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1. Introduction. Let q be a prime power, Fq the finite field of q ele-
ments, and f(X) a polynomial over Fq of degree at least 2. Let (un) be the
sequence of elements of Fq obtained by the recurrence relation

un+1 = f(un), n ≥ 0,

with some initial value u0. Obviously, this sequence eventually becomes pe-
riodic with least period t ≤ q, but we restrict ourselves to the case where
(un) is purely periodic.

Let χ be a nontrivial multiplicative character of Fq, with the standard
convention χ(0) = 0. We prove an upper bound on the character sums

Sχ(N) :=
N−1∑

n=0

χ(un)

in Section 2. We use the method introduced in [16] and extended and refined
in the series of papers [3, 6–8, 13–15, 18, 21]; see also the surveys [17, 20] of
this method and the recent exposition [25] of the general theory of character
sums.

In Section 3 we apply this character sum bound and obtain results on
the distribution of powers and primitive elements in the sequence (un).

Although several similar results on linear recurring sequences [11, 24]
and explicitly defined sequences [1, 2, 4, 5, 10, 22, 26–28] were obtained
with other methods, for nonlinear recurring sequences nontrivial character
sum bounds have been out of reach. However, for some special inversive
sequences the results of this paper can be essentially improved [19].

2. A character sum bound. Define the sequence of polynomials fk(X)
∈ Fq[X] by the recurrence relation
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f0(X) = X, fk(X) = f(fk−1(X)), k ≥ 1,

and let (vn) be the sequence defined by v0 = 0 and vn+1 = f(vn), n ≥ 0.
Even under our assumption that (un) is purely periodic, the sequence (vn)
need not be purely periodic. Let t0 be the least period of the sequence (vn)
if it is purely periodic and put t0 := ∞ otherwise. Then we can prove the
following upper bound on Sχ(N).

Theorem 1. Let χ be a multiplicative character of Fq of order s>1 and
let f(X) ∈ Fq[X] with d := deg(f) ≥ 2. If fk(X), 1 ≤ k < d0.4(log q)/log de,
is not , up to a multiplicative constant , an sth power of a polynomial , then
for 1 ≤ N ≤ t we have

Sχ(N) = O

(
N1/2q1/2

(
min

(
log q
log d

, t0

))−1/2)
,

where the implied constant is absolute.

Proof. We can assume q ≥ 3. For any integer k ≥ 0 we have
∣∣∣Sχ(N)−

N−1∑

n=0

χ(un+k)
∣∣∣ ≤ 2k,

and so for any integer K ≥ 1 we get by summing over k = 0, 1, . . . ,K − 1,

K|Sχ(N)| ≤W +
∣∣∣
K−1∑

k=0

(
Sχ(N)−

N−1∑

n=0

χ(un+k)
)∣∣∣ < W +K2(1)

with

W =
N−1∑

n=0

∣∣∣
K−1∑

k=0

χ(un+k)
∣∣∣.

By the Cauchy–Schwarz inequality we obtain

W 2 ≤ N
N−1∑

n=0

∣∣∣
K−1∑

k=0

χ(un+k)
∣∣∣
2

= N

N−1∑

n=0

∣∣∣
K−1∑

k=0

χ(fk(un))
∣∣∣
2
.

Completing the outer sum, we get

W 2 ≤ N
∑

c∈Fq

∣∣∣
K−1∑

k=0

χ(fk(c))
∣∣∣
2
≤ N

K−1∑

k,l=0

∣∣∣
∑

c∈Fq
χ(fk(c)fl(c)q−2)

∣∣∣

≤ KNq + 2N
K−1∑

k,l=0
k>l

∣∣∣
∑

c∈Fq
χ(fk(c)fl(c)q−2)

∣∣∣.

Next we show that for 0 ≤ l ≤ k ≤ K − 1 the polynomial F (X) :=
fk(X)f q−2

l (X) is, up to a multiplicative constant, an sth power of a poly-
nomial only if k ≡ l mod t0, where k ≡ l mod∞ means k = l. Suppose
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g(X) := gcd(fk(X), fl(X)) has degree at least 1 and let α be a root of g(X)
in some extension field of Fq. Since

fk−l(0) = fk−l(fl(α)) = fk(α) = 0,

we have k − l ≡ 0 mod t0. Now suppose k 6≡ l mod t0 and thus g(X) = 1.
Hence, if F (X) is (up to a multiplicative constant) an sth power, then both
fk(X) and fl(X) are (up to multiplicative constants) sth powers, which is a
contradiction to our assumption provided that K is small enough (this will
be guaranteed by the subsequent choice of K). Now the number of pairs
(k, l) ∈ Z2 with 0 ≤ l < k ≤ K − 1 and k ≡ l mod t0 is at most K2/(2t0).
For these pairs (k, l) we estimate the inner sum in the last bound on W 2

trivially by q. For all other pairs we can use Weil’s bound (see [12, Theorem
5.41]) and get

W 2 < KNq +K2N

(
q

t0
+ 2dK−1q1/2

)
.

With

K :=
⌈

0.4
log q
log d

⌉

and (1) we arrive at the desired result.

Remark 1. If again d = deg(f) and s does not divide deg(fk) = dk, then
fk(X) is not, up to a multiplicative constant, an sth power. Furthermore, if
f(X) is a permutation polynomial of Fq, then fk(X) is also a permutation
polynomial of Fq and cannot be, up to a multiplicative constant, an sth
power.

Remark 2. It is clear that the maximal value t = q of the least period
of (un) is obtained if and only if f(X) is a permutation polynomial of Fq
representing a permutation which is a cycle of length q. In this case we have
t = t0.

Remark 3. Let f(X) = Xd with d ≥ 2, u0 6= 0, and s be a divisor of
d−1. Then it is clear that for a character χ of order s we have χ(un) = χ(u0)
for all n ≥ 0. This example provides some evidence that the dependence of
the character sum bound on t0 is natural.

Remark 4. Let f(X) = (X + a)d − a with d ≥ 2, a ∈ F∗q , u0 = 0. The
sequence (un) generated by this polynomial can be obtained by subtracting
a from a sequence as in Remark 3. Hence, both sequences have the same
least period. For example, if q is even, q − 1 a Mersenne prime, d the least
primitive root modulo q − 1, i.e., d = O(log6(q − 1)) under ERH (see [23,
Theorem 1.3]), and a is a primitive element of Fq (see the definition prior
to Theorem 3), then we have t = t0 = q − 2. This shows that examples for
which Theorem 1 gives a nontrivial bound can be easily constructed.
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Remark 5. From the equation

∑

c∈Fq

∣∣∣
N−1∑

n=0

χ(un + c)
∣∣∣
2

=
N−1∑

n,m=0

∑

c∈Fq
χ(un + c)χ−1(um + c) = N(q −N)

for 1 ≤ N ≤ t and χ nontrivial, we see that for each sequence (un) there
exists a shifted sequence (un + c) such that

∣∣∣
N−1∑

n=0

χ(un + c)
∣∣∣ ≤ N1/2

(
1− N

q

)1/2

.

Furthermore, for almost all c, more precisely for all c but a fraction of
O(1/log q), we have

∣∣∣
N−1∑

n=0

χ(un + c)
∣∣∣ ≤ N1/2(log q)1/2.

3. Distribution of powers and primitive elements. For a positive
divisor s of q − 1, an element w ∈ F∗q is called an sth power if the equation
w = zs has a solution in Fq.

Let Rs(N) be the number of sth powers among u0, u1, . . . , uN−1. Then,
with the notation in Theorem 1, we have the following result.

Theorem 2. Let q be a prime power and s > 1 be a divisor of q−1. If for
all prime divisors r of s the polynomial fk(X), 1 ≤ k < d0.4(log q)/log de,
is not , up to a multiplicative constant , an rth power of a polynomial , then

Rs(N) =
N

s
+O

(
N1/2q1/2

(
min

(
log q
log d

, t0

))−1/2)
for 1 ≤ N ≤ t.

Proof. Let Xs denote the set of multiplicative characters χ for which
χ(w) = 1 for any sth power w ∈ F∗q . By [12, Theorem 5.4] we obtain

1
s

∑

χ∈Xs
χ(w) =

{
1 if w ∈ F∗q is an sth power,

0 otherwise,

where we used the convention χ0(0) = 0 for the trivial character χ0 of Fq.
Therefore

Rs(N) =
1
s

∑

χ∈Xs
Sχ(N).

The contribution to Rs(N) of the sum corresponding to the trivial character
is either (N − 1)/s or N/s. Therefore∣∣∣∣Rs(N)− N

s

∣∣∣∣ ≤
1
s

+
1
s

∑

χ∈Xs\{χ0}
|Sχ(N)|,

and Theorem 1 implies the result.
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We recall that w ∈ F∗q is a primitive element of Fq if it is not an sth
power for any divisor s > 1 of q − 1. For an integer m ≥ 1 we denote by
ν(m) the number of distinct prime divisors of m and by ϕ(m) Euler’s totient
function.

Let Q(N) be the number of primitive elements of Fq among u0, u1, . . .
. . . , uN−1. Then, with the notation in Theorem 1, we have the following
result.

Theorem 3. If for all prime divisors r of q − 1, the polynomial fk(X),
1 ≤ k < d0.4(log q)/log de, is not , up to a multiplicative constant , an rth
power of a polynomial , then for 1 ≤ N ≤ t we have

Q(N) =
ϕ(q − 1)
q − 1

N +O

(
2ν(q−1)N1/2q1/2

(
min

(
log q
log d

, t0

))−1/2)
.

Proof. From Vinogradov’s formula (see [9, Lemma 7.5.3], [12, Exercise
5.14]) we obtain

Q(N) =
ϕ(q − 1)
q − 1

∑

s|(q−1)

(
µ(s)
ϕ(s)

∑

χ∈Ys
Sχ(N)

)
,

where µ denotes the Möbius function and Ys the set of multiplicative char-
acters of Fq of order s. The rest follows from Theorem 1.

Remark 6. The theorem is only nontrivial if 2ν(q−1) is small. However,
the sequence considered in Remark 4 above is an example for which Theo-
rem 3 yields a nontrivial result.

Remark 7. For any ε > 0 we can show that for all but a fraction of
O(q−ε) shifted sequences (un + c) we have

Q(N) =
ϕ(q − 1)
q − 1

N +O(qε max(Nq−1/4, N1/2)).

For any divisor s > 1 of q − 1 put

TN,s(c) :=
1

ϕ(s)

∑

χ∈Ys

N−1∑

n=0

χ(un + c).

Then we get

σN,s :=
∑

c∈Fq
|TN,s(c)|2 =

1
ϕ(s)2

∑

χ,ψ∈Ys

N−1∑

n,m=0

∑

c∈Fq
χ(un + c)ψ−1(um + c).

If χ = ψ, then the inner sum is equal to −1 for n 6= m and to q − 1 for
n = m. If χ 6= ψ, then the inner sum can be estimated by q1/2 by Weil’s
bound. Altogether, we get

σN,s < Nq +N2q1/2 ≤ 2 max(Nq,N2q1/2).
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Thus, the number of c ∈ Fq with

|TN,s(c)| >
√

2 q2ε/3 max(N1/2, Nq−1/4)

is at most q1−4ε/3. Now we have to consider the 2ν(q−1)−1 = O(qε/3) different
divisors s > 1 of q − 1 with µ(s) 6= 0 and get for all c ∈ Fq but q1−ε the
bound

|TN,s(c)| ≤
√

2 q2ε/3 max(N1/2, Nq−1/4) for all s > 1 with µ(s) 6= 0.

Hence,

Q(N)− ϕ(q − 1)
q − 1

N =
ϕ(q − 1)
q − 1

∑

s|(q−1)
s>1

µ(s)TN,s(c)

= O(qε max(N1/2, Nq−1/4))

for almost all c ∈ Fq.
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