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1. Introduction. Let p be an odd prime. For each integer a with 0 <
a < p, we define @ by the congruence equation aa = 1 mod p and 0 < @ < p.
For any fixed positive integer k and any fixed real number 0 < § < 1,
Professor Andrew Granville had proposed to study the limit distribution

properties of
1 =
— 1.
p= 1 a=1
la—a|<dp
The author [3] completely solved this problem, and obtained a sharp asymp-

totic formula. That is, we proved that
p—1

(1) > 1=62-8)p+ 0@’ p).

a=1
la—a|<dp

In this paper, as a generalization of [3], we study the distribution proper-
ties of |p{a® /p} — p{@" /p}|, and obtain a general asymptotic formula, where
{z} =z — [z], [z] denotes the greatest integer not exceeding z. In fact, we
use the J. H. H. Chalk and R. A. Smith’s deep result [2], which is based on
E. Bombieri’s work on exponential sums [1], and the estimates for trigono-
metric sums to prove the following more general conclusion:

THEOREM. Let p be an odd prime. Then for any fixed positive integer k

and real number 0 < § < 1, we have the asymptotic formula
p—1

> 1= 6(2 - 8)p+ On(p/*In? p),

a=1
Ha*/p}—{a*/p}|<s
where O means that the O-constant depends only on k.
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From this theorem we may immediately deduce the following

COROLLARY. Let p be an odd prime, k be any fixed positive integer.
Then for any fized real number 0 < § < 1, we have the limit distribution
formula

1 1
lim — 1=04(2-9).

{a*/p}—{a*/p}|<s

REMARK. Let F; denote the multiplicative group formed by nonzero
residue classes mod p. It is clear that the k-powers of nonzero residue classes
mod p form a multiplicative subgroup, say Uk, of F,. If k and p — 1 are
relatively prime, then Uy is the full group F; and the result of our theorem
reduces exactly to the case k = 1, which was investigated in [3]. The new
feature in this paper is when (k,p — 1) = d > 1 in which case Uy = Uy
is a proper subgroup of F. Thus the results of the present paper can be
interpreted as results on the distribution of inverses inside a subgroup of
small index in F}.

2. Some lemmas. To prove the Theorem, we need several lemmas.
LEMMA 1. Let f,g be polynomials in Fplz,y] and suppose that

(a) f(z,y) is absolutely irreducible in Fy|x,y],

(b) g(z,y) # ¢ (mod f(z,y)) in Fplx,y] for any integer c.

Then we have the estimate

ate g(a,b) 2 1/2 2
YN e B ) < (di = 3dy + 2didy)p'? + df
a=1b=1 p
f(a,b)=0 (mod p)
for all primes p, where Fy[x,y] denotes the set of all polynomials with coef-
ficients in the residue systems modulo p, di = d(f) and dy = d(g) are the
degrees of f and g in F,lx,y], and e(y) = e*™¥.

Proof. See [2], Theorem 2.

LEMMA 2. Let p be an odd prime, m and n be integers. Then for any
fixed positive integer k, we have the estimate

1 S madk + nat
Z € (7) <k pl/z(ma nvp)1/27
a=1 p

where (m,n,p) denotes the greatest common divisor of m, n and p.

Proof. 1t is clear that the assertion is true if p|m and p|n. So without
loss of generality we can assume (m,n,p) = 1. Take f(x,y) = zy — 1 and
g(z,y) = mz* + ny* in Lemma 1 and note that g(x,y) # ¢ (mod f(x,y)) in
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F, [z, y] for any integer ¢ if (m,n,p) = 1. Applying Lemma 1 we immediately
get the estimate

p—1 k —k p k k
ma” + na ma”® + nb >
e _— = E E e B
< b > < p

a=1

This proves Lemma 2.

LEMMA 3. Let p be an odd prime. Then for any fized real number O <
6 < 1, we have the estimate

[k —rc — sd
< >‘ = O(p”In” p).

c=1d=1
|e—d|<ép

p—1p—1

r=1s=1

Proof. First note the trigonometric identity

2) 3" elar) = e<<nz 1>x) snmne

SIN 7T
a=1

Applying (2) we have
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o7 e(—rm) (—(r + s)) 6(—7(”8)(57177”)) -1 ’
A p e(=td) — 1

—1p—

+zz

r=1s=1"'m=
rts#p
p—1, [op] —rm p—lp—1
« XL e(F)o-1-m+ T3 e
r=1"'m=0 r=1s=1 ) ‘
rts#p
[p] [6p)
y Ze<—rm—(r+s)(p—1—m)> B Ze<—rm>’.

m=0 p m=0 p

Note the trigonometric sum estimate
2 ko 1
(4) mZ:Mm e(mz) < M” min (M, ]sinw:c|> for k > 0.
From (3) and (4) we get
p—1p—1, p—1p—1
Z Z (—rc - sd) ‘
r=1s=1" c=1d=1
le— d|<5p
e 1 1
< Z ‘sm ;; |Sm ”(T+S)‘ [‘sm | + ‘sin%‘
T+s7p
p—1 p—1 1
<p lnp+z |Sm ‘ ; ‘Sm 7r(r+s)|
s#Ep—T P

< p?ln?p.
This proves Lemma 3.

3. Proof of the Theorem. In this section, we complete the proof of
the Theorem. First note the trigonometric identity

q .
Ze(@>:{q if ¢|n,
—~\q 0 ifgtn,
and the identity

p—lp=1r p-lp-1 r-p{i}+s~p{”—"'}
yrl oy ()
r=1s=1 a=1b=1

ab=1 (mod p)

-1

(=5

"?
-
3
—_
| —
hS]

]
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From the estimates for trigonometric sums and Lemmas 2 and 3 we have

p—1

JilNg

{a*/p}— {a"/p}|<5
—1p—1

- Ty o

a=1b=1
ab=1(mod p)
{a*/p}—{b*/p}|<s

_ ]%zp:zp: pzipzl pszi e(T(p{%k} ﬂ))@(S(}?{%} —d)>

p

ab=1 (mod p) |c—d|<ép

1 & —tel T'P{£}+S‘P{E} PPl e sd
ey BF () SR ()
a=1b=1 c=1d=1
ab=1 (mod p) |c—d|<ép

r-af+s-a trl —rc — sd
r=1s=1 “a=1 ( >:|c 1d=1 < >

|e—d|<ép

Il
3|
M@
]
| — |
3
-

a=1 c=1d=1 p r=1 *+a=1
|c—d|<ép |c d|<6p
1B froabhsah\] BR8]/ —re—sd
2 (s TSN
r=1s=1 ta=1 c=1d=1
le—d|<ép
1 [6p] p—1p—1
-~ (- 1)[2. 1} +0(1)
p m=0 c=1d=1
c—d=m
p—1, p—1p—1
co(ren X153 ()
r=1"c=1d=1
le—d|<dp
iyttt —rc — sd
RACRLDS zz (==)))
r=1s=1" c=1d=1
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[6p]
1
= =12 3 (= 1-m)] +0()
m=0
p—1
1
#Ou (5 o) m) + 040" 0’ p)
c=1 p

= pd(2 — 8) + Ok (p*/*1n? p).
This completes the proof of the Theorem.
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