intersect B(x, r). Since Jσ ⊂ Iσ, we only need to con-
sider the number of {I(σ1, . . . , σk, j)}[Lk+1]<j≤[Mk+1] which intersect B(x, r).

By (29), the definition of hj(d) and the fact that E = B
(6)
α (j2) ⊂ B

(1)
α (j0),
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we have

|Iσ1···σkj | =
a1(σ1)

b1(σ1)
· · ·

ak(σk)

bk(σk)
·

1

j(j − 1)

=

j2−1∏

l=1

al(σl)

bl(σl)
·

1

σj2(σj2 − 1)
·

hj2(σj2)

σj2+1(σj2+1 − 1)
· · ·

hk−1(σk−1)

σk(σk − 1)
·

hk(σk)

j(j − 1)

≥ c(j2)
σ

(α+2/j2)−1

j2+1

σ2
j2+1

· · ·
σ

(α+2/(k−1))−1

k

σ2
k

·
j(α+2/k)−1

j2

≥ c(j2)
1

(σj2+1 · · ·σk · j)2−(α+2/j2)−1

≥ c(j2)
1

(Mj2+1 · · ·Mk+1)2−(α+2/j2)−1 = c(j2)d
−(2−(α+2/j2)−1)Bk

j2
,

where

c(j2) =

j2−1∏

l=1

al(σl)

bl(σl)
·

1

σj2(σj2 − 1)
=

j2−1∏

l=1

al(dl(x0))

bl(dl(x0))
·

1

dj2(x0)(dj2(x0) − 1)
,

which does not depend on x. So the number of (k + 1)th-order intervals
which intersect B(x, r) is not more than

4r(c(j2)d
−(2−(α+2/j2)−1)Bk

j2
)−1.(42)

By (31), (34)–(37), (42), we have

µ(B(x, r)) ≤
1

♯Dk+1
min

{
4r

c(j2)d
−(2−(α+2/j2)−1)Bk

j2

, [Mk+1] − [Lk+1]

}

≤
1

♯Dk+1

(
4r

c(j2)d
−(2−(α+2/j2)−1)Bk

j2

)s

([Mk+1] − [Lk+1])
1−s

≤
1

♯Dk

(
4r

c(j2)
d

(2−(α+2/j2)−1)Bk

j2
·

1

[Mk+1] − [Lk+1]

)s

≤ d−Ak

j2

(
4r

c(j2)

)s

d
(2−(α+2/j2)−1)Bks
j2

d−Cks
j2

≤

(
4r

c(j2)

)s

d
Bk(− 1−η

αβ
+s(2−(α+2/j2)−1)−s αβ−1−η

αβ
)

j2

≤

(
4r

c(j2)

)s

=

(
4

c(j2)

)s

rs.

By Lemma 2.1, we have

dimH B(6)(j2) = dimH E ≥ s.
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Therefore,

dimH B(1)(j0) ≥ dimH B(6)(j2) ≥
1

αβ(2 − (α + 2/j2)−1) − (αβ − 1)

≥
1

αβ(2 − (α + 2/j0)−1) − (αβ − 1)
.

Thus

dimH Bα ≥
1

αβ(2 − (α + 2/j0)−1) − (αβ − 1)

for any j0 > β/3, j0 ∈ N, which implies

dimH Bα ≥
1

(α − 1)β + 1
.

This completes the proof of Theorem 2.3.

We now list some special cases which satisfy the assumptions of Theo-
rem 2.3.

Example 1 (Engel expansion). Let an(dn) = 1, bn(dn) = dn (n =
1, 2, . . .). Then (2), together with the algorithm (1), yields the Engel ex-

pansion of x,

x =
1

d1(x)
+

1

d1(x)d2(x)
+ · · · +

1

d1(x)d2(x) · · · dn(x)
+ · · · .(43)

In this case, hn(j) = j − 1 is of order 1. By Theorem 2.3, we have

Corollary 2.4. For the Engel expansion,

dimH

{
x ∈ (0, 1] : lim

n→∞

log dn+1(x)

log dn(x)
= α

}
=

1

α
for any α ≥ 1.

Example 2 (Sylvester expansion). Choose an(dn) = 1, bn(dn) = 1
(n = 1, 2, . . .). We get the Sylvester expansion of x,

x =
1

d1(x)
+

1

d2(x)
+ · · · +

1

dn(x)
+ · · · .(44)

Here hn(j) = j(j − 1) is of order 2. By Theorem 2.3, we have

Corollary 2.5. For the Sylvester expansion,

dimH

{
x ∈ (0, 1] : lim

n→∞

log dn+1(x)

log dn(x)
= α

}
=

1

α − 1
for any α ≥ 2.

Example 3 (Cantor product). Take an(dn) = dn + 1 bn(dn) = dn

(n = 1, 2, . . .). The expansion (2) yields the Cantor product

1 + x =

(
1 +

1

d1(x)

)(
1 +

1

d2(x)

)
· · ·

(
1 +

1

dn(x)

)
· · · .(45)

Here hn(j) = j2 − 1 is of order 2. By Theorem 2.3, we have
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Corollary 2.6. For the Cantor product ,

dimH

{
x ∈ (0, 1] : lim

n→∞

log dn+1(x)

log dn(x)
= α

}
=

1

α − 1
for any α ≥ 2.

Example 4 (Modified Engel expansion). Let an(dn) = 1, bn(dn) = dn−1
(n = 1, 2, . . .). We get the modified Engel expansion of x,

(46) x =
1

d1(x)
+ · · ·+

1

(d1(x)−1)(d2(x)−1) · · · (dn−1(x)−1)dn(x)
+ · · · .

Thus hn(j) = j is of order 1. By Theorem 2.3, we have

Corollary 2.7. For the modified Engel expansion,

dimH

{
x ∈ (0, 1] : lim

n→∞

log dn+1(x)

log dn(x)
= α

}
=

1

α
for any α ≥ 1.

Example 5 (Daróczy–Kátai–Birthday expansion). Choose an(dn) = dn,
bn(dn) = 1 (n = 1, 2, . . .). The resulting series expansion of x takes the form

x =
1

d1(x)
+

d1(x)

d2(x)
+ · · · +

d1(x)d2(x) · · · dn−1(x)

dn(x)
+ · · · .(47)

This Daróczy–Kátai–Birthday expansion was introduced for the first time
in Galambos [6]. Here hn(j) = j2(j − 1) is of order 3. By Theorem 2.3, we
have

Corollary 2.8. For the Daróczy–Kátai–Birthday expansion,

dimH

{
x ∈ (0, 1] : lim

n→∞

log dn+1(x)

log dn(x)
= α

}
=

1

α − 2
for any α ≥ 3.
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