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1. Introduction. Let k£ be a number field and ko = J,~okn be a
Zy,-extension of k for a prime p. Let A,, be the Sylow p-subgroup of the ideal
class group of k,, and e, be the exact power of p of #A4,,, i.e., #A, = p°.
It is well known that there are integers pu, A > 0 and v, called Iwasawa
invariants of ko, /k, such that e, = up"™ + An + v for n > 0 ([4]).

In [3], Greenberg conjectured that yu = A = 0 if k is a totally real field and
gave several examples supporting the conjecture. Then in 1979, Ferrero and
Washington ([1]) proved that p = 0 if k is an abelian field and k« is the basic
Z,-extension of k. Since then, a lot of results have been published on the
Iwasawa invariants including some recent work on the A-invariant ([8], [12]).
Greenberg’s conjecture on the A-invariant, however, still remains open even
when k is a real quadratic field.

In this paper we will study the A-invariant when k is a real quadratic
field. One of the advantages of studying ideal class groups of abelian fields
as compared with other fields is that the former have circular units which
carry information about the class number. More precisely, let E,, be the
group of units and C,, the group of circular units of k,, defined by Sinnott
([10]). Then the index theorem of Sinnott says that # A, = #B,, if p is an
odd prime, where B,, is the Sylow p-subgroup of E,,/C,,.

From now on, we let k£ be a real quadratic field and k., be its Z,-
extension. Let S be the set of primes consisting of 2 and the prime factors
of the conductor and the class number of k. The aim of this paper is to find
a criterion for the vanishing of the A-invariant A\, of the Z,-extension k
over k forp ¢ S.

If p remains inert in &, then A,, = 0 for all n > 0 since pthg ([11]), and
so A, = 0. Thus, throughout this paper, we will always assume that p splits
in k. When p splits in k, indivisibility of hy by p does not imply A, = 0

2000 Mathematics Subject Classification: Primary 11R23, 11R29; Secondary 11R11.
This work was partially supported by KOSEF, 981-0101-003-2.

[167]



168 J. M. Kim and S. I. Oh

for all n > 0. For instance, if k = Q(v/85) and p = 3, then Ay = {0} but
A1 # {0} ([6]). Despite this example, we can still hope that A3 = 0.

We briefly explain the main theorems of this paper. Let G,, = Gal(k,, /k)
and I' = limG, = Gal(kw/k). It is known that the Tate cohomology
group H(G,,C,) is isomorphic to Z/p"Z ([6]). Let § be a circular unit
of k which generates ﬁO(Gn,C’n). We may assume that § = 1 mod p, for
otherwise we can replace § by 6?~!. To be more precise, we may let § =
[T,en(l— ¢XIED where A = Gal(Q(¢4)/Q) and (4 is a primitive dth
root of 1 ([6]). Let v, be the p-adic valuation normalized by v,(p) = 1. Then
we have

THEOREM 1. Let p ¢ S. If vp(0 — 1) = max;{t | fIO(Gt,Et) =0}+1,
then A\, = 0.

As an application of Theorem 1, we examine the following special case.
As was mentioned, # A,, = #B,,. The groups A,, and B,, are known to be
more deeply related. Indeed, as Gal(koo /k)-modules, lim A,, and lim B,, have
the same characteristic ideals by the main conjecture which was proved by
Mazur and Wiles ([7]). And it is an open question if A4, ~ B, as abelian
groups or as G,-modules. We prove

THEOREM 2. Let p & S. Let M be the integer such that v,(6—1) = M+1.
If #ASM = #B$M | then \, = 0.

Finally, in Theorem 3, we consider the p-adic L-function L(s, x) attached
to the nontrivial character x of k. It is known that if v,(L,(1,x)) =0 (i.e
p t Lp(1,x)), then A, = {0} for all n > 0 and thus )\ = 0 ([6)). In

Theorem 3, we generalize this.
THEOREM 3. Let p € S. If vp(Ly(1,x)) < 1, then Ap = 0.

2. Lemmas. In this section, we prove several lemmas on cohomology
groups of units and circular units in the Z,-extension of a real quadratic
field k. We keep assuming that p splits in k and p € S. In particular, p does
not divide the class number hg of k.

LemMA 1. Let Gy, = Gal(k,/k) and I' = limG,, = Gal(kw/k). Let
Co = Un20 C, and Eo = UnZO E,,. Then
(1) an = Co,
HY(G,,C,) ~Z/p"Z,

HA(Go, ) = (2/p2)"
H(I',Cc) = (@ Zy)2,
HQ(F,C’OO) Qp/Zy.
(2) H\(L, Bwe) =~ (Qp/Z,)?
HQ(F,EOO) QP/Z
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Proof. For (1), we refer to [6]. In [5], Iwasawa proved that H?(I', Ex) =~
Q,/Z, and that H* (I, Ex,) = (Q,/Z,)* & H for some finite group H.

Let I,, be the ideal group of k,, and P,, the subgroup of I,, generated by
the principal ideals.

From 0 — E,, — k) — P, — 0, we have
0— ES" — kX" = P9 — HY(Gp, B,) — H (G, k) —
HY(G,,P,) — H(G,,E,) — H(Gp, kX) — ...
Note that ES» ~ Ej, k:,fG” ~ k§ and H'(G,,, k) ~ 0. Hence
0— ki /Ey — PS" — H (G, E,) — 0

and
0— HYG,,P,) — H(G,, E,) — H(Gn, kX) — ...

Thus we have
HY(G,,E,)~PS" /P,

and
H'(Gy, P,) ~ ker(H(Gy, En) — H (G, kX)).
From 0 — P, — I, — I,,/P, — 0, we have
0— PS" — IS — (I,/P,)°" — HY(Gn, P,) — HY (G, I,) =0 — ...
Hence
0— PS" /Py — IS /Py — (I,/P,)°" — H*(Gy, Py) — 0.
Therefore
0— HYGy, Ey) — IS /Py — (I,/P,)¢" —
ker(H (G, Ey) — HY(Gn, k) — 0.
We also have an exact sequence
0= Io/Po— I7" /Py — I5" /I — 0.
By tensoring the above sequence with Z,, we get
IC" [Py ®@ Ly = IS [Ty @ Ty ~ IS [Ty ~ (Z/p"Z)?
since pfhg. Therefore, we obtain
(*) 0= HY Gy, By) — I7" /1o — (In/Pp) %" —
ker(H*(Gp, Ey) — H%(Gyp, kX)) — 0.
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For m > n, we have a commutative diagram

0——HYG,, E,) — 1S Iy ~ (Z/p"7)?

| |

0——=HY(Gm, En) — I /1o ~ (Z/p™ L)?
By taking direct limits, we have
0 — lim H'(Gn, En) = (Qp/Z,)* & H — Im(Z/p"Z)* ~ (Qy/Zp)*.
Hence H must be trivial, and so
H'(T, Ex) ~ (Qp/Zy)*.
LEMMA 2. The induced homomorphism HY(I',Cy) — HY(I', Es) is sur-

jective.

Proof. Let B,, = E,,/Cy, ® Z,, be the Sylow p-subgroup of E,,/Cy,. It is
known ([2]) that the natural map E,,/C,, — E,,/Cy, for m > n is injective.
Let B = h_n;Bn be the direct limit under the natural injection. So By, =
lim(Ey,/Cn ® Zp) = Ex/Cx ® Zy. From 0 — Cop — Ex — Eoo /Coo — 0,
we have 0 = Co ®Z), — Eso ® Zy, — Bo — 0. Then we obtain a long exact
sequence

0— BL /By — H'(I'Cy.) — HY(I', Es.) — HY(I', Bso) — H*(I',Cs)
— H*(I'Ey) — H*(I',Bs) — ...

Note that BL» is finite ([11], Lemma 15.39, Proposition 15.44), where I, =
Gal(koo /ky). Thus BL is also finite. Also note that H2(I', By,) = {0}, since
B is a torsion group ([9], Proposition 3.25, Example 17). Hence the above
long exact sequence reads

0 — finite — (Qp/Zp)2 - (@p/Zp)2 - Hl(Fv Boo) = Qp/Zp — Qp/Zy — 0.

Therefore H'(I', B,) is a finite group. Since (Q,/Z,)? has no nontrivial
cokernel, HY(I',Cs,) — H(I', E,) is surjective.

LEMMA 3. The induced maps H (G, Cp) — HY (G, Ey,) and HY(G,,, C,)
— HO(Gn,En) are surjective for all n > 1.

Proof. From 0 — C,, — E, — E,/C, — 0, we get a long exact
sequence

0 — By — B — HY(G,, C) — H (G, Ey) L HY(G,, By) — .

Since pfhg, we have By = {0}. Then consider the following commutative
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diagram:

H‘Ell(c;(nactn)%-EII(CLU-EH) ! Hl(Gann)H

| l l

HHl(F, COO) HHl(F, EOO) zero map Hl(F, Boo) - o

where vertical maps are inflations. From the injectivity of the inflation map
HY(G,,B,) — H(I', Bs,), one can easily see that f is a zero map. Hence
HY(G,,C,) — H(G,, E,) is surjective. The surjectivity of H(G,,Cp) ~
Co/N,C,, — ﬁO(Gn,En) ~ FEy/N,E, follows immediately from the as-
sumption pthgy, where N,, is the norm map from k,, to ko.

3. A-invariant. In this section, we will prove the main theorems stated
in the introduction. Since p splits in k, the completion of k at a prime g
above p is Q,. We denote the completion of k,, at the prime of k, above
o by Qprn. Let 6 = [[cn(1— (;)X(T)(pfl) be a circular unit of k which

generates H°(G,,C,) as in the introduction.

THEOREM 1. Let p ¢ S. If vp(0 — 1) = max;{t | fIO(Gt,Et) =0}+1,
then A\, = 0.

REMARK. Since N,,FE,, C N,E, for m > n, ﬁO(Gn,En) is a quotient
group of HY(Gp, Ep). Thus if H*(G, En) = 0, then H°(G,,, E,)=0.
And since Eo/(),,>0 NnEn =~ Qp/Z;, (we are assuming that p splits in k),
ﬁO(Gm,Em) # 0 for sufficiently large m. Thus max;{t | ﬁO(Gt, E;) =0} is
well defined. Also note that H%(Gy, E}) is generated by & since H(Gy, C}) —
H°(Gy4, E;) is surjective. Hence, if H°(Gy, E;) = {0}, then & = Ny(n;)
for some 1; € k;. By reading this equation in the completion, i.e.,
nt € Qp¢ and Ny = Ng_ , /0,, We get 6 = 1 mod p'*1. Therefore v,(§ — 1) >
max,{t | H(Gy, E;) = 0} + 1.

Proof of Theorem 1. We will prove the vanishing of A, by showing that
every ideal in k, capitulates in k.. Let D,, be the kernel of the natural
map j, : A, — li_H)lAm. Since G,, acts on D,,, A, /D, is a G,-module. To
prove A,,/D,, = {0}, it is enough to show that (A, /D,)%" = {0}. Let C be
a class in A,, such that C°~! € D,,, where o is a topological generator of
I' = Gal(ks /k). Thus C°71 = 0 in A,, for m > n. Let jnm : An — Am
be the natural map and write j, ,,»,(C) = C’. Let a be an ideal of k,, which
represents C’. Thus a?~! = («) for some a € kyy,.

Since (N, (a)) = Nya®=t = (1), Nyp(a) = eisaunitink. Let a, 0 < a <
p™, be such that ¢ mod N,,, E,, = 6 mod N,,, E,,. That is, € = §* N (0m)
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for some unit 7,, € F,,. This is possible by Lemma 3. Then §* = N,,(an,,,!).
Thus 0 is a norm from Q,, ,,, to Q,. Therefore 6 = 1 mod pmtL

Let M = maxi{t | H*(Gy, E;) = 0} = v,(6 —1) — 1. So § = 1 mod

pM+1 but § # 1 mod p™*2. Since §* = 1 mod p™*!, we must have a = 0

m—M
mod p™ M. Let a = p™ Mb. Then € = 6*Np, () = (6°)° N, (0m)-
Since H°(Gr, Exr) = 0, 8° = Nas(nar) for some ny; € Eyr. Hence §¢ =
m—M

(6%)F = Nun(na), and thus e = Ny, (narnm). Therefore ¢ = Ny, (a) =
Ny (n) for a unit n = narnm € Ep. So a = 7Bt~ for some 3 € k,,. Hence
a’~! = (a) = ()77, which means that a(3) is fixed under G,,. Thus a(3)
is a product of ideals from kg and primes above p. Since primes above p
capitulate, j,,,(C") = 0. Therefore j,(C) = 0. This completes the proof.

THEOREM 2. Let p & S. Let M be the integer such that v,(6—1) = M+1.
If #ASM =#BS$M | then )\, = 0.

Proof. By the remark after Theorem 1, it is enough to show that
vp(0 — 1) < max{t | H°(G¢, E;) = 0} + 1. Thus it suffices to show that
H°(Gu, En) = {0},

Since § = 1mod pM*, § = Ng, ,,/0,(n) for some unit n in Q.
Since primes of k above g (¢ # p) are unramified in kjs, 0 is a local norm
for all primes. Therefore 4 is a global norm by the Hasse theorem. That
is, H(Gy,Cuyr) — HO(Gap, k%) is a zero map. Since HO(Gp, Cry) —
H°(Gr, Ey) is surjective by Lemma 3, HY(Gar, Enr) — HO(Gar, k) is a
zero map. Hence ker(H® (G, Epr) — HO (G, k%)) = H°(Gar, Eny). Thus
from a sequence similar to (%) in Section 2, we have an exact sequence

0— HI(GM,EM) — IﬁM/IO — AJ\G/[M - ﬁO(GM,EM) — 0.
Since the Herbrand quotient for E,; is p™, we have
#H (G, Ent)/#H (G, Enr) = p™.
Since #IAC}M /1y = p*M | we get #AJ\G/IM =pM,
By Lemma 3, we have another exact sequence
0 — B$M — HY(Gur,Cy) — HY(Gar, Enr) — 0.

Note that #B]C\:/IM = #Af/[M = pM and that # H' (G, Car) = p*™. Therefore
#Hl(GM,EM) = pM, and so #HO(GM,EM) =0.

To prove Theorem 3, we need a lemma. Welet 6=]] ., (1 — C;)X(T)(p—l)
as before.

LEMMA 4. If p| Ly(1,x), then HY(Gy, E1) = {0}.

Proof. Consider the exact sequence 0 — BlG1 — Hl(Gl,Cl) —
H'Y (G4, Ey) — 0. Since p | Ly(1, x), B1 # {0} ([6] or [8]) and so B # {0}.
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Since HY(G1,C1) ~ Z/pZ x 7/pZ, we see that H'(G1, E;) is either {0}
or Z/pZ. But m°~! is a nontrivial element of H'(Gy, E;), where 7 is a
prime element of Q, the subextension of Q((,2) of degree p over Q. Thus
HYG4,E;) ~ Z/pZ. Since the Herbrand quotient for F; is p, we have

HO(Gy, Ey) = {0}.
THEOREM 3. Let p & S. If vp(Ly(1,x)) <1, then X\, = 0.

Proof. If v,(Ly(1,x)) = 0, then there is nothing to prove as was ex-
plained in the introduction. So we assume that v,(L,(1,x)) = 1. Let  be
as above. Note that

L) = = (1= ) 20 57 w(tog, (1 - ¢

TEA

= —Mlogp( [T a-Gror) = _9%104 5,

pd TEA pd 8

where g(x) = 2321 x(a)¢§ is the Gauss sum for . Thus v,(log,d) =
op(Ly(1,30) +1= 2.

Since § = 1 mod p, we have v, (log, §) = v,(0—1). Therefore v, (§—1) = 2.
By Lemma 4, ﬁO(Gl, E;) = {0}. But ﬁO(GQ, Es) is not trivial, for otherwise
vp(6 — 1) > 2+ 1 = 3 by the Remark after Theorem 1. Hence v,(6 — 1) =
2 = max{t | H*(Gy, E;) = 0} + 1, and thus Ap = 0 by Theorem 1.
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