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On the Kummer conjecture
by

YAMING LU and WENPENG ZHANG (Xi’an)

1. Introduction. Let ¢ be an odd prime, and let h; and h; be the

class numbers of Q(¢,) and Q({, + Cq_l) respectively (¢, = 2™/9). Tt is well
known that h(‘; | hq. The famous Kummer conjecture states that

- N q (g—1)/4
hy = he/hy ~2q(m> (as ¢ — 0)

is equivalent to
H L(l,x)~1 (as ¢ — ),
x(=1)=-1

where x runs through Dirichlet characters modulo ¢. This conjecture has
not been proved yet, but there are several works on the upper bound of h_;
for example, by using elementary methods, Feng Keqin [1] proved that

(¢-1)/4
_ qg—1
he <2q( —L -
“ q<31.997158 B > ’

and in [2] it is mentioned that the following results have been proved:

2 3
3 < I[I zaw< 5 (for5<g<523),
x(=1)=-1
6*12.93 I 15.49[/ | : .
Taoggi < 11 L) <e®*Lllogg)”  (for any g)

x(—1)=-1

with L = ¢*96/1°2¢_ In [4], M. Ram Murty and Yiannis N. Petridis proved
the following weak Kummer conjecture: There exists a positive constant ¢
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such that for almost all primes ¢,

cl< H L(1,x) <
x(—1)=-1

In this paper, we shall prove the following
THEOREM 1. For every sufficiently large prime q with ¢ =1 (mod4),

(1) L(Lx) > ¢~ *(logg)(loglog ) (140 — :
11 . < <loglogQ>>

x(—=1)=—

) IT Z(1,x) <" (logq)"/%(loglog q) <1 - O(log llog q))’

x(—1)=
where x runs through Dirichlet characters modulo q.

Using the same method, we can prove the following conclusions:

THEOREM 2. Let q be any sufficiently large prime. Assume that there is
no exceptional zero for L(s,x), where x is any Dirichlet character modulo q.
Then we have the same estimates as in Theorem 1.

THEOREM 3. Assuming the Generalized Riemann Hypothesis (GRH), for
every sufficiently large prime q we have

@ I eze Hoga) (1401 ),
(4) ) ]1—[ 1L(1 x) < 1‘53(logq)7/6<1—}—O(loiq)).

THEOREM 4. For any fized € > 0, there is a positive number @, which
depends only on €, such that if q is a prime greater than Q, we have

(5) e Mg logg) P < T L(,x) < g (logq)'/C.
x(—1)=-1
The following symbols will be used in the proof of these theorems. For
q>3,(,q9) =1,1<1<q, we write

mwig )= > 1, O(x;q,)= Y logp,

p<w p<w
p=l (mod q) p=l (mod q)
Ylaig )= Y. An),  dl@x) =Y An)x(n)
n<x n<lx
n=l(mod q)
= Z A(n), 1z =889 g, =,
n<x

where A(n) is the von Mangoldt function.
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2. Some lemmas
LEMMA 1. For every prime q > 3,
(© > S MW gpena,
x(—1)=—1 p>xz2

where x runs through Dirichlet characters modulo q, and ¢c; > 0 is a constant
independent of q.

Proof. For an arbitrary number y > x9, by using the identity

Lg— ifn= mo

D=1 otherwise,
we have
1
Z > - D X
(=1)=—1 z2<p<y To<p<y p x(—1)=-1
q—1 1 1)
(X >
2o <p<y 22<p<y
p=1(mod q) p=—1(mod q)
Yy
_g-1¢1 . :
- T S E d{ﬂ-(ua q, 1) - 7T(’LL7 q, _1)}
T2
The Siegel-Walfisz theorem yields
Yy
Z Z X efc“/logmg +q S efc“/logu d_’LL
Xx(=1)=—1 z2<p<y T2 u

< qefclx/logmg + qefclx/logmg 10g$2 < q26761\/§'

Since y is arbitrary, we can easily get (6) by letting tend y to infinity in the
last formula.

LEMMA 2 (see [5, §17.1]). Assume q > 3 is any integer and s = o + it.
Then there is at most one character x modulo q such that the function
L(s, x) has a zero in the region

C2
(®) 721 gl 1 2)

where co s a positive constant. If such an exceptional function exists, the
corresponding character X must be a nonprincipal real character modulo q,
and L(s,X) has only one zero [ (this zero must be a real zero) in the above
TEGLON.

LEMMA 3 (see [5, Theorem 33.3.1]). If the exceptional zero B in Lemma 2
exists, then there are positive constants cg, c4 such that B is the only zero
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of meoqu(s,x) in the region

c3 cq€e

o>1-—

log
(9) ~ log(a(ft] +2)) (510g q(|t| +2))
dlog(q(|t] +2)) < ca,
where 6 =1 — B

LEMMA 4 (see [5, Theorem 33.2.8]). Assume q > 3 is any integer and
X is a Dirichlet character modulo q. Denote by N(«,T,x) the number of
zeros of L(s,x) in the region « < o < 1, |[t| < T, and write N(a,T,q) =
> xmodg V(. T, x). Then for any T > 2 and 1/2 < o < 1, we have

(10) N(o, T, q) < (¢T)30=),

LEMMA 5 (see [5, Theorem 18.1.5]). Assume x > 2, T'> 2, ¢ > 3. Then
for every nonprincipal character x modulo q,

_ B s loo2(zaT _
yI<T
where N
E — { 17 X = X7
0, X#X

X 1is the exceptional character that possibly exists, and Z/ is the sum over
all nontrivial zeros o = [+ iy of L(s,x) except the exceptional zeros [3

and 1—5.

LEMMA 6. Assume x > 2, T > 2, ¢ > 3 is a prime number, and | is a
positive integer satisfying 1 <1 < q. Then

Y(x E q)X(l P 1 _ 1 x@

e R D IR (U P

B x#X° Iv[<T
log?(xqT
T o(# T log?(2g) + /)
where
E(q) - { 1 if the exceptional character X mod q exists,

0 otherwise.

Proof. We have
b =Y ¢” > XOxm) = =5 X X0

n<lz q x mod ¢ x mod g
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Since ¢ is a prime number, we easily get

Y Ay =9@) — Y A

n<z n<z,q|n
( 7Q)71

Z logg = )+ O(log z).
qm <z

Combining this with Lemma 5, we have

Vi) = 254 2 S w0 + 0 S loge )
x#X°

_v(@)  E@x(0) 2f 1 S 0 3

- l —
q—1 -1 5 q- x() 0

x#x° [vI<T

2 _ 1/4
+ O(M + log?(xq) + E(q) %),

which proves the lemma by using 0(x; q,1) = ¥ (2:q,1) + O(z'/?).

LEMMA 7. Let A = min(ca, c3,cq), where ca,c3,cq4 are defined in Lem-
mas 2 and 3. Then for every sufficiently large integer q, we have

(12) 3 Zu51<<( u)

xmodgq |y|<T
foru >z = ¢'°81989 qnd T = ¢*; Z/ and 3 are defined in Lemma 5.

Proof. From Lemmas 2 and 3, we have:

+ u_l/qu log(qT)

> —A/log(qT)

(i) If the exceptional zero B exists and satisfies glog(qT) < A, then
[T moaq L (s, x) does not vanish in the region
A A
o>1— log = |t|<T
log(¢T) ~ §log(qT)

excgpt at s = B

(ii) If 0log(¢gT) > A or the exceptional zero does not exist, then
[T\ moaq L(s,x) does not vanish in the region o > 1 — A/log(¢T),
[t <T.

Hence if we choose
Ae

= Alog —
o 8 5o log(qT)’

where

o — g, glog(qT) < A,
° A/log(qT), 0log(qT) > A or the exceptional zero does not exist,
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then g > A, and meoqu(s,zc) # 0 in the region o > 1 — ng/log(qT),
|t| < T except at one point s = 3. Hence

1—n0/log(qT)

Z Z,uﬁ_l < Z Z/ uwl =~ S u*tdoN(a, T, q).

xmodgq |y|<T xmodgq |y|<T 1/2
6>1/2

Making use of N(1/2,T,q) < qTlog(qT") and Lemma 4, we obtain
1—no/log(qT)

Z Z/uﬁ_l < S N(a, T, q)u* loguda + uw V2T log(qT)
xmodgq |y|<T 1/2

1-no0/log(qT’) (

< (logu)
152 (qT)?

log u u —no/log(qT)
<
log u—3log(qT) < (qT)3>

and (12) follows at once from the choice of u, T and ny > A.

a—1
> do + u=Y2¢T log(qT)

+ ufl/QqT log(qT),

LEMMA 8. For every sujﬁciently large prime ¢ = 1 (mod 4), we have

(13) > XB) o (1og )5 l0glog g) ™,

xmodq z1<p<lx2
x(—1)=-1

where A is defined in Lemma 7.

Proof. Making use of (7) and Lemma 6, we have

I I B

xmodq z1<plx2 1<p<z2 " x(-1
x(-1)=-1
g1 1 1
-z - 2 )
z1<p<z2 z1<p<x2
p=1(modq) p=—1(modq)
g—17
=— d{0(u;q,1) — 0(u;q,—1
5 :iuk%u {0(u;q,1) = 0(u; 9, —1)}

2

E uE ruf
SRy -0 - Y a-xen

1 ulogu X#X° =t ¢

2 x2 2
Lo qlog”(z2qT) q i uq log (un)+u1/2q logngl du).
T log o VZ1logzy T u?log® u
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Notice that ¢ is a prime and ¥ is nonprincipal real character, so that

X(=1) = (%1) = (~1)ED/2 =,

where (%) is the Legendre symbol modulo ¢. Hence

Yooy Wy e

xmodq z1<p<lza 1 x(=1)=-1 |y|<T
x(=1)=-1
2 T3 2
L0 qlog®(zaqT) N q S uq log”(uqT") Lulf2g logujgl Ju
T log 4 z1 log x1 T u?log® u

du qlog®(qT) log® x q
S ( Z Zu@ 1>ulogu+0( T +\/x_110g331)'

21 x(~D)=—1 h|<T

If we choose T = ¢* and make use of Lemma 7 as well as the definition of
xr1, T2, we obtain

S OY WLy ye)

xmodq x1<p<z2 z1  xmodq |y|<T q

x(—=1)=-1
2 —A/5logq 2
u /2451 du log”q
<I{Gm) e

71
To 9
< SU—I—A/Blogq du + log”q
logu q

x1

1 5 IOg q —A/5logq 10g2 q

log =1 A q
< (logq) "/ (loglog q) .

This completes the proof of the lemma.

LEMMA 9 (see [5, Theorem 28.6.1]). Assume (q,l) =1 and 1 <l < q<
y < x. Then

I T
- ) =@ =D < G0y og(u/a)

LEMMA 10. Let ¢ > 3 be a prime number, 1 <1 < q, | is not a prime,
and © > ¢>. Then

1 2 1
15 -<— loglog + + >
(18) 2 pqg—-1 < logq

p<z
p=l (mod q)
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Proof. Using Abel’s identity, we obtain

xT

1 1 1 1
(16) > Pl m(w;q,1) — % ©(2¢:¢,0) + | — T(uig,1) du.
2q<p<lz 2q
p=l(mod q)

If we choose x = y > ¢ in Lemma 9, we have

2 x
4D <50 Togle /)

Combining this with (16), we find that

(z > q).

Solllizoe L fllt iy,
- >~ — . —2. — .
g P T a1 log(x/q) ~ 5 u® q—1 log(u/q)
p=l(modq)

1 .
g—1 logq’

we have used x > ¢? in the last 1nequahty Since [ is not a prime, we have
1 1
> i<l

P<2q p a
p=l (mod q)

and we easily deduce (15) from the discussion above.

LEMMA 11. Assume q is a sufficiently large prime with ¢ = 1 (mod4),

and define
2= X ZX
x mod q p
x(—1)=—1
Then
1 1
1 ’ ‘ < logl log log1 = .
(17) Y| <loglogq +loglog ogq+2+0<log10gq>
Proof. From (7) we get
X
> 2 Z Z
x(—1)=—1 p<z1 p<m1 x(—1)=
q—1 1 1
(s oy )
Pzl p<z1
p=1(modq) p=—1(mod q)

Thus

q—1 1 X ( -1 1
ay) LY < Z—é v oL

< p - <1 P < p
p<z1 x(—=1)=— p<z1
p=—1(modq) p=1(mod q)

If we choose x = z1, 1l =1 and x = x1, l = ¢ — 1 respectively in Lemma 10,
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and put the results into (18) we obtain

> oy

x(—1)=—1 p<z1

1
log q
< loglog g + logloglogq + +

<log10g—+—+

Applying Lemmas 1 and 8 yields (17).
LEMMA 12. Let q be a sufficiently large prime and define
Jj=2

x mod g p
x(=1)=-1

Then

1 1 8 1
19 >~ loglogq — = (2 + log —o— 0
(19) >, > —3loglogg 6( +0g1g22+7>+ (k)gq),

1 2 1
2 <= 1 1 —(2+1
(20) Z og ogq+12< +log —— o 2+v)+0<10gq>,

where v is the Euler constant.
Proof. We have

(1) Y = Zi > X))
P j=2‘7 x(—=1)=-1
S S y =1
2 zp: ;2 J zp: | ]z; Jp?
pI=1 (mod q) pI=-1(modq)

Since

> 1 1
=Y Y mro(Zp)
p<q Jj=2 P>q

pI=1 (mod q)
> 1 1
_ 3 f+o(l )
i S qlogq
pI=1 (mod q)

and in the same way

> 1 > 1 1
Zp: Z gpi Z WJFO(qlogQ)’

pi=—1 (mod q) pi=—1 (mod q)

logq

95
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we deduce from (21) that

_q—1 G 1 1
pi=1(mod q) pl=—1 (mod q)

Let g be a primitive root modulo ¢, §(p) be the exponent order of p modulo ¢
for p < ¢ (that is to say, 6(p) = min{d > 0 : p? = 1 (mod q)}), and let k(p)
(1 < k(p) < g — 1) denote the integer satisfying p = ¢*®) (modq) for p < ¢.
Then

q—1
op) = —————,
®)= G- 1)
and thus
-t 1 (Z Z 1 f: L)
o we= = Jp’
k(p)j= O(modqfl) k(p)j=(q—1)/2 (mod ¢—1)

(i)
log ¢

SRV > ) le)

= — — = — | +0 .

2 \/= ) . Jp’ log q
J=0(mod (p)) 2[6(p) j=6(p)/2 (mod &(p))

Since d6(p) > 3 when p < ¢ because ¢ is a sufficiently large prime, we
have

(22) Y
:q‘l(zz 223_1/2 po 1/2><>>

r<q j= 1] p<q j= 1

< >

_q-1 1 1+ po®)/2
- ( 2.5 1°g< <p>> 2 5 BT

r<q

()
log g

:%{Zé(l—p)log(l+ > Z(; 10g< ()/2)}

p<q
2t6(p) 2[6(p)
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and this implies that

>, z-l-1 > 5o )log(1+ 5 >/2>+0(@>

p<q
2[é(p)
1 1 1
—(¢g—1 — =+ 0 — ).
@-1 2, o) pPOr <logQ>
p<q
2[6(p)
Notice that 2| d(p) implies p°®/2 = —1 (mod q), thus p*®)/2 > ¢ — 1 and
1 1 q

PR S PR 1 g1

1
2,2 Z 5 P)/2+1+O<logq>'

2|5( )

so that

On the other hand, we can also deduce from (22) that

q—l 1
2., p;l 5 ”)—1+O<logQ>'

246 (p)
Since §(p) > 3 for p < ¢, we have

q 1 1
o4 _
2/3(p)
(24) Z<QZ‘1 +0(
2= PO — 1 logq )"
p<q
213(p)

We write p?®) = [(p)q + 1. Because 2| §(p) implies p’®)/2 = —1 (modq), we
can write p?®)/2 = h(p)q — 1 if 2| 5( ). Then

(25) Z;—Zl

pr<q pr<q
2145 (p) 2145 (p)
1 < Z 1 1 >
q = ) = )
2t4(p),1(p)<q 2{6(p), 1(p)>q
1 1 1
== —+0o(—).
q Z I(p) (qlogQ>

p<q
26(p), l(p)<q
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Using the same method, we have

1 1 1 1
@ Y i 2 it O
P2+l g = h(p) qlogg
2|5(p) 2|6(p), h(p)<q

Since l(p) < ¢ = d(p) < n1 = [(2log )/logQ] and h(p) < ¢ = 0(p) < ng =

[(41og q)/log?2], we deduce from (25), (26) that
1 1 1 1
(27) P D —+0<—),
W -1"q = D) qlogq
2t6(p) 246(p), 6(p)<ma
1 1 1 1
(28) Y. seaii=o 2. —+0<—)-
P21 g L= h(p) qlogg
2[6(p) 2[6(p), 6(p)<n2

It is well known that for every d|q — 1, there are exactly ¢(d) integers in the
reduced residue class modulo ¢ with d as their exponent order modulo q,
so the number of terms of the sum on the right hand side of (27) is less

than
1 2
E d(n) <ny E 1§§n%§ 2210gQQ-

n<ng n<ni log
nlg—1,2in nlg—1,2n

It is obvious that [(p) is different for each p, and

iseven if p> 2,
I(p :
>1 if p=2,

so we infer from (27) that
1 1 1
- <z =
CORD S e (D S

p<q n< lo
245(p) Slog72 8

1+ =
q
1
(e)
qlogq
1 1 2 ~
= —| loglogg+1+ =1o + =]+
q< glogq 318 1072 2)

(sioz2)
qlogq

o( ! )
qlogq

Also, the number of terms of the sum on the right hand side of (28) is less
than

1 2 8 2
E —n5 < ——1 .
¢( ) 9 Ny > 10g22 og q

n<ng
nlg—1,2|n
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Because h(p) is different for each p, and
iseven if p> 2,
h(p {
>1 ifp=2
we deduce from (28) that

1 1 1 1
- <z _
(B0) 2 p‘s(P)/?—H“q(l+ ?3 2n>'+()<qng>

p<q n< log?
2/3(p) SlogZ2 08 4

1 8 1
<1oglogq+1+ log +1>+O( )
T q log?2 2 qlogq

The lemma now follows at once from (23), (24), (29), (30).

3. Proof of the theorems

Proof of Theorem 1. It is easy to verify that HX(—1):—1L(LX) is a
positive real number. Making use of the identity

z0 =] (1- M) (£ 10),
(31) log< H L(l,x)) = log(

p p
)"
x(—1)=-1 X(—1)=— 11;[<1_%> )
)

(-1)=—1 p

- z zf’; ) _$ iy

(—-1)=—1 P

we have

so that Lemmas 11 and 12 imply

4 1
1og( H L(l,x))2—glogl‘)gq_IOgIOgIqu+logA1+O<1oglogq)’
x(—1)=-1

7
log( H le> 6loglogq+logloglogq+logA2+O<

(—1)=—1 log logq>

With

1
Ay =exp (—— <5 + log og

S 4

6 25 T )
1 2

Ag:exp<—2<8+log1 o 2+’y>>.
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A simple calculation shows that
(32) A > e M Ay < 08
and Theorem 1 follows at once.

Proof of Theorem 2. Inspecting the proof of Lemma 8 shows that
if the exceptional zero does not exist, then the assertion of Lemma 8
holds for every sufficiently large prime ¢, and therefore so does the as-
sertion of Lemma 11. If we now invoke Lemma 12, the result follows at
once.

Proof of Theorem 3. We separate log(Hx(_l):_1 L(1, x)) into two parts
as in (31). Because we are assuming GRH, we have

¥lz)
q

(33) 0(z;q,1) = — 1 + O(z'?1og? z)

for x > 2, g >3, (q,1) = 1. This implies

3 > yu

x(=1)=—1 p>¢>

Choosing = = ¢° in Lemma 10 yields

1 2 1 1
35 - < ——|logl — +log2 + —
(35) > p_q_1<0gogq+2+ og +logq>
p<q?
p=l (mod q)

for | = £1. Similar to Lemma 11, from (34), (35) we deduce that assuming
GRH, for every sufficiently large prime g,

1
(36) ’Z ‘<loglogq+ —i—log2+0<1 ogd >

By using (36) and Lemma 12, we have

4 1
log< H L(l,X))2—§loglogq+logA3+O(@>,

x(=1)=-1
7 1
log< [I ra)< loglogq+logA4+O( )
—1)=—1 logg
with
Ag—exp< (5+910g2—210g10g2+’y)>,

M|H Cﬁlr—t

Ay :exp< (8+13log2—2loglog2+'y)>
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A simple calculation shows that

Az > 672'1, As < el3

which completes the proof of Theorem 3.
Proof of Theorem 4. The procedure is similar to the proof of Theorem 3,
but now we have to use the Siegel-Walfisz theorem instead of (33). Hence,

for every £ > 0, write x3 = exp(¢®). We have the following formula corre-
sponding to (34):

(37) R X 4 expl-caa”),
—1)=—1p>z3
where c5 is a constant dependent on €. Choosing x = x3 in Lemma 10 yields
1 2 1 1
(38) Z —g—l(slogq+§+—>
p<zs p q- q
p=l(mod q)

for [ = 1. Similar to Lemma 11, from (37), (38) we infer that for every
sufficiently large prime ¢ and all € > 0,

1 1+ 1
< - € _ €/2 )
(39) ‘E 1‘_€logq+2+0(q exp(—csq )+logq>
Combining this with Lemma 12 and (31), we conclude that for all ¢ > 0 and

every sufficiently large prime g,

1
H L(l,x)) > —5logq—§loglogq+logA1

X(_l):_1 1
+0 (qH‘E exp(—csq®/?) + > ,
logq

1
log< H L(l,x))galogq—i—gloglogq—i-log/lg

X(*l):*1 1
+ 0 (qlJr6 exp(—05q5/2) + > .
log g

Together with (32) this completes the proof of Theorem 4.
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