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1. Introduction. For sufficiently large x let

mo(z) = Z 1,

p<z
p+2=p’

where p and p’ denote primes. It was showed by Brun [3] in 1919 that

o) < b 2%

for some constant b > 0, where

1
c=2T1 (1 27 )
};[2 (p—1)?

In 1949 Selberg [15] proved that we may take b = 8 + o(1). In 1964 Pan
Chengdong [13] proved that b = 6 + o(1). In 1962 Wang Yuan [16] pointed
out that under the GRH, b = 44 0(1), and in 1966 Bombieri and Davenport
[1] obtained this result unconditionally.

On the other hand, Hardy and Littlewood [10] conjectured that the
asymptotic formula

Cx

log?

mo(x) ~

should hold, and the arguments in Hua Loo Keng [11] and in Pan Chengdong
[14] lead essentially to the same conjecture. Thus the best possible value for
b should be 1+ o(1).

It is rather difficult to reduce the coefficient b = 4 + o(1). In 1978 Chen
Jingrun [4] developed the weighted sieve techniques used in his famous work
[5] and proved that
3.9171Cx

<
m2(2) log2 T
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In recent years, with the development of mean value theorems to large
moduli, the coefficient 3.9171 is reduced to

34/9; 64/17; 3.5; 3.454; 3.418

by Fouvry and Iwaniec [8], Fouvry [6], Bombieri, Friedlander and Iwaniec [2],
Fouvry and Grupp [7], and Jie Wu [17], respectively. In [17] Chen Jingrun’s
techniques are applied.

In this paper we shall refine the techniques used in [17] by inserting a
new weighted inequality of Chen’s type to obtain

THEOREM.
3.406Cx

< .
m2(@) log2 x

2. H(s) and G(s). In this paper we denote by A(q) a well-factorable
function of level @) and of order k. For the definition of well-factorable func-
tions we refer the reader to [7].

LeEMMA 1 ([7]). For an arithmetical function X' of level Q' and of order
K, Q < Q, A\~ X is a well-factorable function of level QQ' and of order
k+ k.

Let A denote a finite set of integers, P an infinite set of primes, and P
the set of primes that do not belong to P. For z > 2, put

II » P@={plpeP (nqg=1},

p<z,peEP

S(A;P, z) = Z 1, Ai={alacA a=0 (modd)}.
a€A, (a,P(z))=1

LEMMA 2 ([12]). Suppose that

4 =D x (@), pd) 0. @P)=

V(Zl) < IOgZQ 1 Kl
V(z2) ~ logz 1ogzl

Z Z log ??,21 Kz >1,

z21<p<z2 a>2
pEP

>, K1>1,22>2’122;

where w(d) is a multiplicative function, 0 < w(p) < p, X > 1 is independent

of d, and
Viz)= ][] <1—%>.
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Then for 0 <e < 107°,2 < 2 < Ql/z, we have

S(A,P,z) > XV (z2) ) =D )N
I<L q

S(A,P,2) < XV(2)(F(s)+ E) + > _ > N (g)r
I<L q

where )xli are well-factorable functions of level QQ and
L=exp(8c?), FE<e+e exp(K|+ Ko) log~ /3 Q,
lo
~ 189 <1 M@ =0 for (0. P() = 1.

logz’
f(s) and F(s) are determined by the following differential-difference equa-
tion:

{F(s)zZeV/s, f(s)=0, 0<s<2
(sF(s)) = f(s=1), (sf(s))=F(s—1), s=2;

here and below, v is Fuler’s constant.

LeEmMA 3 (]9]). We have

2e7 /s, 0<s<3,
— Y < —
2
2e71 -1
fls) = %, 2<s<A4.

LEMMA 4 ([2]). Let Q = %7 ¢ > 0. For any given A > 0 and |a| <
log
g T,
Liz x
2. M ( ) sO(Q)) - As’a(m)
(g,0)=1 &
Throughout this paper we shall take
A={p+2[p<z}, P={plp>2}
e’ 1
Viz)=C 1+0 .
(2) logz< * <logz>>
For the definitions of H(s) and G(s) we refer the reader to [17], but for

the sake of completeness we repeat them here.
For ¢ > 0 let

Then

Q= 334/7_5, W = 2t.

By Iljy,7) we denote the characteristic function of the set of the primes in
the interval [Y, Z). Let Uy denote the set which consists of the characteristic
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function x of the set {1}. For k& = 1,2,..., we denote by U the set of
arithmetical functions y of the form
X = H[Vl,Avl) * ... *H[VhAVi)
with
1<i<k, 1l+logtz<A<1+2log™ %z
iz...2Vi=2W,
VP<Q, WE<Q,..., Vi...ViaV?<Q.
By Lemma 1 of [12] we know that for any x € U, x is a well-factorable

function of level Q and of order k.
For any ¢ < QW ! put q = Q/q. For any x € U, we have

N 2x(q)Cx 2Cx
(2.1) E(xiz) =) Salosriong” Tlog™ 73
By Lemmas 1, 2 and some routine arguments we get
(2.2) D x(@9)S(Ag, P(), 47*) < Z(x; )(A(s) + o(1)),
(2.3) Y x(@9)S(Ag, P(a), %) = Z(x; 2)(B(s) + (1)),
where
_ sF(s) _ sf(s)
A(s) = 907 B(s) = 27

In view of (2.2) and (2.3) it is reasonable to define H; ,(s) and G, (s) as
the supremum of h > —oo such that

> x(@)5(Ag P(g).¢'/°) <
> x(@S(Ag P(a).¢"/°) =

respectively. Let

[1]

(06 2)(A(s) = h),
(G 2)(B(s) + h),

[1]

H(s) = sup sup sup Hy,y(s), G(s)= sup sup sup G (5).
>0 k>0 xEU x>0 k>0 x €U

Then we have

ProprosITION 1 ([17]). (1) H(s) is decreasing for 1 < s < 3.
(2) We have the inequalities

ZX S(Ag, P(a), 1/8) <
ZX S(Aq, P(q), 1/3) 2
(3)0<H(s) <1,0<G(s) <1

[1]

(@) (A(s) — H(s)),
(x; @) (B(s) + G(3)).

[1]
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In what follows, we shall denote by x a well-factorable function of level
() and of order k such that xy € U and

_ 2x(q)Cx 2Cx
=(x;x) = > .
(x;7) Z ©(q)logz 10gg Ak log5k+2 z

PROPOSITION 2 ([17]). For 2 < s < s’ <10 we have

s'—1 s'—1
H(s) > H(s') + | @dt—g, G(s) > G(s) + | @dt—g.

s—1 s—1
PROPOSITION 3. We have

G(4) > 0.02238H(2.2) + 0.00443H (2.3) + 0.00479H (2.4)
+0.00515H(2.5) + 0.00550H (2.6) 4 0.00583H (2.7)
+0.00615H (2.8) + 0.00645H (2.9) + 0.00676 H (3) — €.

Proof. By Propositions 1, 2 we have

G(t)

G(t) —=dt —¢
t )

dt —e >

|t

(2.5)  G(s) > G(4) + § @dt— :
s—1
G(4)ziﬁdt—szi%jl(is)m—s
> E% 51 é (G(4) + jl Hi“) du> ds — ¢
:G(4)§10gt%1dt+§Hi)d uiLng%dt—
3 1 3

> 0.17168G(4) + 0.01854H(2.2) + 0.00367H (2.3)
+0.00397H (2.4) + 0.00427H (2.5) + 0.00456 H (2.6)
+ 0.00483H (2.7) + 0.00510H (2.8) + 0.00535H (2.9)
+0.00560H (3) — ¢,

and Proposition 3 follows easily.
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LeEMMA 5 ([17])). Letz > 1, z = 2% Q(z) = [I,<.p. Then
x x
1= +0 ,
> -t ()
(n,Q(2))=1

where w(u) is determined by the following differential-difference equation:
() =0, O0<u<l,

wu) =1/u, 1<u<2,

(vw(u)) =w(lu—-1), u>2.

w

Moreover,
1

wlu) < 763
LEMMA 6 ([17]). For any x € Uy, k > 0 and ="/ < qx(q)M, 2qx(q)M
<z, M <M <2M, we have

Yoxt@) Y a(m)S(Agn, Plam), z(m))

M<m<M’

g(l—i—o(l))%ZX(Q) Sooam) > 1+0<10g5k%%>7

M<m<M’ n<z/(qgm)
(n,Q(2(m)))=1

foru > 1.763.

where 0 < a(m) < 1 for M <m < M'.

LEMMA 7 ([17]). For 2.5 <u <3 <wv <4 we have

H(u) > H(v)— | log(tt_ Y g
2
”gl log (v -1 HLl) dt+U§1 G(v — HLl) "
3 ot 7

7 v

LEMMA 8. We have

H(2.5) > 0.013948 + 0.15751 H(2.2) + 0.02478 H(2.3)
+0.02544H(2.4) + 0.02653H (2.6) + 0.02699H (2.7)
+0.02739H(2.8) + 0.02774H (2.9) + 0.02806 H (3);

H(2.6) > 0.01091 + 0.15796 H (2.2) + 0.02420H (2.3)
+0.02487H (2.4) + 0.02547H (2.5) + 0.02647H (2.7)
+ 0.02688H(2.8) + 0.02724H (2.9) + 0.02757H (3);
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H(2.7) > 0.00733 + 0.16626 H (2.2) + 0.02388H (2.3)
+0.02455H(2.4) + 0.02516H (2.5) + 0.02570H (2.6)
+0.02659H(2.8) + 0.02692H (2.9) + 0.02729H (3);

H(2.8) > 0.00383 + 0.1675H (2.2) + 0.02389H (2.3)
+0.02457H(2.4) + 0.02518H (2.5) + 0.02572H (2.6)
+0.02620H (2.7) + 0.02699H (2.9) + 0.02732H (3);

H(2.9) > 0.0011 + 0.17847H (2.2) + 0.02432H(2.3)
+0.02498H(2.4) + 0.02559H (2.5) + 0.02612H (2.6)
+0.02658H(2.7) + 0.02699H (2.8) + 0.02768H (3).

Proof. By (2.4), (2.5) we have

4 4 3
(2.6) H(v) > S %t)dt—sz S <G(4)+ S HiS)dS>%_6
v—1 v—1 s—1
3
:G(4)logvf1+ S @logs—'_lds—a,
v—2
G- G
(2.7) Al - dt = Uv_i oy
vt 2 H(t) v
> G(4)+ dt ds —
5/< 3 >s<v—s> )

=G(4)] —1 dt
G(4)log —1+U_2 t u—1
v—2
£) t+1
+ _§_1 " IOg(u—l)(v—l—t)dt €
By (2.6), (2.7) and Lemma 7 we get
G(4) 16
. >
(2.8) H(u) > J(u,v) + 5 log( e TE—Y
v—2
(t) t+1
1
* _;_1 2 Elu-Do-1-0"
3
(t) (t+1)°
+v§2 o B Do

where
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v—1
J(u,v) = S

u—1

dt

log (v = 1= ly) " loa(t =)
2t 5 t

—m<(u+v)log%—2(v—u)) —e.

By (2.8) with
(u,v) = (2.5,3.72), (u,v) = (2.6,3.61),
(u,v) = (2.7,3.49), (u,v) =(2.8,3.35),
(u,v) = (2.9,3.19)
and some computation we get the assertion of Lemma 8.
LEMMA 9. We have
H(3) > 0.19649H (2.2) + 0.02531H(2.3) + 0.02598 H (2.4)
+0.02654H(2.5) + 0.02705H (2.6) + 0.02749H (2.7)
+ 0.02788H(2.8) 4+ 0.02822H (2.9) — «.
Proof. By (2.6) and Proposition 3 we have

ds —¢

3
(2.9) H(3)>G(4)log2+ S H§s> log s + 1

1
> 0.19104H(2.2) + 0.02461H(2.3) + 0.02526 H (2.4)

+0.02581 H (2.5) + 0.02630H (2.6) + 0.02673H (2.7)
+0.02711H (2.8) + 0.02744H (2.9) + 0.02774H (3) —
By (2.9) we get Lemma 9 easily.
LEMMA 10 ([17]). For2 <u <2.5 <3 <v <5 we have

v—1 G(’U—
H(u) > H(v) + K(u,v) + S

t+1) dt
t

u—

1
v Go—1- 1)
+ S . t+ d

2
log (v—1-— t+1) log(t — 1) p
3t

t

v—1
+H(22) |
2

where

g log (v —1—75) o
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3 v
T 12-1.763 (“_3+3log5> log 3

24

REMARK. It should be pointed out that there is a mistake in Lemme 11
of [17] where the term

—1<ulog2%+(6+4u)log%—|—6u—18>.

t

”§1G(v—1—t+i1)d

t
2

is missing.
LEMMA 11. We have
H(2.3) > 0.01770 + 0.14833H (2.2) + 0.02567H (2.4)
+ 0.02624H (2.5) + 0.02675H (2.6) + 0.02720H (2.7)
+0.02759H (2.8) + 0.02793H (2.9) + 0.02825H (3);
H(2.4) > 0.01559 + 0.14941 H (2.2) + 0.02444H (2.3)
+ 0.02570H(2.5) + 0.02622H (2.6) + 0.02668 H (2.7)
+ 0.02709H(2.8) + 0.02744H (2.9) + 0.02777H (3).
Proof. By (2.6), (2.7) and Lemma 10 we get

(2.10)  H(u) > K (u,v) + Gé4) log = S’?u =)
! %/5 _11 Ty e
. 2:/22_1 H(t) 1 e (1’;(*;} 1_)21 i
. vi Ig(tt) loz 57 (_t 5(123_ i
+H(22) T log (v =1~ ﬁ) “losli =)

2
By (2.10) with (u,v) = (2.3,4.12), (u,v) = (2.4,4) and some computation
we get the assertion.

3. Proof of the Theorem. By Buchstab’s identity, we have
(31) S(A(p,P(q)agl/Q'z) = S(Amp((J)anMA) - Z S(qu,,P(q),p),

g1/4'4§p<g1/2‘2
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(3.2)  S(Ag,7P(q),q"*?)
= S(Aq,'])(q)’gl/4.4) _ Z S(qu,P(Q),g1/4'4)

g1/444§p<21/3

+ > S P@ip) = > S( A, P(a), p),

g1/4'4§p1<p2<g1/3 g1/3§p<g1/2'2
(3.3)  S(Aq,Pg),¢"*?)
= S(Ag, P(q), 21/3'6) - Z S(Apq, P(q), p)-

5 a2
By (3.1)-(3.3) we have
(34)  3S(Ag,P(g),¢"/*?)

= 25(Ag, P(9), ¢"/*") + S(Ag, Plg), ¢'/*F)

— Y S(AP@, ¢ = > S(Ap, P(9).p)

gL /44<p<qt/3 gL /44<p<ql/2
- Z S(Apg, P(a),p) + Z S(Apipaq: P(@), P1)
qL/36<p<ql/22 qL/44<py <pa<ql/3

- > S(AwgP(9),p).

g1/3§p<g1/2'2
By Buchstab’s identity, we have
(35)  S(AqP(a),q"*?)

= S(AP@.a"") =5 3T S(AwPla)p)

ql/45<p<qgl/ad

Z S(qu,P(q),g1/4‘5)

gl/45<p<gl/aa

| =

N =

1
+ 5 Z S(Aplpgqap(q)7p1)

q1/45<py <pa<ql/44

- Z S(quv P(Q)?QI/ALA)

g1/4‘4§p<g1/3

+ Z S(Apipaq: P(@): p1)

g1/4‘4§p1<p2<g1/3'6



_l’_

_|_

_l’_

+

+

_l’_

and
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Z S(Apipaq: P(a), p1)

ql/44<p) <q1/36<py<ql/3

Z S(Aplpzq’P(Q)7pl)

q1/3:6<p;<pa<q!/3

S S(Ap, Pg),¢"/1?)

g1/3§p<g1/2‘4

Z S(Apipaq» P(q), p1)

ql/45<p <ql/44<ql/3<py<q/24

3 S(Apipags P(a), ¢/ 4?)

z1/4A4Sp1 <21/3A6<g1/3§p2<21/24

Z S(Ap1p2p3q7 P(Q)apl)

ql/45<p1 <q1/44<py<ql/3-6<q1/3<ps<ql/24

Z S(Apipapsqs (@), p1)

ql/44<p) <pa<ql/3:6<ql/3<py<ql/24

Z S(Apipag: P(4), p1)

z1/3A6Sp1 <21/3§P2<21/2‘4

Z S(Apipaq: P(@): p1)

q1/3<p1<pa<q/24

Y. S(AwP9)p),

ql/24<p<ql/2:2

(36)  S(ApP(g),q"%2)

=54 P@.g = 3T S Pla) g )
gl/4-5<p<ql/2:2
1
+ 2 Z S(Apipag> P(), 1)
q'/45<p1 <pa<gql/t4
1
5 > S P@) g7
ql/45<p1<pa<q/A4
1
N 5 Z S(AP1P2P3Q7P(q);p1)

g1/4‘5Sp1<p2<p3<g1/4‘4
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1
+ 2 Z S(APIPQ(]?P(Q)vpl)

21/445§p1 <gl/444§p2<21/2‘2

1
+ 2 Z S(AP1P2(I7P(Q>7Q1/4.5)

g1/4‘5§p1<g1/4‘4§p2<g1/2‘2

92 Z S('Aplpzpsq’,P(Q)ypl)

g1/4‘5§p1<p2<g1/4'4§p3<g1/2'2

+ Z S(Ap1pztIa7D(Q),Ql/4'5)

ql/*+4<p1<p2<g'/3

N Z S(-Ampzpsqa P(Q)ypl)

g1/4'5§p1<g1/4'4§p2<p3<g1/3

B Z S(Apypapsgs P(9),p1)

g1/ 44 <p1 <pa<ps<q'/3

+ Z S(Apipag: P(q), p1)

q1/44<py <q!/3<py<q!/2?
+ Z S(Apipaq: P(@): p1).-

q'/3<p1<p2<q'/>?
By (3.4)—(3.6) we get
(3.7) 55 X(0)S(Ag P(a),6"/*%) = 3 x(@)(S} + 2 + 52,
where
(3.8) S1 = 25(Aq, P(9), 4/*7) + 25( A, P(q), ¢/44)

+ S(Aq>73<Q)7gl/3'6) -2 Z S(qu,P(q),gl/4'4)

ql/44<p<ql/3

> S(Ag Pla), ¢V

11/4‘5Sp<g1/4'4

— ) S(Apg, P(g). 4*?)

ql/3<p<ql/24

— ) S(Ay,P(g).¢*P)

ql/4 5<p<q1/2 2

Z S(Ap1p2q7P(Q),gl/4’5)

g /45 <p1<pa<gt/At

N | =

+

l\’)lv—l
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1
+ § Z S(-Aplmq?P(Q),pl)

g1/4‘5Sp1<p2<g1/4'4

+ Z S(Aplpzqvp(Q),gl/4'5)

gt/ 1<p1<pa<q'/?

Z S(Ampzan(Q)leMﬁ)

ql/45<p; <q1/44<py<ql/2:2

+ Z S(Aplpzqu(Q)vpl)

q1/44<p; <pa<q!/36

+ Z S('Ammqu((I):pl)

g/44<p1 <q1/3-6<py<ql/3

+ > S(Appags P(a), 1)

ql/45<py <ql/44<ql/3<py<ql/24

+ Z S(Aplpzqvp(Q)agl/4'5),

gt/44<p; <ql/3-6<ql/3<py<ql/24

(3.9) 5’2 Z S(Apipags P(@), 1)

ql/44<p) <pa<ql/22

+ Z S(Aplpzqu(Q)vpl)

q1/3:6<p) <pa<ql/24

- Y S(AP(a).p)

gl/44<p<qgl/2:2

B > S(Ag. Pla),p)

21/3.6§p<g1/242

N Z S(‘Aplmp:;qv P(Q)vpl)

gt/ 44<p1<p2<p3<q!/3

B Z S(AMPQPSQ’P(Q)’pl)

g1/44<p) <pa<ql/3-6<ql/3<py<ql/24

- Y S(Aw.P(0),p)

g1/3§p<g1/2'2
— > S(Ay,P(9).p)
g1/2'4§p<g1/2‘2

=Ui(q) + Ua(q) — Vi(q) — Va(q) — V3(q)
— Va(q) — Vs(q) — Vs(q),

DO =]

+
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1
3
(3.10) Sq = 92 Z S(Aplpzmp(Q),pl)
21/4‘5§p1<p2<g1/4-4
1
3 > S(Apipog: P(0), 1)
zl/4A5Spl<zl/4A4Sp2<zl/2A2
1
) Y. S(AwP(9),p)
ql/45<p<ql/ad
1
9 Z S(Apipapsgs P(4), 1)
Q1/4‘5§p1<p2<ﬂ1/4'4§p3<ﬂ1/2'2
1
9 Z S(Apipapag: P(q), 1)
gt/ 4P <p1<pa<pz<q'/*4
B Z S(APIPQPS(PP(Q)apl)
q1/45<p1 <ql/44<py<q!/36<q/3<py<ql/?4
N Z S(APIP2PS(I7P(Q)ap1)-

q1/45<py <q1/44<py<py<q!/3

We shall denote O(m) by E(q) below. By Buchstab’s identity we
have

Vi) = Z S(quvP(Q)vQI/Q'Z)

gt/44<p<ql/22

+ Z S(APIPQQ’P(p1Q)7p2)

q!/44<p1<pa<gq!/2?
= Z S(Apipag> P(P19), p2),
g/ 44 <p1<pa<q!/?2
so that
(3'11) U1(q) - V1(q) < Z S(Ammmqvp(pl(J)aPQ)

g/ +4<p1<pa<pz<q'/??

< Z S(Apipapsqs P(P19),p2) + E(q)
z1/4A4Sp1 <P2<p3<21/2‘2

=Us(q) + E(q)-
In a similar way, we have

(3'12> UQ(Q) - VQ(Q) < Z S(Aplpzpsmp(pIQ)apQ)

g1/3‘6Sp1<p2<p3<g1/2‘4
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N Z S(Apypags P(p19), 2)

g1/3.6Sp1<g1/2.4gp2<g1/242

- > S(Apg, P(q);p) + E(q)
q1/2-4§p<21/2.2
= Wi(q) = Vz(q) — Vs(q) + E(q),
(3.13)  Us(q) — Va(a)
< Z S(Aplpzpsq’ P(p1Q)vp2)

21/4-4§p1 <p2<g1/3§p3<g1/2.2

+ Z S(Ap1P2PSCI’ 79(?1(1) ) P2)

g1/4A4Sp1<z1/3Sp2<p3<g1/2.2
+ Z S('Aplmpsqv P(p1q),p2) + E(q)
q'/3<p1<p2<ps<q'/??
= Us(q) + Us(q) + Us(q) + E(q),
(3.14)  Ualg) — Valq)
< Z S(Aplmpaqv P(p1q), p2)

g/ 4<p) <pa<ql/36<ql/24<ps<ql/22

t Z S(APIPQPS(]’ P(pﬂ]),pz)

g1/4‘4§191<g1/3‘6§p2<g1/3§p3<g1/2'2
+ > S(Apypapsqs P(P10),p2) + E(q)
21/346§pl<p2<z1/3gp3<21/242
= Wa(q) + W3(q) + Walq) + E(q),
(3.15)  Us(q) — Va(q)
< Z S(Apipapsq: P(p14), p2)

g1/4A4§p1 <g1/3A6<g1/3§p2<p3<g1/22

+ Z S(Aplp2p3qvp(pIQ)7p2)

g1/3.6§p1 <g1/3§P2<p3<g1/2'4

t Z S(Ampzpsqa P(FlQ)ADQ)

g1/3-6<p <ql/3<py<ql/24<p3<gl/2-2

+ Z S(Aplmpsm P(p1p2q),p3)

g1/3.6§p1 <g1/3<g1/2.4§p2<p3<p4<21/2'2
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_ 3 S(Apipag> P(p19),p2) + E(q)

q'/3<p1<ql/24<py<q!/?2

= Ws(q) + Ws(q) + Wr(q) + Ws(q) — Vs(q) + E(q),
(3.16)  Us(q) — Vs(q)

< Z S(Apipapspaq> P(P1p24), p3) + E(q)

q/3<p1<pa<p3<pa<q'/??

=Uz(q) + E(q),
(3.17)  Ur(q) — 2Vs(a) — Vs(a)
< Z S(-Aplmpsmq» P(plpzq),ps)

q'/3<p1<pa<p3<ps<ql/?*

+ Z S<‘AP1P2P3P4Q7 P(MPQQ) ) p3)

q'/3<p1 <pa<ps<q!/>4<ps<q'/??

+ Z S(Apipapapags P(P1P29), P3)
21/3Sp1 <P2<21/2'4§P3<P4<Q1/2‘2

+ Z S(-Aplmpamm P(p1p2p3q),p4)

q'/3<p1<q!/?*<pa<ps<pa<ps<q'/?2

+ Z S(Apipapspapspsgs P(P1P2P3P1q), ps5) + E(q)
A

13
= > Wile) + E(g),
=9

where ) | , means

>

q1/24<p1 <pa<p3<pa<ps<ps<q'/>>
By (3.9), (3.11)—(3.17), we get

13
(3.18) S <D Wila) + E(g).
j=1

Similarly, we have

1
3
(3.19) Sf<g

(]

S(APIPQPSQ? P (pl (.7) > p2)

q1/45<py <qt/44<ql/3<py<py<q/?2

1
+ 2 Z S(Aplpzpsqvp(pIQ)ap2)

21/4.5§p1<g1/4.4§p2<g1/3.6<21/244§p3<21/242
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1
+ B Z S(Apipapsgs P(p19),p2) + E(q)
g1/4‘5§p1<g1/4‘4<g1/3'6§p2<g1/3§p3<g1/2‘2
1
= 5(W1a(a) + Wis(q) + Wis(q)) + E(q).

By Lemma 6, Lemma 5 and some routine arguments we get

(320) > x(@)Wi(q)
TR UIEDY > o

q'/36<p1<pa<ps<g'/** n< p1p2p3q

(n,Q(p2))=1

3.5C €T
< Tre31ons 2 X(@) ) —
1.763 1 1
ogx /30 <1 <pa<py<gl/24 b1p2p3q log p2

1/2.4 g1/2'4 ql/24

3.5Cx qu S dr S ds ’S dt
176310ga: ©(q) rlogr slog? s Y tlogt

1/3A6

7 3.6 _
=T 1763 <6logﬂ - 2.4>_(X,33)7
where A < B means A < (14 o(1))B. Similarly, we have
7 44\ 24
21 —3.6log == | log == =(x:
321 SN @Wla) < 7y (08 - 36%0n g ) low 55 Sl
3 -
(322) D x(@)Wale) < gz 06108 2 log o Z(x; ),
7 3.6 3 _
323 A @Wile) <y (0.6 - 3108 % ) low 5 Z(via).
7 3 4.4
24 log 2> — 0.8 ] log 2= Z(;
320 SN @Wl) < - reg (3108 g - 08) low 3 Z(xia).
7 3 3.6
2 log = — 0.6 ) log 2> =(x;
325) S x(@Wala) < g (3r0n 5y~ 06) 08 v
7 3.6 24
2 L0.61og 2> log == =(x:
(326) D X(@Wr(a) < 7oz - 0-6log log 5 Z(x; @),
7 4
2 4610822 —0.4) log 2
(3.27) Zx(q)Ws(Q)<8< blog 35 04 log % Z(xia),
(3.28) Zx(q)l/Vg(q)<z 2.41log? i—1—15610gi—36 Z(x;x)
8 2.4 24 ’
(329) Y x(@W <Z 1.2—4.810 ——2410 ~)lo %:( )
. X 10 ] g g 24 g22 =\X5T),
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2.4
(3.30) ZX YWii(q 7<2 4log— —02> log %E(X'l’),

3 _
— =),

924 2.4
31 2.2log” —+13.6log ——1.2) lo =
(3:31) > x(9)Wilg ( og? 5 +13.6log T ) 0g >

(3:32) > x(g)Wis(q) < — ! log %5(% z),

3 45
. ' (31 1 Z(x:
(333) Y X(@Wi(9) < ;7763 <3 0g 5 — 0. 8> og = Z(x; @),

[1]

[1]

7 4.5 2.4

(3.34) ZX(Q)W15(Q) < 11763 0. 810g—10g§ (x; x),
4.5 3

(335) D x(@Wi60) < ;762 0610g—10g§ (x; ),

where we have used the prime number theorem and the formulae

yl/p yl/P

S dr S ds _alOg%+/6_a
Ja T log? r slog s log y ’
y «
1/ 1/8
yS r yS ds _a—ﬁ—ﬁlog%
e r log r DS ]og2 s o log Y ’
1/8 1/8 1/8
yS dr yS ds yS dt _O[ ﬂ 510g___10g2%
yia " log r slog s tlogt logy ’
1/8 1/8 1/8
yx dr yS ds yS dt _(a+ﬁ)log%+2(,3—a)
it rlogr slog?s tlogt log y ’
y1/B y1/8 y1/8 y1/8

r s t dw
SarlogT § slog s § tloth 5} w logw

$log” 4§ + (a+28)log § +3(8 — a)
log y '

By (3.18)—(3.35) we get

(3.36) > x(@)8 <> xlq Z (q) + E(q)) < 0.14228= (x; 2),

=1

(3.37) > x(q) gg ZX Z (q) + E(q)) < 0.004312 (x; z).

=14
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By the definition of H(s), G(s), Lemma 3 and some routine arguments
we get

(338) > x(@)S(As, P(a),d"")

v—1
< (1+ | wcﬁ—ﬂ(vﬂax;@,

2

(339) > x(@) >, S(AyPpa)g"")

g1/'w§p<gl/u

w—1 v
>< S log(v—l—ﬁlt)+G( t+1)dt—0( )>

Z(x;x),

u—1

where 3 < u < w < v <5, and

(3.40) ZX(Q) Z S(Aplpzqvp(Q)agl/lm)

q1/45<p) <pa<ql/44

1/4.4 1/4.4
1—H(2.5) >_
< dt1dto +o(1) | = (x; x),
_< S S tltg(l—tl—tg) 102 <) <X )

1/4.5 t

(3.41) ZX(Q) Z S(Apipag> P(q), p1)

g1/4‘5Sp1<p2<g1/4'4

1/4.4 1/4.4
1— H(2.5) _
< E(y;
_( i 0t =0 dtldt2+o(1)> (x; @),

1/45 11

(3.42) Z x(q) Z S(Apipag, P(q), p1)

ql/45<p <ql/44<ql/3<py<q!/24

1/4.4 1/2.4 |~ H(2.2)
<

- ( S S tltg(l -1 —tg)

1/4.5 1/3

(3.43) ZX(Q) Z S(przq’P(Q)’QlMﬁ)

ql/44<p; <ql/3-6<ql/3<py<ql/24

dty dte + 0(1)) Z(x;x),

1/3.6 1/2.4 |- H(22)
<

- ( S S tltg(l -1 —tg)

1/44 1/3

(344) > x(q) > S(Apipag: Pq), ¢"/**)

q!/44<p; <pa<q!/3

dty dty + 0(1)) Z(x;z),
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U3 13, H(4.5(1 —t; —to))
= < o) tita(1 =t _ltZ)

dty dte + 0(1)) Z(x;x),
1/4.4 t1
(3.45) ZX(Q) Z S(Ampzqu(Q)leMé)
q'/45<p; <q'/44<py<ql /22
1/4.4 1/2.2

1— HA5(1—t —t))
S(S | tta(l —t1 — f)

dty dty + 0(1)) Z(x;z),
1/4.5 1/4.4

(346) ) x(q) > S(Ap,pog: P(0), 4'/4)

q1/44<p) <pa<q!/36

1/3.6 1/3.6 | _ H (bt
1
<1/§1.4 tsl fita(1 =t = t2)

(3.47) ZX(Q) Z S(Aplpzan(Q)aﬂl/ém)

g1/4A4§p1 <21/3A6§p2<21/3

VSR L H(45(01— 1 — 1)
< ( i tita(1 —t1 — t)

<

dty dte + 0(1)) Z(x;x),

dt1 dts + 0(1)) E(X; .%')
1/4.4 1/3.6

By (3.38)—(3.47) and (3.8) we get

(3.48) Sy < (N1 — N2)E(x; @),
where
3.5 3.4 2.6
log(t — 1 log(t — 1 log(t — 1
(349) Ny =5+ | o8 )dt+§ o8t —1) 4 2 | gt = 1) 4
2 ¢ 2 t 2 3
3.5 4.5 3.4 4.4
1 S log (3.5 t+_1) J 1 S log (3.4— t+1) "
2 t 2 t
1.2 1.2
2.6 3.6
B S log (2.6 — t+_1) "
t
1.4
< 5 —0.244058,
3.5 4.5
_ G(45 - 7)
(3.50) ‘NQ_ZHM5)+2HMA)+EH&6y+X-———?___dt
1.2
3.5 4.5 3.4 4.4
132G (4.5 — A2 G(4.4 - 24
+§ S ( t+1) dt+2s ( - t+1) dt

3.4 2
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2 Q45— A3) VMY g

—l—S L gt + S S dty dto
3 as o (=t =)
1R s — b — 1))

5 ) tita(1 — t1 — t2) dtr dt

1/45 1/44 172 L=
Y (451 — b — 1)

+ 1) tita(1 — t1 — t2) diy dt
Vaa 6 P2 1—t2
VG 451 — b1 — 1))

+ 1 ) tita(1 — b1 — ) diy dty
144 1/36 172 1=
1/3.6 1/3.6 H(l—t1—t2)

+ ol dt1 dts
Jia b b=t )

1/3.6 1/2.4
H(2.2

+ — (1£t )_t )dtldtg
144 1/3 172 1=
1/4.4 1/2.4

H(2.2

+ S S (22) dty dta.

tita(1 — 11 — t2)

1/45 1/3
By (2.6) we have
(3.51)  2H(4.5) +2H(4.4) + H(3.6)
> 1.02288G(4) 4+ 0.03245H (2.2) + 0.0099H (2.3) + 0.01078 H (2.4)
+0.01272H(2.5) + 0.01668H (2.6) + 0.02130H (2.7)
+0.02544H (2.8) + 0.02916H (2.9)
+0.03252H(3) —e.

By (2.7) we have

3.5 3.5 2 G45_4_5 3.4G 44_4_4
(3.52) (S +% |+ >%dt+2 | Mdt

1.2 3.4 1.4 2 t
> 2.50285G(4) + 0.23871H(2.2) + 0.08093H (2.3)

+0.09264H (2.4) + 0.09912H (2.5) + 0.09816H (2.6)
+ 0.09444H (2.7) + 0.09102.H (2.8) + 0.08782H (2.9)
+0.08485H (3) — ¢.
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By Proposition 1(1) we have

1/4.4 1/4.4 H(2.5)

1/§1.5 tsl tita(1 —t1 —t2)

(3.53) dty dta

+11/§1.4 1/§'2H(45( ot — 1))

dt; dty
tita(1 —t) — to)

1/4.5 1/4.4

1/31/3H45 B
0 (4.5(1

)) dtq dts
1/4.4 t1 tat2(1 — tl N t2)

1/3.6 1/3 H(2.2)

+ )
1/4.4 1/2.4 tita(1 =t — o)

dty dts

1/4.4 1/2.4 H(2.2)

+§
1/4.5 1/3 titz2(1 = t1 — t2)

dty dts

1/3.6 1/3

tita(l —t; —t ))dtldt2
1/441/36 1 2( )

1/3.6 1/3.6 H(lfttllftQ) e
1 at2

+ )
i b tita(1 —t1 — t2)

> 0.39974H (2.2) + 0.04041H (2.5).

By (3.50)—(3.53) we have
(3.54) Ny >0.74978H(2.2) + 0.10644H (2.3) 4+ 0.1203H (2.4)
+0.1704H (2.5) + 0.13423H(2.6) + 0.13629H (2.7)
+0.13814H (2.8) + 0.13972H (2.9) + 0.1412H (3) —
where Proposition 3 is used.
By (3.7), (3.36), (3.37), (3.48) and (3.49) we have
(3.55) 5 x(q)S(Ag P(q),q"/*?) < (5 — 0.097465 — Ny) = (x; ).
By (3.54), (3.55) and the definition of H(s) we get
H(2.2) > 0.019493 + 0.14995H (2.2) + 0.02129H (2.3)
+0.02406H (2.4) + 0.03408H (2.5) + 0.02684H (2.6)
+0.02725H(2.7) + 0.02762H (2.8) + 0.02794H (2.9)
+0.02824H (3),
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(3.56) H(2.2) > 0.022931 + 0.02504H (2.3) + 0.02830H (2.4)
+ 0.04009H (2.5) + 0.03157H(2.6) + 0.03205H (2.7)
+0.03249H (2.8) + 0.03286 H (2.9) + 0.03322H (3).

By Lemmas 8, 9 and 11 and (3.56) we get

H(2.2) > 0.02685 + 0.000073 + 0.00137H(2.2),
(3.57) H(2.2) > 0.02695.

Proof of the Theorem. Let x denote the characteristic function of the
set {1}. By the definition of H(s), Proposition 1(2) and (3.57) we have

mo(x) < S(A7P7l1/2'2) + 0(11/2.2)
<3.5(1+0(1)) locg’—;;x (1- H(2.2)) + 0(1/%?)

3.406Cx
log?z
The proof of the Theorem is complete.
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