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On finite pseudorandom binary sequences VII:
The measures of pseudorandomness

by

JULIEN CASSAIGNE (Marseille), CHRISTIAN MAUDUIT (Marseille)
and ANDRAS SARKOZY (Budapest)

1. Introduction. In this series we study finite pseudorandom binary
sequences Ex = {ei1,...,en} € {—1,+1}". In particular, in Part I [MS4]
we introduced the following measures of pseudorandomness: Write

t—1
U(EN7 ta a, b) - Z ea+jb
7=0

and, for D = (dy,...,dy) with non-negative integers 0 < d; < ... < d,

M
V(En,M,D) = Z CrtdyCrtdy - Crtdy-
n=1

Then the well-distribution measure of Ey is defined as
t—1
1.1 W(En) = max|U(Ey, t,a,b)| = max| a
(1.1) (Ew) = max|U(En, t,a,b)| = max ]Zoeaﬂb
where the maximum is taken over all a, b, t such that a,b,t € Nand 1 <a <
a+ (t —1)b < N, while the correlation measure of order k of Ey is defined
as

M
(1) Cu(By) = max|V(Ex, M, D)| = max| D ensiientas oo
n—=

where the maximum is taken over all D = (dy,...,d;) and M such that
M +d < N.
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In Part I first we discussed several elementary properties of these pseu-
dorandom (briefly: PR) measures. In the second half of Part I and in Parts
II-VI, we tested special sequences for pseudorandomness. This testing was
based on the principle formulated in [CFMRSI1] in the following way: “The
sequence FEn” is considered as a “good” PR sequence if these measures
W(Ey) and Ci(EN) (at least for “small” k) are “small”.

In this paper our goal is to return to the analysis of the general proper-
ties of these PR measures. First in Section 2 we will show that the test-
ing principle quoted above is justified and, indeed, for a truly random
En € {—1,+1}" both PR measures W (Ey) and Cj,(Ey) are “small”. These
results inspire a further question which, although less important from a prac-
tical point of view, seems to be of independent interest: for fixed IV, k, what
is the minimum of W (Ey) and Cy(Ey)? This problem will be studied in
Section 3. Finally, one might like to know whether it suffices to study cor-
relation of order, say, 2, or correlations of higher order must be studied as
well. This question can be answered by analyzing the connection between
Cr(En) and Cy(Ey) for k # [; this analysis will be carried out in Section 4.

2. The PR measures for random binary sequences. In this sec-
tion we will estimate W(Ey) and Ci(Ey) for “random” binary sequences
En € {—1,+1}¥ i.e., for choosing each Ey € {—1,+1}" with probability
1/2N. We will show that for a random Ey both W(Ey) and Ci(Ey) are
around v/ N:

THEOREM 1. For all € > 0 there are numbers Nog = No(e) and § = (¢)
such that for N > Ny we have

(2.1) P(W(Ey) > 6NY?) > 1 —¢,
(2.2) P(W(Ey) > 6(Nlog N)/?) < e.

THEOREM 2. For all k € N, k > 2 and € > 0 there are numbers Ny =
No(e, k) and 6 = 6(e, k) such that for N > Ny we have

(2.3) P(Cy(En) > 0NY?) > 1—¢,

(2.4) P(Cr(EN) > 5(kNlog N)'/?) < e.
Thus with probability > 1 — 2¢ we have

(2.5) SN2 < W(EN) < 6(Nlog N)'/2,

(2.6) SN2 < Cw(En) < 5(kNlog N)'/2.

(2.5) could be improved with some effort but we did not force this since it
is good enough for our purpose in this easier form. On the other hand, it
seems to be more difficult to improve on (2.6).
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Proof of Theorem 1. First we will prove (2.1). Since by (1.1),

N
W(EN) > |U(En,N,1,1)| = }Zej ;

j=1
we have
P(W(Ey) > 6NY/?) > P(’ Z )
so that it suffices to prove
N
(2.7) P(‘Zej’>5N1/2> >1—ce.
j=1
If
(2.8) {j:1<j<N,e=-1}=h,
then

={j:1<j<N,ej=+1}-|{j:1<j<N, ¢ =1}

11
Q@

— (N—h)—h=N—2h
(2.8) holds with probability - 5% ( ), so that

29 P ;ej\ SoaN') =Y QLN (JD

h:|[N—2h|>§N1/2
1 N
= = ()
h:|h—N/2|>(8/2)N1/2

It is a well known property of the binomial distribution that for all ¢ > 0
there is an 7 = 7(¢) > 0 such that

N
(2.10) > <h> > (1—e)2V.
h:|h—N/2|>nN1/2

If we now choose § = 2n(e), then (2.7) follows from (2.9) and (2.10), and
this completes the proof of (2.1).

Now we prove (2.2). Write L = 6(Nlog N)'/2. By (1.1) we have
(2.11) P(W(EN)>L) = P(m?idU(EN,t,a, b)| > L)

<> P([U(En,t,a,b)| > L)
a,b,t
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where both the maximum and the summation are taken over all a,b,t € N
such that

(2.12) 1<a<a+(t—1)b<N.
It follows that
(2.13) a,b,t € {1,...,N}.
By (2.11) and (2.13) we have
P(W(Eyx)>L) < N? max P(|U(Ey,t,a,0)| > L)

a, 7

where again the maximum is taken over all a, b, t satisfying (2.12). Thus in
order to prove (2.2), it suffices to show that for all a, b, t satisfying (2.12),

(2.14)  P(U(E,t,a,b)| > L) (‘ Zeaﬂb‘ > L) < ¢/N®,

If t < L then the probability in (2.14) is trivially 0 so that we may assume
that

(2.15) t> L =6(NlogN)'/2,

Write

(2.16) M = 6(tlogt)/?,

(2.17) {j:0<j<t—1, eqpjo =1} =h.
Then

t—1
Zea+jb: |{]0§] <t-—1, ea+jb:+1}’

=0
—{j0<j<t—1, ¢ =—1}]
=({t—h)—h=t-2h
(2.17) holds with probability 4 (}) so that
1/t 1 t
(2.18) (( Zeaﬂb( >M)= Y3 §<h> -5 > (h>
h: |t—2h|>M h: |h—t/2|>M/2

An easy computation shows that if ¢ — oo and k < t2/3, then

(1) = (pfa) o (57 +0 ()

If we also use the fact that (f) is increasing in ¢ for 0 < i < ¢/2, it follows
easily that for NV large enough (so that ¢ is also large by (2.15)),
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(2.19) > (2) = > . (2)

h:|h—t/2|>M/2 h:|h—t/2|>3(tlogt)

< <[t;2]>texp<—2(3(t logt)1/2)2% + o(1)>
ot

= <[t;2]>texp(—1810gt+0(1)) < J6-

Since M < L, it follows from (2.15), (2.18) and (2.19) that
t—1 t—1
P(|3 casn| > L) < P(| Y earn| > M)
§=0 §=0

1 2! 1 1 1 €
Sgr s e S O\ Vs ) S N
which proves (2.14) and this completes the proof of (2.2).

Proof of Theorem 2. First we prove (2.3). Since by (1.2), for N > 2k,

[N/2]—k
= Z €n€n+1 - - - Ent+k—2€n4[N/2]
n=1

)

we have
[N/2]-k
P(Ck(EN) > 5N1/2) > P<‘ Z €nentl .- - 6n+k—2€n+[N/2}‘ > (5N1/2)
n=1
so that it suffices to prove
[N/2]-k
(2.20) P(‘ Z €nen+l .- - en+k726n+[N/2]‘ > (5]\71/2) >1—c¢.
n=1
For any fixed (k —1)-tuple u = (en, €nt1,-- ., €nik—2), Write fr, = epeénii ...

...€ntk—2, and define g, by

ent(N/2] = fngn
(so that g, € {—1,4+1}). Then the sum in (2.20) can be rewritten as

[N/2] -k [N/2] -k
Z Ennt1--- €n+k—2en+[N/2] = Z adn-
n=1 n=1

Since e,y [n/7] assumes the values —1 and +1, independently of ey, es, ...
-+, €[N/2], With probability 1/2, so clearly does g,,. Thus (2.20) can be writ-
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ten in the equivalent form

(N/2]—k
P(‘ S gn’ > 5N1/2) S1-¢

where g1, ..., g[n/2)—k are independent and assume the values —1 and +1
with probability 1/2. Writing again

H{n:1<n<[N/2|—k, e, =—1} =h,
we deduce in the same way as in the proof of (2.1) that

[N/2]—k
> gn=I[N/2] -k —2h

and
[N/2]—k
1 N/2| -k
Al S al-o0)= 2 = (M)
n=1 h:|[N/2]—k—2h|>5N1/2

- ) )

h: |(1/2)([N/2)=k)—h|>(6/2)N1/2

For fixed k, small enough 6 = é(¢) and N > Ny(e, k), this is, indeed, > 1 —¢.
Since this lower bound is uniform for any choice of e1, e, ..., e;n/9, (2.20)
also holds and this completes the proof of (2.3).

Now we prove (2.4). This will be an easy consequence of an upper bound

for the sum
Svix) = > D Y (V(En, M, D))*

Eye{-1,+1}¥N M D

where the inner sums are taken over all M € N, D = (dy,...,d;) with
0<di <...<dp, M+d, <N, and [ will be fixed later in terms of k& and
N. The sum above can be rewritten as

(2.21) Snx) =YY" Z(M,D)
M D

where

Z(M’D): Z (V(ENvMaD))Ql
Ene{-1,+1}~

M 2
= Z (Z €n+d1 €n+d2 . 6n+dk) .

Epe{-1,+1}N n=1
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If M < NY4 then clearly

(2.22) Z(M,D)= Y (V(Ex,M,D))”
Epe{-1,+1}N
< Z M2 — 9N 2t
Enpe{—1,4+1}N

Assume now that
(2.23) NY4 < M < N.

Write €44, €n+tdy - - - €ntd, = Tn. Then by the multinomial theorem we have

3 I
Z(M,Dy= > > Y D T aTh e

Ene{_LA41}N t=1 1<iy <oo<iy M jiotje=2l I 7t
1<j1,000,0t

Observe that each z; € {—1,+1}, and thus the value of :L“z depends only on
the parity of j: ] = 1if j is even and x] = x; if j is odd. Let Z; denote the

contribution of those terms for which at least one of ji,...,j; is odd and let
Zo denote the contribution of the terms such that each of ji,...,j; is even,
so that

(2.24) Z(M,D) = Zy + Zs.

All the terms in Z; can be replaced by a term of the form a constant
times xg, ...25, Where u < 2,1 < 51 < ... < 8 < M. Thus Z; can be
rewritten in the form

(2.25) Z; = Z Z a(siy...,Su) Z Tsy - Tsy

u<2] 1<s1<... <54, <M Ene{-1,+1}N
(where the coefficients a(sq,...,s,) are non-negative integers independent
of En). Replace z,, again by es,1q,€s,4ds - - - €s,+d, for each of i =1,...,u;

then each term xg, ...xs, becomes of the form

— 2 3
Tsy .. T, = €51 0l .. el

where s1 +d; < 19 < ... < v, and ¢; € N for i = 2,3,...,2. Then the
innermost sum in (2.25) is

q2 q
E €ry  ++ Co E €s14dy -
(€1505€67 4dy —15€5) +dy +1r-eN)E{—1,+1} N1 esq+dp €E{—1,+1}

Here the inner sum is 0 so that the innermost sum in (2.25) is always 0 and
thus
(2.26) Z; =0.

In Z5 we may replace each j; by 2r;, and then we may use the fact that
the inner sums are independent of E:
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o 2 (21)!
2= Z Z Z Z (2r)!. .. (2r)!

ENE{—I,-‘y-l}N t=1 1§7,1<<2th 7"1+...+’I’t:l
1<ry,...,r¢

N - 21)!
Y T G

t=11<i1<...<it <M r1+...4ri=l
1<ry,...,rt

To compute this sum observe that, by a similar argument,

Fysseeym) o= > (fivr + -+ faynn)®
{f177f]\/1}€{71,+1}M

2l
(2r)!. . (2ry)1 7 T

t=1 1<i1<...<i: <M r1+...+r=l

1<ry,ere
Substituting 41 = ... = yar = 1, we obtain F(1,...,1) = 2M=NZ,. On the
other hand, F'(1,...,1) is easy to compute: if
(2.27) Hfi:1<i< M, fi=—-1} =h,

then
fi+...+fu=M-—2h,

and there are (Af) M-tuples satisfying (2.27). Thus

M ar [M/2] M
M—-Nr _ _ 20 _ 2
oM Nz, =F(1,...,1) =) <h>(M—2h) =2 <h>(M—2h) :
h=0 h=0
Now we fix the value of [: let
(2.28) | = [2klog N].
Write
M [M/2]
Ap = <h ) (M —2h)%  so that 2M Nz, =2 hz_% Ap.

A little computation shows that for h < M/2 we have
Appr _ M—h(l_ 2 )21
Ay, h+1 M —2h
and clearly this is decreasing on the interval 0 < h < M /2 —1. Thus writing
H = M/2 — 1M, by (2.23) and (2.28), for h < H we have

Apr  M-—H( 2 A
A, T H+1 M —2H
_ M/2+VIM (1— 1 >2l
M/2 —IM +1 VIM
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=1+ 1+01)4/I/M)(1—(1+0(1))2/I/M)
=1+ 1+0(1))2yI/M)>1

It follows that writing Hy = [M/2—+VIM+1], we have Ay < A1 < ..

whence
[M/2] [M/2]
(2.29) 2M~Nz,—9 Z Ah_Q(ZAh+ 3 Ah)
h=Hp+1
[M/2]
<2<ZAHO+ > < ) 2h)2l>
h=Hgy+1

<2t + s 23 ()
< 2<M <I];40> (M —2Hp)* + (M — 2H0)212M>

M 2l
< 2MTN (M4 1) <M — 2<7 — \/ZM>>
< 2MF2Nr4iM) for NYV4 < M < N.

It follows from (2.21), (2.22), (2.24), (2.26) and (2.29) that
(2.30) Snp(l) =Y ( > zoepy+ Y z(M, D))

D M<N1/4 NYV4A<M<N

< ;( Z oN 2l 4 Z 2N+2(4l)le+1)

M<NY/4 N1/4<M<N
< Z ( Z oN N2 4 Nl+22N+2(4l)l)
D M<N1/4

< 2N Z(Nl/2+1/4 +4Nl+2(4l)l)
D
<5 2NNy "1

Each d; in D = (dy,...,dy) satisfies d; € {0,1,..
chosen in at most N ways so that

(2.31) > 1< N~
D

It follows from (2.30) and (2.31) that
(2.32) Snx(l) < 52N NFHFZ (4

105

< AHO,

., N — 1} thus it can be
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On the other hand, writing X = 5(kN log N)'/2, we clearly have
(233)  Syx)= > > > (V(Ew, M, D))"
Ene{—141}N M D
Y. (max|[V(Ey, M, D))*
M.,D

Eye{-1,+1}V

= ) (Ce(EN)

Ene{-1+41}N

> X?{En : Ex € {-1,+1}", Cy(En) > X}|.

It follows from (2.28), (2.32) and (2.33) that

v

P(CU(Ex) > X) = o l{Bx : By € (-1, +1}Y, Gu(N) > X}

< 5Nk+l+2(4l)lX—2l

= 5NF 241 (25k N log N) ~! < 5NF+237
_ 15Nk+23—l—1 < 15N2k3—2klogN

— 15N2k(1710g3) < 15N1710g3

and this is < ¢ if N is large enough in terms of ¢ (since 1 —log3 < 0), which
completes the proof of (2.4).

3. The minimum of the PR measures. Write

N) = i W(E M. (N) = i CrL(EnN).
m(N) = min L WEN), My(N) = min o Cu(E)

The estimate of m(N) is a classical problem. In 1964 Roth [Ro] proved
that m(N) > ¢, N'/* for some positive absolute constant ¢;. From the op-
posite side Erdés, Spencer, Sarkozy and Beck estimated m(N), and finally
in 1996 Matousek and Spencer [MSp] showed that m(N) < caN'/* so that
now the order of magnitude of m(N) is known.

On the other hand, as far as we know M} (/N) has not been studied yet,
not even Ms(N) has been estimated. We will prove

THEOREM 3. (i) For k,N € N,;2 <k < N we have
(3.1) My(N) < 27kN'?log N.

(ii) For k € N, k > 2 there is a number No(k) such that if N € N,
N > Ny, then also

(3.2) M;(N) < 5(kN log N)'/2,

On the other hand, we have only a very weak lower bound for Mj(N)
and only in the case when k is even:
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THEOREM 4. Ifk,N € N, k is even, 2 < k < N, then

(3.3) M(N) 2 | o

Note that if k£ is odd then there is no lower bound of type (3.3). More
exactly we have My(N) = 1forall N € Nand odd k with 1 < k£ < N. Indeed,
My (N) > 1 is trivial. To see that also My (NN) < 1, consider the sequence
Enx = {e1,...,en} € {—1,+1}" defined by e, = (—=1)" for n = 1,..., N.
Then for all n and D = (dy,...,dx) we have

(log N —logk)|.

Entl4dy - - - Entltd, = (_en-f—dl) s (_6n+dk)
k
= (—1) €ntdy -+ Entdy, = “CEn+dy - - Entdy
whence, for all M, D,

M 0 if M is even
|\V(En,M,D)| = ‘Zlemrdl coelngdy| = {1 if M is Odd,’
n=
so that

Cy(ENn) = Iﬁa%(W(EN,M, D)|=1 for k odd,

which proves My (N) < 1.
We remark that it is easy to see that in this example if k is even, then
Cr(EnN) is large:
N—k+1
_ } Z (_1)n+(n+1)+...+(n—k+1)
n=1

=|£(N—-k+1)=N—-k+1 fork even.

The contrast between the sizes of Co(Ey) and C3(Ey) in the example
above inspires the following problem that we have not been able to settle:

PROBLEM 1. For N — oo, are there sequences Ex such that Cy(EN) =
O(VN) and C3(Ey) = O(1) simultaneously?

We think that the upper bounds in Theorem 3 are much closer to the
truth than the lower bound in Theorem 4 but, unfortunately, we have not
been able to tighten the gap. In particular, we have not been able to settle
the following problem:

PROBLEM 2. Is it true that there is a ¢ > 0 such that as N — oo,
(3.4) My(N) > N¢?

We think that the answer is affirmative. We will return to this problem
at the end of the proof of Theorem 4.
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Proof of Theorem 3. (i) Let p denote the smallest prime with p > N so
that, by Chebyshev’s theorem,

(3.5) N < p<2N.
Define Ex = {e1,...,en} € {—1,+1}" by

en=<ﬁ> form=1,...,N,
p

where (%) denotes the Legendre symbol. By Theorem 1, formula (3.1) in
Part I [MS4] for this sequence Ey we have

Cr(Ex) < 9kp*/?logp
whence, by (3.5),
Cr(En) < 9k(2N)Y21og(2N) < 27kN'/?log N

which proves (3.1).
(ii) It follows from (2.4) in Theorem 2 (with, say, ¢ = 1/2) that for
N > Ny(k) there is at least one Ey € {—1,+1} with

Cr(En) < 5(kNlog N)'/2,
which proves (3.2).

Proof of Theorem 4. First we remark that (3.3) is always true for k >
N/2 so that we can now suppose

(3.6) k< N/2.
Write

1
Q= lOgZ(logN —logk)

so that @ > 1 by (3.6). Let Exy = {e1,...,en} € {—1,+1}*" and consider
the N — @ + 1 Q-tuples

vi=(e1,...,eQ), va=(e2,...,€Q+1)s ---s VN-Q+1 = (EN—Q+1,---,€EN)-

We will show that there are subscripts

(3.7) (1§)i1<...<ik(§N—Q+1)
with
(38) Vip = ... = Vy.

The number of distinct Q-tuples in {—1, +1}Q is 2. Thus if the number of
the vectors v; is greater than (k — 1)29, then by the pigeon-hole principle
there is at least one Q)-tuple occurring at least k£ times, so that it suffices to
show that

(3.9) N-Q+1>(k-1)29.
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By @ > 1 and the definition of @ we have
(k—1294+Q-1<(k-1)294+29 -1 <k-29
= kexp(Qlog2) < kexp(log N —logk) = N

whence (3.9) follows so that indeed there are 41, ..., satisfying (3.7) and
(3.8).

Now write d; =i;—1for j=1,...,kand D = (di,...,dy), and consider
the sum

EN7 Q D E en-i—dl €ntds - - - Entdy,-

By (3.8) and the definition of the vectors vi,...,vy_qQ4+1, forn=1,...,Q
we have

En+d1€n+ds - - - Entdy = €ii+(n—1)Cis+(n—1) - - - Cip+(n—1) = (eil—i-(n—l))k'
But €;,4(n—1) € {~1,+1} and k is even and thus this equals 1. It follows

that
Q

V(EN,Q,D)=)1=0Q
n=1
so that, by (1.2),

for all Eyx € {—1,+1}", which proves (3.3).

*

We have made a considerable effort to settle Problem 2 above. Even re-
lated computer calculations have been carried out. We computed M2 (83) =
10 (see also Table 1). However, to gather computer evidence of any value one
has to consider much greater values of IV, which again seems very difficult.

Of course, it is possible that a simple argument has been overlooked by
us and by those who also approached the problem (we asked several people).
However, there are certain signs which seem to indicate that, perhaps, the
problem is really difficult. E.g., in the case k£ = 2 one might like to improve
on the argument used in the proof of Theorem 4 in the following way: again
consider the Q-tuples vi,...,vN_qg41 defined there but now take ¢ much
greater, say, Q ~ N ¢ for some ¢ > 0. A similar argument shows that it
would suffice to find ¢ < j such that the scalar product of the vectors v;, v;
is “large”. This is the same as finding two of the given vectors so that the
angle between them is “significantly less” than 7 /2. However, this approach
fails since “many” vectors can be given with the property that the angle
between any two of them is “large”; see [EF] for further details.
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Table 1

N

2<N<3
4<N<6
T<N<I11
12< N <17
1I8< N <26
27T < N <39
40 < N <44
45 < N <55
56 < N <68
69 < N <83 10

84 < N <93 10 or 11

94 < N <106 between 10 and 12
107 < N <121 between 10 and 13
122 < N <134 between 10 and 14

5
z

0O ~J O Ui W N

Nej

Another warning sign is that Problem 1 is related to the classical and
very difficult problem on the maximal absolute value of polynomials with
—1 and +1 coefficients on the unit circle (see, e.g., [Kah, pp. 75-78]). Indeed,
the study of the fourth mean of such a polynomial leads to sums of the type
occurring in the definition of Cy(Ex).

Our results above inspire a further problem:

PROBLEM 3. What is the connection between Ma(N) and M4 (N)? Is it
true that for N > Ny we have My(N) > My(N)? Perhaps, even My(N) —
Ms5(N) — oo as N — oo.

4. Comparison of correlations of different orders. First we will
show that if k e Nl € N, k|l, N — oo and Cj(Ey) is “small”, more exactly,
Ci(En) = o(N), then Cy(Ey) is also small:

THEOREM 5. For k,I,N € N, k|l, Exy € {~1,+1}" we have

s < (G (CR2)" (7))

Next we will show that in the assertion of the first paragraph of this
section the condition k|l is necessary and, indeed, for any fixed k and for
N — oo there is an Ey € {—1,+1}*" such that C;(Ey) is small when k{1,
whereas Cy(Ey) is large (> N):

THEOREM 6. If k,N € N, and k < N, then there is a sequence En €
{—1,4+1}" such that ifl € N, I < N/2, then

(4.1) Ci(Ex) > (N —1)/k — 54k*N'?1og N if k|,
(4.2) Ci(En) < 2TKANY?10g N if ktl.



Finite pseudorandom binary sequences VII 111

Proof of Theorem 5. By (1.2), it suffices to prove that for all M and
D = (dy,...,d) (with0<d; <...<dp, M+dp <N) we have

(4.3) V(Ex, M, D)| < <(l!£:/l (CZ(JJVEN)YNJF (%>k/l>

Write {/k =t so that ¢ € N because k |[. Then clearly,

M M
(4.4) V(EN, M, D)t = ( €nit+dy - - - €n1+dk> AP ( Z Cni+dy - - - Cnt+dk>
1

ni= n=1

M M
= Z . E €n1+d1 . 6n1+dk e ent+d1 . ent_;’_dk

ni=1 ng=1

=51+ 59,

where 57 denotes the contribution of those terms ey, 14, ...é€n,4+q4, Where
there are two equal subscripts:

(4.5) n; +dy = n; + dy,

while in Sy all the subscripts are distinct.

First we estimate S7. In (4.5), w and v can be chosen in at most k ways,
i,j in t ways, n; (for fixed j) in M ways, and u, v, n; determine n; uniquely.
Each of the t — 2 remaining ny’s can be chosen in at most M ways, so that
S; has at most k2t2M - M*=2 = 2M*~1 terms and thus

(4.6) 1Sy < PMPL

Now we estimate Sp. Consider each of the terms ey, 14, - .- €n,4q, in S,
and rearrange the order of the factors e,, 14, so that the subscripts should
be increasing:

€ni+dy - - - Cng+dy = Ciy - - - Cips 1 <...<7q.

Now we t-colour these factors e;,,...,e;: if the subscript of e;, is of the
form i, = nj + d,, then we colour e;, by the jth colour. Then to each term
ei, ... €; we may assign the sequence of the colours following each other in
the order used to colour e;,,...,e;. In this way we get colour patterns of
length | where each of the ¢ colours occurs k times, so that the number of
these colour patterns is I!/(k!)".

Now fix any of the colour patterns, and consider each of the terms
€i, .- .€; with this fixed colour pattern. We define an equivalence relation
among these terms: we say that

€ip---€jp ~ €5 ... € if jl—ilz...:jl—il.

Clearly, this is indeed an equivalence relation. Now fix a colour pattern and
an equivalence class, and collect all the terms from this class. Let ey, ... e,
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(h1 < ... < hy) be the term for which the first subscript is minimal; it is
easy to see that h; = 1+ dy. Write

hi—1=f; fori=1,...,1,

and let () denote the number of terms in the given equivalence class. Then
it is easy to see that the terms in this equivalence class are e, ¢, ...e,4y,
with n = 1,...,Q so that, by (1.2), the absolute value of the sum of the
terms in this class is

Q
’Zemﬁ covlnigy| = |V(EN,Q, (f1,---, 1)) < Cil(EN).
n=1

It remains to estimate the number of equivalence classes. An equivalence
class is uniquely determined by the colour pattern, which can be chosen in
1I!/(k!) ways, and by the subscripts of the ¢ ep’s where these colours first
appear. The first of these subscripts, h1 = 1+ d1, is fixed, while each of the
other t — 1 subscripts can be chosen in at most M ways. Thus the number
of equivalence classes is < (I!/(k!)))M'~!, and thus the total sum is

!
(k)
It follows from (4.4), (4.6) and (4.7) that
V(Ex, M, D)| < [Sy + So["/* < (|S1] +|Sa]) /"

l! I

1/t 1/t
< <l2Mt—1 + (k_wMt—lcl(EN)> < (ZQNt—l + WNt—ICZ(EN)>

:N(%%— (lj!!)t . Cl(]]\?N)>l/t < N((%)l/t_,_ (52:/t<05(]€z\7)>1/t>

which proves (4.3) and this completes the proof of Theorem 5.

(4.7) 1Sy| < M'IC(Ey).

Proof of Theorem 6. We will construct a sequence Ey € {—1,+1}¥
with the desired properties. The construction will be based on the following
result which was the crucial tool also in [MS4]:

LEMMA 1. Suppose p is a prime number, I, denotes the field of residue
classes modulo p, F, denotes the algebraic closure of F,, f(x) € Fy[x] is
a polynomial of degree d which is not of the form f(x) = b(g(z))? with
b € F,, g(z) € Fyla] (in other words, if we factorize f in Fp: f(x) =
b(x —z1)M ... (z — x5)%, where x; # xj for i # j, then there is at least one
odd ezxponent d;), X,Y are real numbers with 0 <Y < p, (%) denotes the

Legendre symbol for ptn and we write (%) =0 for p|n. Then

' > <%>’<9dp1/210gp.

X<n<X+Y
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Proof. This is Corollary 1 in [MS4] and, indeed, we derived it from
A. Weil’s theorem [We].

Now let p denote the smallest prime with p > N so that, by Chebyshev’s
theorem,

(4.8) N < p<2N,
and define Ex = {e1,...,en} € {—1,+1}" by

(%) for ktn,

((n_1)(n—2)p...(n—k+1)> for k| .

(4.9) en =

First we prove (4.1). Assume that & |[. Then
(4.10) Ci(En) = %al%cW(EN,M, D)| > |V(En,N —1+1,(0,1,...,1—1))]

N—-I+1

|3 enenerousia| = }fjsw)\
n=1 r=1

where S(r) is defined by

Str)=" Y. enni1..-Entis1.

1<n<N—I+1
n=r (mod k)

Consider first the case r = 1:
S(1) = Z €nen+1 - .- Cntl+l

1<n<N—I+1
n=1 (mod k)

- E H Em—k+1€m—k+2---€m-

1<n<N—I+1 nt+k—-1<m<n+Ii-1
n=1 (mod k) klm

For k|m, 1 <m < N < p we have

(4.11)  em—k+1€m—~k+2---€m

_ m—k+1 m—k+2 m——l

JE

((ml)Q(mZ)QI.)..(mk+1)2
b

>:+1 for k|m
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so that
N -1 N —1
(4.12) sSmH= > 1= [T} +1>——.
1<n<N—I+1
n=1 (mod k)

Consider now the case 2 < r < k. Write each n with 1 <n < N —1[+1,
n =7 (modk) in the form n = uk + r so that S(r) can be rewritten as

S(T‘) = E Cuk+rCuk+r+1 - - - Cuktrt+l—1-
0<u<(N—I+1-r)/k

By (4.11), the product of the e;’s with (u+1)k < i < (u+1/k)k in the term
Euk-+rCuktr+1 - - - €uk+r+i—1 1S 1 so that these e;’s can be dropped. By using
the definition of e,, we get

S(r) = Z Cuk+r -« - €(ut1)kCuk+1+1 - - - Cuk4r+l—1
0<u(N—I+1-r)/k

_ Z <uk+r>m<((u+1)k—k+1)...((u+1)k—1)>

0<u<(N—l+1-r)/k p p

y <uk:+l+1> <uk+r+l—1>
— )T )

Using the multiplicativity of the Legendre symbol, and then dropping the
square factors in the “numerator” of the Legendre symbol, we can rewrite
the last sum as

S(r) =
(uk+1)...(uk+r—1)(uk+1+1)...(uk+14+r—1)
2 ( p >

0<u(N—Il4+1-r)/k
Since k < N < p, there is an integer k with
(4.13) kk =1 (modp).

L2r—2
p

o T ()

0<u<(N—l+1-r)/k

Then multiplying the sum above by ( ) =1 we get

where
flu)=(u+Ek)(u+2k)...(u+(r—Dk)(u+I+Dk)...(u+ (1 +7r—1)k).
Asl4+r—1<I+k <2l < N < p, here all the zeros —k, —2k, ..., —(I+r—1)k

are distinct modulo p, thus the polynomial f satisfies the conditions in
Lemma 1 so that the lemma can be applied to estimate this sum S(r).
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The degree of f(u) is d = 2(r — 1) < 2k so that by Lemma 1 and (4.8),

(4.14)  |S(r)] < 9-2kp'/%logp
< 18k(2N)"/?10g 2N < 54kNY?log N for 2 <r < k.
It follows from (4.10), (4.12) and (4.14) that
e N -1
Ci(Ey) > S(1) = [8(r)| > — - 54k*N1/%log N,
r=2

which completes the proof of (4.1).

(4.2) can be proved similarly. Assume that k{l. By (1.2) it suffices to

prove that for all M € N, D = (dy,...,d;) with0<d; <...<d;, M+d; <
N we have

M
(4.15)  |V(Ey,M,D)| = ‘Zen+dlen+d2 . ..en+dl‘ < 2TKAINY21og N.
n=1

As in the proof of (4.1), we write

k
(4.16) V(En, M, D) =Y S(r)
r=1
where
S(r) = Z €n-tdy Cntds - - - Entd;-
1<n<M
n=r (mod k)
Again we substitute n = uk + r so that
(4.17) S(r) = Z Cuktr+ds Cuk+r+ds - - - Cuk-+r+d,

0<u(M—r)/k
where, by (4.9),

(4.18) Cuktrtd; = (

and

k d;
w) for k1t (r + d;)
p
(4.19)  euktrid;
((uk—i—r—i—di—1)(uk+r+di—2)...(uk+r+di—k+1)>
p

for k| (r + d;).

Using again the multiplicativity of the Legendre symbol, we can write the
general term in the sum (4.17) as a single Legendre symbol whose “numer-
ator” is a polynomial in u which is the product of linear polynomials of the
form uk + a, where, clearly, 1 < a, < p so that for distinct values of a, these
linear polynomials are also distinct modulo p. Clearly, each of these linear
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polynomials occurs at most twice, and uk + a, occurs twice if and only if it
occurs in Legendre symbols of both forms (4.18) and (4.19), i.e., there are
1,7, h with 1 <14,j <I,

(4.20) r+di=a.,  kt(r+d)
and
(4.21) r+dj—h=a, k|(r+d;), 1<h<k-1

Whenever this is the case, i.e., the factor uk + a, occurs twice, we drop
the factor (uk + a.)? in the “numerator” of the Legendre symbol in ques-
tion. Doing this with all the factors occurring twice, we finally arrive at a
representation of the form

g(u
(4.22) Cuk+r+d Cuk+r+ds -+ - - Cuk+r+d; = (%)

where either
(4.23) g(u) =1

or g(u) is a product of linear polynomials of the form uk + b; distinct mod-
ulo p:

(4.24) g(u) = (uk + b1)(uk + b2) ... (uk + by)
where
(4.25) b; #b; (modp) forl<i<j<uy.

Note that the degree of g(u) is at most the sum of the degrees of the poly-
nomials in the “numerators” of the Legendre symbols corresponding to the
numbers e,i4,+q4, in the sense (4.18) and (4.19). Since the degree of each
of these polynomials is at most k, and i may assume [ distinct values, the
degree of g(u) is

(4.26) deg g(u) < kl.

Now we show that it follows from the assumption k1l that case (4.23)
cannot occur. We argue by contradiction: assume that (4.23) holds, i.e., each
uk 4+ a, mentioned above occurs twice so that each a, can be represented in
both forms (4.20) and (4.21). Fix a quadruple i, j, h and z satisfying (4.20)
and (4.21). Then for all A’ with 1 <k’ <k — 1, write a,» = r +d; — h’. For
each of these numbers a,: the factor uk+a,, appears in the Legendre symbol
corresponding to €, 4q; in sense (4.19). Since by our indirect assumption
each uk + a, occurs twice, each of the a,» must also have a representation
in the form (4.20) so that each of the numbers d; — /' is a d;, i.e., each of

(4.27) Cuk+r+dj—1s  Cuktr+d;—2> -+ Cuktr+dj—k+1

occurs in the product in (4.22). Thus dropping all these factors uk + a,
uk 4 a, (the latter corresponding to the fixed a,) means to eliminate the
contribution (= 1) of the k e’s in (4.27).
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If not all the factors uk + a, have been dropped yet, then we may re-
peat this procedure again by dropping k& — 1 distinct factors uk + a, each
occurring twice, and corresponding to the contribution of k further factors
Cukt+r+d; 0 (4.22). Repeating this procedure again and again, finally by our
assumption (4.23) we drop all the factors uk + a,. In each step we consider
the contribution of k further factors e, 4,44, in (4.22) so that the total num-
ber [ of these factors must be an integer multiple of k. But this contradicts
our assumption k{/ and this contradiction proves that (4.23) cannot hold
so that g(u) must be of the form (4.24).

By (4.17) and (4.22), S(r) can be rewritten as

= ogug(zM:—r)/k <$>

where g(u) is of the form (4.24). Defining k again by (4.13), we may write
this sum as

ST )z )

0<u<(M—r)/k

with _ B _
(4.29) f(u) = (u+bik)(u + bak) ... (u+ byk)
where B B

(4.30) bik # bjk (modp) forl1<i<j<y
by (4.25), and

(4.31) deg f(u) =y = degg(u) < ki

by (4.26). By (4.29) and (4.30), we may apply Lemma 1 to estimate the sum
in (4.28). By (4.8) and (4.31) we get

Z (M) ‘ < 9klpl/2 log p
0<u(M-r)/k p
< 9kI(2N)Y?10g(2N) < 27kIN'/?1og N forr =1,..., k.

(4.15) follows from (4.16) and (4.32), and this completes the proof of
Theorem 6.

(4.32)  |S(r)| =

5. Remarks to earlier papers of ours. Finally, we would like to
make two remarks concerning our earlier papers [CFMRS1] and [CFMRS2].
In these two papers we studied the pseudorandom properties of the Liouville
function A\(n) = (—1)(™ (where £2(n) denotes the number of prime factors
of n counted with multiplicity). Write Ly = {A(1), ..., A(N)}. In particular,
in [CFMRS1] we showed that assuming the generalized Riemann hypothesis,
we have

(5.1) W (Ly) < N°/6%.
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It has been pointed out to us by Dr. Louis Goubin (Bull. PTS) that if one
replaces the second half of our Lemma 1 there by a reference to a more
recent result of Baker and Harman [BH], the exponent 5/6 in (5.1) can be
improved to 3/4. We would like to thank Dr. Goubin for this comment.

Secondly, in [CFMRS2] we studied the behaviour of the Liouville function
over polynomials and, in particular, over quadratic polynomials. We have
learned recently that I. Katai [K&t] had also studied the A function over
quadratic polynomials but his results are different from ours.
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